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PREFACE. 


This  treatise  is  intended  to  serve  as  a  text-book  for 
those  who  desire  to  pursue  a  thorough  course  in  mathe- 
matics. 

Elementary  work  is  usually  undertaken  either  to  com- 
plete a  symmetrical  culture-course,  or  to  prepare  the 
student  for  the  Higher  Mathematics,  pure  or  applied.  In 
the  first  case  benefit  is  derived  from  the  study  simply 
because  the  exactness  of  statement,  the  rigorousness  of 
demonstration,  even  of  the  most  elementary  principles, 
and  the  carefulness  with  which  deductions  are  made  there- 
firom,  train  the  student  to  habits  of  accuracy  in  thought 
and  closeness  in  reasoning.  Again,  the  student  seeking 
preparation  for  the  higher  mathematics  is  unfairly  and 
untruthfully  dealt  with  when  important  work,  that  may  for 
the  moment  seem  difficult  or  uninteresting,  is  neglected, 
and  valuable  time  is  inexcusably  wasted,  to  secure  a  mere 
mechanical  dexterity  in  the  performance  of  operations 
that  he  will  seldom,  if  ever,  be  called  upon  to  perform  in 
his  advanced  work.  The  most  serious  difficulties  encoun- 
tered in  a  college  course  arise  from  inadequate,  inaccurate, 
and  misdirected  preparation.  To  assist  in  remedying  the 
usual  deficiencies  in  this  regard  is  one  aim  of  this  work. 
Though  intended  more  especially  for  those  who  propose 
to  pursue  mathematical  studies  of  an  advanced  grade,  it 
will,  the  author  hopes,  be  equally  helpful  to  those  whose 
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mathematical  work  is  merely  a  part  of  a  symmetrical 
scheme  of  liberal  education. 

In  this  revised  edition  sach  changes  have  been  made  as 
have  been  suggested  by  class-room  experience,  or  have 
been  necessitated  by  the  progress  of  science.  The  treatment 
of  the  Binomial  Formula  has  been  remodelled;  the  The- 
ory of  Logarithms  is  now  so  presented  as  to  bring  out  all 
^the  most  recent  developments  in  this  important  depart- 
ment of  the  subject.  The  Theory  of  Determinants,  the 
importance  of  which  is  now  generally  recognized,  is  dis- 
<;ussed  with  suflScient  detail  to  prepare  the  student  for  any 
of  its  ordinary  applications. 

The  order  of  presentation  of  topics  is  that  which  seems 
to  the  author  logically  and  practically  best.  Still  the  ju- 
dicious teacher  will  adapt  the  work  to  the  circumstances 
of  his  own  pupils,  not  only  in  this  regard,  but  also  in  the 
matter  of  distribution  of  time. 

The  author  trusts  that  the  work  as  now  presented  will 
prove  acceptable  alike  to  the  energetic,  progressive  teacher, 
and  the  ambitious,  earnest  student 

J.  B.  CLABEB. 
Dmbabtkest  of  Mathxicatiob^ 
UvrywasTTT  of  OAUWOBimL 
Jcaaacy,  1888. 
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INTRODUCTION. 


Science  is  knowledge,  classified,  systematuEed,  arranged.  The  variety 
of  objects  of  knowledge,  of  things  known,  renders  necessary  special 
vabdivisions  of  Science.  These  subdivisions,  each  comprising  all  the  sys- 
tematized knowledge  concerning  one  principal  object,  are  called  Sciences. 
Thus  we  have  the  systematized,  classified,  knowledge  of  Light,  or  the 
Science  of  Optics;  the  systematized  knowledge  of  Animals,  or  the  Science 
of  Zoology;  so  with  Botany,  and  the  various. other  Sciences. 

Mathematics  is  the  classified,  systematized  knowledge  of  Quantity, 
under  which  general  name  we  include  all  things  that  can  be  measured, 
and  only  these.  Mathematics  treats  of  the  properties  and  relations  of 
quantities.  This  science  is  distinguished  from  all  others  in  that  Mathe- 
matics alone  comprises  absolute  rectaoned  truth.  Mathematics  is  usually 
oonsidered  as  either  (1)  Pure,  or  (2)  Mixed,  according  as  we  discuss  the 
{ffoperties  and  relations  of  quantity  apart  from  any  consideration  of  mat- 
ter, or  in  direct  connection  with  matter.  Strictly  speaking,  all  Mathe- 
matics is  Pure,  and  what  is  called  Mixed  Mathematics  is  the  mere  appU' 
tnUkm  of  the  principles  of  the  science.  Nevertheless,  this  classification 
is  convenient  and  useful,  if  we  bear  in  mind  its  real  nature. 

Pure  Mathematics,  or  Mathematics  proper,  is  divided  into  Analjrsis, 
Arithmetic,  and  Geometry. 

Analysis  is  that  department  of  Mathematics  in  which  the  quantities 
considwed  are  represented  by  letters  and  other  S3nnbols;  and  the  re- 
lations subsisting  among  the  quantities,  as  well  as  the  operations  to  be 
performed  upon  them,  are  indicated  by  signs. 

Arithmetic  is  a  branch  of  Mathematics  in  which  the  quantities  con- 
sidered are  represented  by  certain  conventional  symbols  called  figures, 
and  the  relations  and  operations  discussed  are  indicated  as  in  Analysis. 

It  is  true  that  Arithmetical  quantities,  or  numbers,  are  often  repre- 
sented by  letters,  as  in  Latin,  Greek,  and  other  ancient  systems  of  nota- 
tion. Li  these  cases,  however,  the  letters  become,  to  all  intents  and 
purposes,  figures,  iot  each  letter  has  a  fixed  and  unchangeable  significa- 
tion; whereas  in  Analysis  proper  any  letter  may  represent  any  quantity 
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foTuUeveTy  and  we  may  change  the  quantity  represented  by  any  partion- 
lar  letter  at  pleasure. 

Geometry  is  the  branch  of  Mathematics  that  treats  of  the  properties 
and  rehttions  of  certain  magnitudes  or  quantities  called  the  Geometrical 
Magnitudes,  viz. :  Lines,  Surfaces,  Volumes  and  Angles.  G^metry  » 
sometimes  combined,  as  it  were,  with  Analysis,  as  in  the  Analytical  Ge- 
ometry and  in  Quaternions,  which  are,  however,  usually  classed  as  sub- 
divisions of  Analysis. 

Of  the  two  remaining  subdivisions  of  Analysis,  Algebra,  on  which  we 
are  about  to  enter,  is  the  one  that  treats  of  quantity  as  increasing  and 
decreasing  by  finite  differences.  Calculus,  on  the  other  hand,  treats  of 
quantity  as  increasing  and  decreasing  by  infinitely  small  changes.  Quan- 
tity as  treated  in  Algebra  is  said  to  be  Discontinuous  while  quantity 
as  treated  in  Calculus  is  called  Continuous.  Hereafter  the  word  quan/tUy 
will  be  used  to  indicate  discontinuous  quantity. 

Mixed  Mathematics,  or  the  application  of  the  principles  of  Mathemat- 
ics proper  to  the  phenomena  of  the  material  universe,  has  various  sub. 
divisions,  according  to  the  phenomena  selected,  and  the  method  of 
considering  them.  Such  subdivisions  are  Physics,  Mechanics,  etc 
Each  of  these  subdivisions  of  Pure  and  of  Mixed  Mathematics  is  called 
a  Science. 

The  importance  of  the  Science  of  Algebra  can  hardly  be  overestimated. 
Sound  and  extended  mathematical  knowledge  is  absolutely  impossible 
without  a  clear  understanding  and  accurate  knowledge  of  its  principles 
and  methods. 
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OHAPTEB  L 
DEFINITIONS. 

1.  Quantity  is  anything  that  can  be  measured. 

A.  thing  is  measured  by  finding  how  many  times  it  contains 
something  of  the  same  kind,  taken  as  a  standard.  This  stand- 
ard may  be  called  the  unit  of  measurement.  Quantity  is 
generally  the  answer  to  the  question,  "How  much?"  or 
"  How  many  ?"  the  answer  being  given  in  the  form  of  a  cer- 
tain number  of  units.  Quantity  is,  then,  a  unit  or  a  collection 
of  units.  If  the  unit  be  1,  the  quantity  is  said  to  be  Entire^ 
or  Integral;  if  the  unit  be  one  of  the  equal  parts  into  which 
1  is  divided,  the  quantity  is  said  to  be  Fractional,  or  simply 
a  Fraction.  A.  quantity  partly  Integral  and  partly  Frac- 
tional is  called  a  Mixed  quantity. 

2.  Mathematios  is  the  science  that  treats  of  the  proper- 
ties and  relations  of  quantities. 

8.  Algebra  is  a  branch  of  Mathematics  in  which  the 
quantities  considered  are  represented  by  letters  and  other 
symbols,  and  the  operations  to  be  performed  upon  the  quan- 
tities, as  well  as  the  relations  of  them,  are  indicated  by  signs. 

4.  The  Quantities  considered  in  Algebra  are  either  (1) 
Known,  or,  (2)  Unknown, 

&.  The  Ssrmbols  used  to  represent  quantities  are: 

1.  Letters,  as  a,  b,  c,  w,  x,  z;  the  first  or  leading  letters 
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of  the  alphabet  (a,  h,  c,  e,  etc.)  usually  represent  known 
quantities;  the  final  letters  usually  represent  unknown 
quantities,  as  a:,  y,  «,  «?,  etc.  The  letters  may  be  written 
with  indices,  as  a?',  l/\  w"\  etc.,  read  x  prime^  b  second,  w 
third,  etc.;  or  with  subscript  figures,  as  wii,  c„  r„  etc.,  read 
m  £it&  one,  c  8fub  two,  and  so  on.  In  using  letters,  and  also 
other  symbols,  we  sometimes  speak  of  the  letters  or  symbols 
themselves  as  quantities,  but  this  is  merely  an  abbreviated 
form  of  expression.  Quantities  represented  by  letters  are 
frequently  called  Literal  quantities. 

2.  Figures.  These  are  used  in  the  same  general  manner 
as  in  Arithmetic.  Quantities  represented  by  figures  are 
called  Numerical, 

3.  The  symbol  zero  (0).  This  symbol  is  used  either  (1) 
as  in  Arithmetic  to  represent  no  quantity,  or  (2)  to  represent 
a  quantity  less  than  any  assignable  quantity, 

4.  Infinity  ( oo).  This  symbol  is  used  to  represent  a  quan- 
tity greater  than  any  assignable  quantity. 

5.  Zero  divided  by  zero  (§).  This  symbol,  called  the 
symbol  of  indetermination,  is  used  to  represent  a  quantity 
having  under  a  particular  supposition  an  infinite  number  of 
values.  The  Bymbols  (3),  (4)  and  (5)  will  be  further  ex- 
plained hereafter. 

Of  these  classes  of  symbols  those  under  (1)  are  perfectly 
general  in  their  application;  the  letters  may  represent  any 
quantities  whatever.  The  symbols  under  (2)  are  special ;  each 
symbol  has  but  one  meaning;  represents  but  one  quantity. 
The  symbols  (3),  (4),  (5),  may  each  represent  more  than  one 
quantity,  but  they  are  not  so  generally  applicable  as  letters. 
The  quantities  represented  by  them  must  conform  to  the 
requirements  laid  down. 

6.  The  Operations  to  be  performed  on  quantities  are 
indicated  by  the  following  signs: 

(1.)  The  cross  +.  or  sign  of  Addition.  Placed  between 
two  quantities  it  indicates  that  their  aggregate,  or  sum,  is 
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to  be  taken.  Placed  before  a  quantity,  it  indicates  that  this 
quantity  is  to  be  added  to  some  quantity,  or  that  it  is  to  be 
taken  in  an  additive  or  positive  sense.  If  no  sign  is  writ- 
ten before  a  quantity)  +  is  always  understood. 

Illustration,  m  +  n,  read  m  plus  n,  indicates  that  the  aggregate, 
or  sum,,  of  m  and  n  is  to  be  taken;  in  other  words,  that  n  is  to  be  added 
to  m. 

+  r,  read  plus  r,  indicates  that  r  is  to  be  taken  in  a  positive  or  ad- 
ditive sense;  or  that  r  is  to  be  added  to  some  quantity  not  expressed. 
The  same  idea  may  be  indicated  by  writing  r  simply,  the  sign  +  being 
then  nnderstood.  ^ 

7.  If  a  quantity  is  to  be  taken  seyeral  times  in  succession 
and  added,  we  usually  indicate  the  addition  by  writing  the 
quantity  once  and  prefixing  to  it  a  symbol  indicating  how 
many  times  it  is  to  be  taken  and  added.  This  symbol  is 
<3alled  a  CoefficierU. 

Illustration.  If  fii  is  to  be  taken  7  times  in  sncoession  and  added 
to  any  quantity,  we  indicate  this  addition  by  writing  simply  +7  m,  or 
7  fn.    If  m  is  to  be  taken  12  times  in  succession  and  added,  we  write 

+ 12  m;  if  III  is  to  be  taken  a  times  in  succession  and  added,  we  write 

•fam,  or  simply  am. 

8.  (2.)  The  sign  ( — )  minus,  the  sign  of  Subtraction,  Placed 
between  two  quantities  it  indicates  that  the  excess  of  the  first 
over  the  second  is  to  be  taken,  t.  e.,  that  the  second  is  to  be 
subtracted  from  the  first;  placed  before  a  quantity  it  indi- 
cates that  the  quantity  is  to  be  taken  in  a  Negative  or  Suh^ 
tractive  sense,  the  contrary  of  a  Positive  sense.  Or,  we  may 
express  the  same  idea  by  saying  that  the  minus  sign  pre- 
fixed to  a  quantity  indicates  that  the  excess  of  some  quan- 
tity over  the  given  quantity  is  to  be  taken,  i.  e.,  that  the 
given  quantity  is  to  be  subtracted  from  some  quantity. 

Illustration,    r — «,  read  r  minus  s,  indicates  that  the  excess  of  r 
over  «  is  to  be  taken:  t.  e„  that  «  is  to  be  subtracted  from  r. 
— ^  read  minua  x,  indicates  that  a:  is  to  be  taken  in  a  negative  sense. 
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It  always  means  the  precise  opposite  of  +a;.  To  illustrate,  as  x  may 
represent  any  quantity  whatever,  let  it  represent  a  certain  distance* 
Now,  a  +x  represents  this  distance  when  measured  upward,  — x  will 
represent  the  same  distance  measured  downward.  Let  +a;  represent  a 
certain  gain;  then  — x  represents  a  loss  equal  in  amount  to  the  gain  x^ 
If  +  is  prefixed  to  quantities  indicating  distance  North,  —  must  be  pre> 
fixed  to  those  indicating  distance  measured  South,  If  we  suppose  + 
prefixed  to  a  quantity  to  indicate  that  time  is  to  be  estimated  (0er  & 
certain  date,  —  prefixed  to  such  quantities  will  indicate  that  the  time  i» 
to  be  estimated  btfore  this  date;  if  +  indicate  ybrt(7ar(2  measurement^ 
—  indicates  bacJbward  measurement,  and  so  on.  Whatever,  in  general^ 
+  be  assumed  to  indicate,  —  will  indicate  the  opposite. 

9.  If  a  quantity  is  to  be  taken  seTeral  times  in  succession, 
and  subtracted  from  some  quantity,  we  indicate  this  suc- 
cessive subtraction  by  writing  the  quantity  (to  be  sub- 
tracted) but  once^  and  placing  before  it  a  symbol  indicating 
how  often  it  is  to  be  taken  and  subtracted.  This  symbol  is 
always  preceded  by  the  minus  sign,  to  indicate  that  the 
quantity  is  to  be  subtracted,  and  not  added. 

Illustration.  If  we  wish  to  indicate  that  m  is  to  be  subtracted 
eleven  times  in  succession  from  some  quantity,  we  write  simply  — 11  m; 
if  fn  is  to  be  subtracted  15  times  in  succession,  we  write  — 15  m;  if  m  is 
to  be  taken  5  times  and  subtracted  from  some  quantity,  we  write — bm. 

The  symbol  used  to  indicate  this  successiye  subtraction 
is  called  (as  in  the  case  of  addition),  a  Coefficient.  A  Go- 
efficient  is  positiTe  or  negatiTe,  according  as  it  indicates  that 
the  quantity  to  which  it  is  prefixed  is  to  be  taken  several 
times  additively  or  subtractively. 

10.  (3)  The  Double  sign  (dz)  or  (q=)  read  plus  or  minus, 
or  minus  or  plus.  Placed  between  two  quantities  it  indi- 
cates that  we  are  to  take  first  their  sum  and  then  their  dif« 
ference,  or  the  reverse,  according  as  it  is  written  dz  or  q=. 
Placed  before  a  quantity  it  indicates  that  the  quantity  is  to 
be  taken  first  additively,  and  then  subtractively,  or  tiie  re* 
verse,  according  as  it  is  written  ±:  or  qi. 
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Illustbatiok.  adzb  indicates  that  first  the  som  and  then  the  dif- 
ference of  a  and  5  is  to  be  taken. 

+  m,  read  minus  or  plus  m,  indicates  thatm  is  to  be  taken  first  sub. 
tractirely  and  then  additively. 

U.  (4)  The  sign  (^  of  Difference.  Placed  between  two 
quantities  it  indicates  that  the  excess  of  one  over  the  other, 
i.  e.,  the  difference  between  them,  is  to  be  taken,  but  does 
not  indicate  which  is  the  greater. 

Illustration,  m  —  n,  read  the  difference  between  m  and  n,  indi. 
cates  that  the  excess  of  one  over  the  other  is  to  be  taken,  but  gives  no 
information  as  to  the  relative  size  of  m  and  n, 

12.  (5)  The  sign  {x)  of  MuMpHcaHon,  read  times  or  into 
or  multiplied  by.  Placed  between  two  quantities  it  indicates 
that  one  is  to  be  taken  as  many  times  as  there  are  units  in 
the  other;  i.  e.,  that  one  is  to  be  multiplied  by  the  other. 
The  quantity  taken  is  called  the  Multiplicand^  the  number 
of  times  it  is  to  be  taken  is  indicated  by  the  Multiplier, 
The  result  of  taking  the  multiplicand  the  giyen  number  of 
times,  (additively  or  subtractively,  as  the  case  may  be),  ia 
called  the  Product.  The  Multiplicand  and  MvMiplier  are  to- 
gether called  Factors;  L  e.,  makers,  of  the  Product.  If  a  pro- 
duct is  to  be  multiplied  by  another  quantity,  this  product  by 
another,  and  so  on,  the  quantities  multiplied  together  are 
all  called  Factors,  and  the  result  is  called  a  Coniinued  Pro- 
duxit.  In  general,  any  product  arising  from  multiplying  to- 
gether three  or  more  quantities  is  a  continued  product. 

When  no  misunderstanding  is  likely  to  occur,  the  multi- 
plication of  two  or  more  quantities  may  be  indicated  by 
writing  the  factors  in  succession,  with  a  point  (  •  )  between 
them,  or  by  writing  them  in  succession  with  no  intervening 
sign. 

Illustbatiok.  m  X  n,  Tiun,  and  mn,  aU  indicate  the  same  fact,  viz: 
m  is  to  be  taken  additively  as  many  times  as  there  are  nnits  in  tk  I^ 
however,  W9  wiab  to  indicate  the  multiplication  of  7  by  8,  we  can  not 
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write  7-8,  as  this  would  bo  mistaken  for  7^;  while  78  would  be  read 
•eventy-eight  instead  of  seven  times  eight,  or  fifty-six.  Again,  we 
would  not  indicate  the  multiplication  of  a  by  —  6  by  writing  simply 
a —  6.  If,  however,  we  have  a  continued  product  of  numerical  factors, 
we  may  use  the  point,  thus:  1*2 -3 -4 "5 '6 7.  To  indicate  the  multi- 
plication of  a  by  —  6,  it  is  best  to  write  a  X  —  &»  or  —  6.a,  or  —  ba,  at 
a.(-6). 

13  (6)  The  sign  of  Division  (-^)  read  divided  by.  Placed 
between  two  quantities  it  indicates  that  the  one  on  the  left  of 
the  sign  is  to  be  divided  by  the  one  on  the  right.  Thus 
a-i-6,  read  a  divided  by  b,  indicates  the  division  of  a  by  6. 
The  same  operation  may  be  indicated  by  the  two  dots  alone, 
(as  a;  :  y,  read  x  divided  by  y).  It  may  also  be  indicated  by 
the  horizontal  line  alone,  if  the  quantity  to  be  divided  be 
written  above,  and  the  other  quantity  below,  this  line,  (aa 
J,  read  as  before).  Still  other  methods  of  indicating  divis- 
ion are  by  the  use  of  the  arc  ),  and  the  bar  |  with  a  hori- 
zontal line  attached,  as  x  \y  and  yj  x,  each  read  x  divided 

The  quantities  operated  upon  in  Division  receive  the  names 
Dividend  ahA  Divisor,  as  in  Arithmetic,  and  the  result  of  the 
process  is  called  the  Quotient.  The  quotient  is  often  called 
the  Eatio  of  the  dividend  to  the  divisor;  we  shall  meet  this 
term  again. 

14.  When  all  the  factors  of  a  product  are  equal,  the  pro* 
duct  is  said  to  be  a  Power  of  any  one  of  the  equal  factors. 
The  process  of  multiplying  is  then  called  Involution.  If  we 
have  two  «qual  factors  the  product  is  said  to  be  the  second 
power,  or  square  of  either;  if  we  have  four  equal  factors  the 
product  is  the  fourth  power;  if  we  have  m  equal  factors  the 
product  is  called  the  m**  power,  and  so  on.  The  power  is 
always  named  from  the  number  of  equal  factors  multiplied 
together  to  produce  it.  This  nun}Jber  of  equal  factors  ia  the 
Degree  of  the  power. 

Illustration,  xxxxxib  the  fifth  power  of  x,  and  this  prodnet  or 
paweriB  said  to  be  of  theJifth  degree.    Any  one  of  the  equal  factoraof  a 
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power  is  called  a  Boot  of  the  power,  and  a  root  receives  its  name  or  de^ 
gree  from  the  number  of  times  it  is  taken  to  form  the  power.     If  used 
twice,  the  root  is  the  square  root;  if  three  times,  the  euhe  root;  if  four 
timea,  the  fourth  root;  if  n  times,  the  nft  root 
In  the  illustration  just  given  x  is  the  fifth  root  otxxxxic 

15.  Instead  of  writing  a  factor  the  number  of  times  it  is 
to  be  taken  to  form  a  power,  we  generally  write  the  factor 
but  once,  and  write  above,  and  a  little  to  the  right  of  it,  a 
small  symbol  to  indicate  how  often  the  factor  is  to  be  taken 
to  form  the  power.  This  symbol  is  called  the  Exponent  of 
the  power;  and  sometimes,  for  breyity,  the  Exponent  of  the 
quantity. 

This  exponent  is  also  called  the  Exponential  sign  or 
dgn  of  IniJoluiion,  the  seventh  of  the  signs  of  operation. 
It  may  be  defined  to  be  a  small  symbol  written  above  and 
a  little  to  the  right  of  a  quantily.  It  generally  indicates 
the  number  of  times  the  quantity  is  to  be  taken  as  a  factor. 

16.  (8)  The  sign  of  Evolution  y,  or  the  Radical  or  Root 
sign.  Placed  before  a  quantity  it  indicates  that  the  quan- 
tity is  to  be  divided  into  two  or  more  equal  factors,  one  of 
which  is  to  be  taken;  i.  e.,  that  some  root  of  the  quantity  is 
to  be  taken.  The  number  of  equal  factors  required  is  indi- 
cated by  a  small  symbol  written  in  the  opening  of  the  sign. 
This  symbol  is  called  the  Index  of  the  radical^  and  fixes  the 
degree  of  the  latter. 

Illustbation.  yx  indicate  that  a?  is  to  be  divided  into  3  equal  fac- 
tors; the  expression  is  read  the  et/be  (or  third)  root  of  x.  3  is  the  index 
iff  the  radiccU,  which  is  of  the  third  degree.  So  y^y  indicates  that  y  is 
to  be  divided  into  n  equal  factors,  i.  e.,  the  nA  root  is  to  be  taken;  n  is 
the  index  of  the  radical,  which  is  of  the  nA  degree. 

This  sign  is  a  modification  of  the  initial  r  of  the  word  root,  and  the 
index  is  the  numeral  formerly  prefixed  to  r  to  indicate  the  root  to  be 
taken.  As  usually  writton  ythe  radical  sign  proper  is  combined  with 
the  Vinculum,  a  sign  yet  to  be  explained. 

17.  Evolution  may  also  be  indicated  by  the  use  of  frac- 
tional exponents.     Thus  ^  a  and  a  7  mean  the  same.      {!  a 
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and  a  n  are  eqiiiyalent  expressions  for  the  n^  root  of  a.  Lt 
general,  to  indicate  any  root  of  a  quantity  we  write  the  quan- 
tity with  an  exponent  equal  to  1  divided  by  the  index  of  the 
root.  This  method  of  indicating  Evolution  is  very  frequently 
and  advantageously  employed. 

As  the  integral  exponent  indicates  Involution  (or  raising 
a  quantity  to  a  given  power),  and  the  fractional  exponent 
with  the  numerator  1  indicates  Evolution  (or  resolving  into 
equal  factors),  the  combination  of  these  two  classes  of  ex- 
ponents  indicates  both  Involution  and  Evolution  with  re- 
spect to  a  quantity.  In  other  words,  if  a  quantity  has  an 
exponent  of  the  form  -^ ,  the  quantity  is  to  be  raised  to  the 
m*^  power,  and  the  n*  root  of  the  result  is  to  be  taken. 

m 
Illustration,    a  v  read  a  to  ike  power  m  divided  by  n,  indicates  thai 

a  is  to  be  raised  to  the  mfi^  power,  and  this  power  is  to  be  divided  into 

»  equal  factors,  one  of  which  is  to  be  taken. 

The  full  discussion  of  exponents  and  indices,  positive  and  negative^ 

entire  and  fractional,  will  be  given  hereafter. 

18.  When  several  quantities  are  to  be  subjected  to  the 
same  operation,  certain  signs,  often  called  Signs  of  Aggrega^ 
lion,  are  employed.  These  are:  the  Vinculum,  or  horizontal 
bar — ,  the  Parenthesis  (  ),  the  Brackets  [  ],  the  Braces  \  \ 
and  the  vertical  Bar  \  .  Each  indicates  that  the  quantities 
comprehended  are  to  be  subjected  to  one  operation,  or  that 
they  are  to  be  considered  together,  as  one  quantity. 

Illustration,  {a+b+c)  [m+n\  indicates  that  a,  b  and  care  to 
be  added,  and  their  sum  multiplied  by  the  sum  of  m  and  n. 

X —  (tf+c)  indicates  that  the  sum  of  u  and  c  is  to  be  subtracted 
from  X.  The  expression  is  read  x  minua  the  parenihesU  k+c,  or  x 
minus  the  eum  qf  u  and  c. 

^(m+n),  ^[m-f'i],  ^m  +  n,  are  equivalent  expressiona,  each 
read  the  cube  rod  of  Hhe  quantity  mplua  n.  The  vinculum  has  been  used 
BO  often  in  connection  with  the  radical  sign,  that  it  has  become  almost 
a  part  of  the  latter,  which  is  frequently  written  -)/ 


18.  The  Relations  of  qaantities  to  each  other  are  aliso  in- 
dicated by  signs.     The  principal  signs  of  BeUUion  are: 

{1)  The  sign  of  Eqiudiiy  {=),  This  is  read  egua^s.  Placed 
between  two  qaantities  it  indicates  that  they  are  equal. 

An  algebraic  expression  of  the  equality  of  two  quantities, 
1.  e. ,  an  expression  consisting  of  two  quantities  connected 
by  the  sign  of  equality,  is  called  an  Equation.  The  quan- 
tity on  the  left  of  the  sign  is  the  First  Member,  and  the  one 
on  the  right  the  Second  Member,  of  the  EqucUion,  Thus 
ax  z=b  is  an  Equation,  ax  is  the  first  member  and  b  is  the 
second.  So,  also,  x+a  =  2+3a?.  Algebra,  particularly 
Higher  Algebra,  is  occupied  almost  entirely  with  the  discus- 
sion of  Equations. 

20.  (2)  The  sign  ofInequaliiy(>  or  <).Thifl  sign,  placed 
between  two  quantities  indicates  that  the  one  toward  which 
the  opening  of  the  sign  is  turned  is  the  greater.  If  the 
opening  is  toward  the  left  the  sign  is  read  greater  than;  if 
the  opening  is  toward  the  right  the  sign  is  read  less  than. 
Thus  m  ^  n  is  read  m  is  less  than  n;  x  ^  y  is  read  x  is 
greater  than  y.  An  expression  consisting  of  two  quantities 
connected  by  the  sign  of  inequality  is  called  an  Inequality 
or  Inequation.  The  quantity  preceding  the  sign  is  the  First 
Member;  the  quantity  following  the  sign  of  inequality  is  the 
Second  Member, 

iLLUSTRATioir.  X  ]>  y,  fn  •«-  6&  ^  2  +  5c,  3  <  5,  are  tneqvdUUta, 
The  first  membera  are  x,  m + 66,  and  3,  respectively,  and  the  second  mem^ 
hers  are  y,2  +  5e  and  5,  respectively. 

21.  (3)  Signs  of  Eatio  and  Proportion.  The  quotient  ob- 
tained by  dividing  a  quantity  by  another  of  the  sam^  bind, 
is  called  the  Ratio  of  the  first  to  the  second,  or  of  the 
second  to  the  first.  A  ratio  may  be  indicated  by  any  of 
the  methods  (13)  of  indicating  division,  but  the  sign  most 
commonly  used  is  the  sign  : ,  which  is  generally  called  the 
sign  of  Eatio. 
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IixUEmiATiOK.     The  qnantities  ab  and  h  being  suppoeed  of  the  aame 

db        h 
kind;  the  ratio  of  either  to  the  other  is  "b"  or  7i&  or  aft  :  5  or  5  :  a6. 

When  the  qnantities  are  separated  by  the  sign  : ,  the  one  preceding  th» 

sign  is  the  antecedent^  and  the  one  following  the  sign  the  consequent. 

A  Proportion  is  an  algebraic  expression  of  the  equality  of 
two  ratios.  Thus,  if  the  ratio  of  a  to  6  is  equal  to  the  ratio 
of  c  to  dy  we  may  express  this  fact  by  writing  7-  =  -j  or  a  :  ft 
==€  :  d.  The  latter  form  of  expression  is  the  more  com- 
mon, the  sign  of  equality  being  transformed  to  : :.  The 
combination  :  : :  :  forms  the  sign  of  Proportion;  :  is  read  ta 
to,  and  : :  is  read  as, 

Illustratiok.  a  :h  :  I  e  id  IB  read  aiatohaaeistod^  It  indi* 
cates  that  the  ratio  of  a  to  6  is  eqnal  to  the  ratio  ot  eiod.  If  mora 
than  two  ratios  are  equal,  the  expression  of  their  equality  is  called  a 
Continued  Proportion. 

a:b'.:c:d::ei/::gihiBA  continued  proportion. 

22.  (4)  The  sign  of  Variation  or  Oenerdl  Proportion  is  ihe 
character  oc  ,  read  varies  cls.  Placed  between  two  quanti* 
ties  it  indicates  that  as  one  increases  or  decreases  the  other 
increases  or  decreases  in  the  same  ratio.  That  is,  if  either 
changes,  the  other  so  changes  that  the  ratio  of  the  first  to 
the  second  remains  always  the  same. 

Illustkatiok.  aCCbXf  read  a  varies  as  hx,  indicates  that  no  matter 
how  a  and  hx  may  increase  or  decrease,  the  ratio  -^  remains  the  same. 


23.  The  S3rnilx>ls  and  Signs  of  Algebra  make  up  what  is 
called  Algebraic  Language.  In  this  language,  as  in  any 
other,  there  are  certain  abbreviations.  The  most  common 
are  as  follows: 

.*.  means  therefore,  conseqiLently,   etc. 

*.*  means  since,  because,  etc. 

1^,  2^,  30,  are  the  usual  abbreTiation  for  Pvrsi^  Second, 
Third,  etc. 


DEFINITIONS.  II 

-5- is  often  used  to  indicate  that  quantities  following  it 
are  in  Arithmetical  Progression,  as  -5-  a,  6,  c.  This  fact 
may  also  be  indicated  by  writing  the  sign  . .  between  each 
term  and  the  succeeding  one,  thus:  a.  .b..c.  .m,  .n 

TT  is  often  used  to  indicate  that  the  quantities  following 
it  are  in  Oeometrical  Progression,  the  quantities  being  separ- 
ated from  each  other  by  the  sign: ,  as  -h-  a:b  :c 

A  series  of  dots  or  dashes,  thus is  often  used  to 

indicate  that  a  sum  or  product,  or  an  operation,  is  to  be 
continued.  These  dots  or  dashes  or  called  leaders;  they 
answer  veiy  nearly  to  the  etc.  of  ordinary  language. 

Instead  of  writing  each  one  of  a  series  of  factors,  we  some- 
times write  only  the  last,  with  a  vertical  and  horizontal  line 
to  indicate  that  its  predecessors  are  to  be  supplied.  Thus 
1x2x3x4x6x6x7x8  may  be  written  |8_  (read  factorial 
8).     This  notation  is  undesirable,  and  not  often  used. 

Q.  E.  D.  is  written  at  the  end  of  a  course  of  reasoning  or 
proof.     Its  meaning  is,  which  was  to  be  proved. 

24.  Any  expression  written  in  Algebraic  language  ia 
called  an  Algebraic  Expression. 

As  the  letters  used  in  algebraic  expressions  may  represent 
any  quantities  whatever,  we  may  assign  to  them  any  values 
whatever.  The  result  obtained  by  assigning  to  each  of  the 
letters  of  any  given  algebraic  expression  a  fixed  value  in 
numbers,  and  performing  the  operations  indicated,  is  called 
the  Numerical  Value  of  the  expression. 

Illtjstration.      Zahn  ia  294,  if  a =7,  m=2. 
a?6+3a«c  ia  160,  if  a=2,  6=6,  c=10. 
i»«ii+26n+nm'-f  »*ia  159,  if  m=2,  »=3,  6=7. 

525.  A  Term  is  one  of  the  parts  into  which  an  algebraic 
expression  is  divided  by  the  sign  +  or  the  sign  — ,  or  both. 
Algebraic  expressions  are  classified  according  to  the  num- 
ber of  terms  they  contain.  An  algebraic  expression  con- 
sisting of  but  one  term,  t .  e. ,  an  expression  whidi,  as  written. 
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is  not  separated  into  parts  by  the  signs  +  or  — ,  is  called  a 
Monomial,  or  often  simply  a  Term, 

An  expression  consisting  of  tioo  terms  is  called  a  Binomial^ 
or,  if  the  first  term  be  positive  and  the  second  n^ative,  fre*> 
quently  a  ReMvual. 

An  expression  consisting  of  three  terms  is  called  a  Trv- 
tiomial;  an  expression  of  four  terms  is  a  Quadrinomial;  an 
expression  consisting  of  more  than  four  terms  is  called  a 
Polynomial, 

The  name  Polynomial  may  also  be  applied  to  any  alge- 
braic expression  of  more  than  one  term.  The  word  MuUi- 
nomial  is  yery  often  used  to  denote  an  algebraic  expression 
of  more  than  one  term. 

26.  A  Monomial,  or  term,  consists  in  general  of  two 
parts,  a  CoefficiefU  and  a  literal  part  or  Unit, 

The  Ooef9,oient  is  that  factor  of  the  term  that  shows  how 
many  times  the  other  part  (i.  6.,  the  term  exclusive  of  the 
coefficient)  is  to  be  taken  additively  or  subtract! vely.  It 
may  be  numerical  or  literal,  or  partly  numerical  and  partly 
literal.  If  a  term  be  divided  into  any  two  factors  we  may 
consider  either  one  as  showing  how  often  the  other  is  to  be 
taken  additiyely  or  subtractively,  according  as  the  given 
term  is  positive  or  negative.  Hence  either  one  of  these 
factors  may  be  considered  the  coefficient,  the  other  being 
called  the  unit. 

27.  The  Degree  of  a  term  is  the  number  of  literal  factors 
in  the  term.  As  the  exponent  of  each  letter  (if  positive  and 
integral)  indicates  the  number  of  times  the  quantity  repre- 
sented by  the  letter  is  taken  as  a  factor,  the  Degree  of  a  term 
is  indicated  by  the  sum  of  the  exponents  of  the  letters  of  the  term. 

Literal  factors  are  sometimes  called  dimensions;  the 
degree  of  a  term  is  then  the  number  of  dimensions. 

If  no  exponent  be  written,  the  exponent  1  is  understood, 
and  if  fractional  exponents  occur,  it  is  usual  to  consider 
only  the  numerators. 
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BasDOgea^omB  terms  are  such  as  are  of  the  same  degree. 
If  all  the  terms  of  a  polynomial  are  homogeneous  the  polj- 
npmial  is  said  to  be  homogeneous,  and  its  degree  is  indicated 
by  the  sum  of  the  exponents  of  the  letters  in  any  one  of  ita 
terms.  We  do  not  usually  speak  of  the  degree  of  a  poly* 
nomial  that  is  not  homogeneous. 

Illustbatioh.  mSsB +3x4+ 'Jgfiy+z^  is  a  homogenaoai  polynomial  of 
iho  f ourih  degree. 

528.  An  algebraic  expression  is  said  to  be  in  its  Simplest 
Form  when  it  contains  the  fewest  terms  of  the  lowest  de- 
gree possible. 

528.  filTnllaT  Terms  are  terms  haying  the  same  letters, 
affected  by  the  same  exponents. 

We  sometimes  treat  as  similar  terms  having  the  same 
unit,  but  such  terms  are  not  (strictly  speaking)  always  sim- 
ilar. 

Dissimilar  Terms  are  such  as  have  different  letters  or 
different  exponents,  or  both. 
Illustration.    3xV,  2a%,  7^  and  20s^  ate  siimlar. 
2sfiy,  9sfiy,  &b^  and  9m*»  are  diBBimilar. 

80.  The  truths  of  Algebra  are  embodied  in  Proi>ositionS9 
Bules  and  Formulas. 

81.  A  Proposition  is  a  statement,  generally  setting  forth 
something  to  be  proved  or  something  to  be  done. 

Propositions  are  classified  as  Theorems^  Axioms,  Prob- 
lems, PostukUes,  CoroUaries  and  Scholiums, 

82.  A  Theorem  is  a  statement  (purporting  to  be  a  state- 
ment of  fact)^  the  truth  or  falsity  of  which  is  generally  to 
be  made  evident  by  a  course  of  reasoning,  called  a  Demon- 
strcUion.  If  the  truth  of  the  theorem  is  so  evident  that  no 
demonstration  is  required,  the  theorem  is  called  an  Axiom. 
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88.  A  Ijemma  is  a  theorem  proved  merely  for  use  in 
proving  or  solving  some  succeeding  proposition. 

84.  A  Problem  is  a  proposition  setting  forth  something 
to  be  done. 

The  process  of  doing  what  the  problem  requires  is  called 
the  Solution  or  solving  of  the  problem. 

85.  A  Postulate  is  a  problem,  the  solution  of  which  is 
evidently  possible. 

86.  A  Ck>rollary  is  a  subordinate  theorem,  the  truth  of 
v^hich  has  been  made  evident  by  some  part  of  the  demon- 
stration of  the  main  proposition. 

87.  A  Scholimn  is  a  remark  appended  to  a  discussion, 
for  the  purpose  of  pointing  out  something  important  or  pe- 
culiar, developed  during  the  discussion. 

88.  A  Rule  is  a  formal  statement  of  the  method  of  per- 
iorming  some  operation. 

89.  To  Deduce  a  rule  is  to  arrive  at  the  rule  as  the  result 
•of  a  process  of  reasoning  applied  to  the  successive  steps  in 
the  operation  to  be  performed. 

A  rule  may  also  be  announced  at  once,  and  proved  by  a 
demonstration. 

It  is  generally  iUustrated  (not  proved)  by  problems  re- 
quiring us  to  perform  simply  the  operations  directed  by  the 
rule. 

40.  Problems  of  this  character,  in  which  the  only  or  the 
principal  thing  to  be  done  is  to  perform  a  particular  opera- 
tion as  laid  down  in  a  rule,  are  called  Examples. 

41.  A  Formula  is  an  algebraic  expression  of  a  rule  oi 
proposition. 


CHAPTER   II. 

THE     FUin)AMEKTAL     BUUSS. 


SECTION  I. 

ADDITION. 

42.  Addition  is  the  process  of  finding  the  simplest  alge« 
biaic  expression  for  the  aggregate  of  two  or  more  quan** 
tities. 

The  result  of  this  process  is  called  the  Sum. 

43.  To  Deduce  a  Rule /or  the  addition  of 
I.  MbnomicUs : 

1^.   When  the  terms  are  similar  and  have  like  signs. 

Let  it  be  required  to  add  +  Zx  and  +  2x.  The  positiye 
signs  indicate  that  the  quantities  to  which  they  are  prefixed 
are  to  be  added  to  some  quantity,  and  the  coefficients  indi- 
<$ate  that  x  is  to  be  added  first  three  times  in  succession  and 
then  twice  again  in  succession  to  this  quantity.  If  we  add 
X  three  times  in  succession  to  any  quantity,  we  obtain  that 
quantity  increased  by  a;  +  a;  +  a;,  and  if  to  this  result  x  be 
added  twice  in  succession,  we  obtain  the  quantiiy +d;  +  ^ 
+  07  +  ^  +  ^  or  (7)  the  quantity  increased  by  5a;.  In  other 
words,  the  same  result  will  be  obtained  by  adding  5a;  at  once 
to  any  quantity,  as  by  adding  first  Zx  and  then  2x  to  this 
result.  5a?,  then,  is  the  simplest  expression  for  the  aggre- 
gate of  3a;  and  2a;;  i.  e.,  it  is  their  sum. 

Or,  we  may  obtain  this  result  by  noting  that  if  we  add 
any  three  things  whatever  to  two  things  of  the  same  kind, 
we  obtain  five  things  of  this  kind.  If  each  thing  is  called  x, 
then  we  have  3ap  -(-  2a;  =  5a;. 

Again,  let  it  be  required  to  add  — 4y  and  — 2y.  — ^y 
indicates  that  4t/  is  to  be  subtracted  from  some  quantity. 
' — 2y  indicates  that  2t/  is  to  be  subtracted  from  this  quantity. 
In  other  words  j^  is  to  be  subtracted  first  4  times  in  succes- 
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sion  from  some  quantitj,  and  then  twioe  in  suooefssionfrom 
{he  result.  If  we  subtract  y  four  times  in  succession,  and 
{hen  twice  from  the  result,  we  shall  eyidently  obtain  the 
same  result  as  if  we  were  to  take  6t/  at  once  from  the  quan- 
tity. That  is,  the  aggregate  of  — 4y  and  —  2y  may  be  ex- 
pressed —  6y;  or,  the  sum  of  — 4i/  and  —  2y  is  —  Gy. 

Or,  we  may  arrive  at  the  same  result  thus:  A  quantity 
preceded  by  llie  sign  —  is  to  be  taken  in  a  sense  opposite  to 
that  in  which  the  same  quantity  is  taken  when  preceded  by 
the  sign  +.  Hence  — 4y  and  —  2y  indicate  that  4y  and 
2y  are  to  be  taken  in  a  sense  opposite  to  that  in  which  +4y 
and  -f  2y  are  taken.  The  aggregate,  the  result  of  putting 
together  —  4y  and  —  2y  must  be  contrary  in  sense  to  the 
aggregate  of  +  4y  and  +  2y.  The  aggregate  of  these,  as 
already  explained,  is  +  6;^.  Hence  the  aggregate  (the  re- 
sult of  putting  together),  of  these  quantities,  taken  in  a  con- 
trary sense,  is  Gy  taken  in  a  contrary  sense,  t.  «.,  is  —  %. 
—  Gy  then,  the  simplest  expression  for  the  aggregate  of 
^-  4y  and  —  2y,  is  the  sum  required. 

As  the  letters  here  used  may  represent  any  quanHiiea  whaJt* 
ever,  we  deduce,  for  the  addition  of  similar  terms  having 
like  signs,  the  following 

Rule. — Add  (he  coefficients  for  a  new  coefficient,  to  whidi 
prefix  the  common  sign  and  annex  the  common  liierai  part. 


FiXAMPTiBS. 

1. 

2. 

3. 

4. 

5. 

3ajy 
hxy 

—  4xyz 

—  Sarys 

IZxz^y^ 
IGxz^y^ 

-—  Gmay 
—  Imxy 

Ixy 
2xy 

—  xye 

—  llxyz 

12a»V 

^z^y^ 
J  1 

111 

—   ^mxy 

llxy 

—  25xyz 

—  Usey 

—   6a6^cv^ 

—  l^mxy 

28xy 

—  dloftVd^ 

—  45in«y 
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6.  Add  — 16wur*y^,  — 22»ia?y^,  ^lOmah/^,  —21mafy^,  and 

—  msfy^. 

7.  Add  — 57w:V%  — 12n«y,  — ISnoy*  — 22na?y,  and 

8.  Add  — ^13na^,  — 5rwn^,  — ^7na^,  — 2run/*,  and  — Sn^ci/'- 

2^.   TTTien  ^^  terms  are  similar  and  have  unlike  signs. 

If  we  have  given  seyeral  similar  terms  haying  unlike  signs, 
t.  e. ,  some  being  positive  and  the  others  negative,  we  may  add 
all  the  positive  terms  by  the  rule  just  given.  We  may  add, 
also,  the  negative  terms,  by  the  same  rule.  Let  +  ^^9  then, 
represent  the  sum  of  all  the  positive  terms  in  any  example, 
and  —  Ix  the  sum  of  all  the  negative  terms.  We  are  re- 
quired, then,  to  add  6a?  and  — 7a?.    Now,  we  may  consider 

—  Ix  as  the  sum  of  — 5a?  and  — 2a?  by  (43 1,  1^).  Hence, 
if  to  any  quantity  we  add  5a?,  and  from  the  result  take  away 
7a?,  we  shall  obtain  the  same  result  as  if  we  add  5a?,  and  then 
take  away  5a?  and  2a?  in  succession  from  the  same.  If,  how- 
ever, we  add  5a?  to  any  quantity  and  then  take  away  5a?  from 
the  sum,  we  shall  leave  the  original  quantity  unchanged.  If 
from  this  we  now  take  2a?,  we  shall  have  the  quantity  dimin* 
ished  by  2a?,  or  —  2a?.  Hence  we  obtain  the  same  result  by 
taking  2a?  from  a  quantity  as  by  adding  5a?  to  the  quantity 
and  then  taking  away  7a?.  In  other  words,  —  2a?  means  the 
same  as  +5a?  -f  the  term  —  7a?;  5a?-f  ( — 7a?)  is  then  expressed 
in  the  simplest  way  by  — 2a?,  or  — 2a?  is  the  sum  of  -f5a?  and 
— ^7a?.  In  a  similar  way  we  can  prove  that  the  sum  of  — 5a? 
and  +  7a?  is  +2x.  The  reasoning  being  general,  we  deduce, 
for  the  addition  of  similar  terms  having  unlike  signs,  the 
following 

BuLE. — Find  the  sum  of  the  positive  coefficients;  find  the 
numerical  sum  of  the  negative  coefficienis.  To  the  excess  of 
one  sum  over  the  other  prefix  the  sign  of  the  greater  and  anneoi 
Uie  common  literal  part. 
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(1.) 

(2.)     ^ 

—  5may^ 

—  ISmay^ 

—  4a»6V 

Unue' 
-22m»' 

Bmay^ 

18a5*c> 
—  26a6*c* 

—  7aVc' 
15a»6V 

—ilanuA 
—Vlamx^ 

—  IGma' 

—   2may^ 

—  SafrV 

—  5a%V 

15amx^ 

18nu>' 

—     may'^ 

lla6V 

20a%V 

—    amx^ 

—  lOnuB* 

a6*c» 

22a'6V 

s 

6.  Add5(a?+y),  7(a?+y),  — 3(ar+y),  and— 12(a?+y). 

Jrw.  — 3(a?+2/)« 

7.  Add  e{m+n),  — 12(m+n),  15(m+n),  and— 10(m-fn). 

8.  Add  32afl^2/^,  —^laa?]^,  — 13aa?y ,  and  35aajy  • 

9.  Add  2aVc^  3aW,  9aW,  and  — 17aWc^, 

ISS  126  11.1^  12ff 

10.  Add  Ba^^h^c^,  —laV>^c^,  -^aH^c^,  and  2dm^c^. 

8^.  Dissimilar  Terms. 

As  we  cannot  add  things  that  are  not  of  the  same  kind  in 
each  a  way  as  to  get  an  expression  involving  things  of  one 
kind  onljy  we  cannot  add  terms  involving  different  literal 
parts  so  as  to  get  one  term.  Thus  3a?  and  2y  are  dissimilar 
terms.  The  things  3a;  and  2y  are  not  of  the  same  kind;  we 
cannot  by  adding  y  a  certain  number  of  times  get  a  sum 
involving  x  alone^  nor  will  the  addition  of  x  one  or  more 
times  produce  a  result  involving  y  alone.  "When  we  have 
dissimilar  terms  to  add,  then,  we  simply  connect  them  by 
ihe  sign  -j-f  observing  that  when  -{-  immediately  precedes 
—  it  is  not  necessary  to  express  the  -f  sign.    Hence  the 


Bulb. — Connect  by  their  signs  the  terms  to  be  added. 
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1.  Add  a,  —26,  and  3c.  Ans.  a  — 26  +8c. 

2.  Add  X,  — 3y,  5a?,  and  — Im.  Ans.  6a? — Sy — 7m. 

3.  Add  2a?,  3,  — y  and  5a.  Ana.  2a?+3— y-f6a. 


4.  Add  md^,  — 7,  nb,  and  c**^.       Am.  ma^ — 7-f  wft+c*^. 

Ana.  a?*— 17a?^— 5+y^. 


5.  Adda:',— 17a?^,— 5andy^.  ,  i 


44.  II.  Folynomiala. 

The  addition  of  seyeral  polynomials  may  be  indicated  by 
writing  in  succession  the  quantities  to  be  added  and  con- 
necting them  by  the  sign  of  addition.  The  only  simplifica- 
tion  possible  is,  then,  the  union  of  similar  terms  by  (43). 
Suppose  3a+26+a?,  Ah+x — a,  46 — x,  and — 6+c  +2a?  +5a, 
are  the  given  polynomials.  Indicating  the  addition,  we  have 
3a-f  26+a?+46+a?— a+46— a?— 6+c-f  2a?+5a  (1).  As  there- 
suit  will  be  the  same  in  whatever  order  we  unite  the  terms, 
we  may  add  first  the  terms  involving  a,  then  those  involv- 
ing 6,  and  so  on,  uniting  the  results  (43, 3^).3a+5a — a=7a 
(43  20);  26+46+46—6=96;  a?+a?— a?+2a?=3a?;  c,  not  being 
similar  to  any  other  term,  cannot  be  united  with  any  other. 
Hence  the  polynomial  (1)  in  its  simplest  form  is  7a+96+3a? 
+c,  which  is,  therefore,  the  sum  of  the  given  polynomials. 
If  the  similar  terms  had  come  together  in  sets  the  simplifi- 
cation of  the  polynomial  (1)  would  have  been  more  easily 
accomplished,  as  we  would  then  have  been  saved  the  trouble 
of  searching  for  the  terms  similar  to  any  particular  term. 
If,  then,  the  polynomials  were  so  arranged  that  each  set  of 
similar  terms  should  stand  in  one  column,  the  addition  in 
order  of  the  columns  would  have  given  the  result  more 
readily.     Hence  the 

BuLE. — Arrange  (he  quantUiea  to  be  added  ao  that  each  aet  of 
aimilar  terms  may  atand  in  a  column.  Add  each  Column  aep- 
arately  and  connect  the  reaidta  by  their  proper  aigna. 
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Examples. 

(1.) 

(2.)           ^ 

Sor—  76-f  5a? 

8(m+n)+5(«+y)^. 

2ar—  36+    X 

7(m+n)-2{a!+y)| 

Or-     h+  Ix 

8(m+n)-4(«+y)| 

—  6a+13fr-15a? 

— 20(m+n>-5{ar+y)^ 

22a—  8&—  ex 

-13(m+n)+7(aj+y)J 

_20a+    6+  9a; 

5(m+n)-8(ar+yf 

2a— 56  -f    a? 

— 10(m+n)— 7(x+y)* 

3.  a»6^— 76^— m,  5a»6*— 26^c*— 7m,  8a'6^+86V+9m, 
_7a%*— 96V— 6m,   2a'6^  +  106V— 10m,   5a»6^— 76 V  + 

17m +  (Z.  1        1 

-4n«.  9a'6'— 76V+2m+(f. 

4.  Add  V+3M7— 60,   7i>-8u>-flO«+7,   20-f6M>— 10»+9, 
— 7w;+6^^— 3+«,  5+2«— 3v+to,  and  2+u?— -i>-h8. 

5.  Add  3a^— 66--c^,  5a^— 126+7c^— 1,  26— a^-<?^,  and 
— 5d^+106+5c^+l.  Ans.  2a^— 66+lOc*. 

6.  Add  2(a?+y)— 1/?+6,  ^(x+y)+7+w,  2w>-20— 4(a?+y), 
25— 2wj,  and  6(a?-f  t/)— 10— 3w?.  Ans.  7(a:+y)— 3u?+8. 

7.  Add  19a?— 12, 15a?— 2, 13a?+20,  and  —37a;— 2. 

8.  Add  2a?+5(m+n)— y,  8a?— 5t/*— 7(m+n),  2a?— 2(m-f-n), 
52/* — 8a?+ll(m+n),  and  4(m+n)— a?. 

Ans.  — 2a?+ll(m+n) — y*. 

9.  Add5a;»2/'— 6a:»2/»— 12a?y,2a;'2/'+10a?V— a^'t/',- 17a?y+ 
5a*i^,  2x'y'—10a*^+4^,  and  9a?y+8a!»^— 7a?y. 

10.  Addofl?^— 6a?^— «»+d,3aap'— 76a?'+8ca?-  jd,Sd~7cx, 

^  6d— 8aa?^— 6a?^,   and  6aa?^+126a?^+2J.         a  ^ 

^n«    2aa?'+36a?^+7<f. 
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11.  Add7+3icVur^— 8m,  3— 2m— aVu;*»  m+Sash/^,  16 wi 
— 8+6«V^»  aiid  — SicVu;^— 6.      Ans.  — 4+6aV^-f  6m. 

12.  Add  a»V-^'«*+7r«,  2aafy—^Vaf—dr8,  —laafy+Bb^sf 
4-16rs,  and  aa?*!/— 13r*— 86V. 

13.  Add  la— 2/*+v,  19— 3^+m,  Sy*— 38— 4v,  and  t>— 6. 

14.  Add  y+a*+6«',  2y— a*— 66-,  36-'— Ty,  and  t^— 4a*. 

16.  Add  (x+y)^—7m+9{r+8)%  6(af +t/)*+wir-8(r  + «)% 
2m— 4(a?-f2/)^,  and  6(r+s)«+9m+7(a?+y)^. 

16.  Add  Sx^—l's/hv+Smv+1 ,  2yho--Smv—x^ ,  9— 2yHo, 
— 16+8a?^ — 5mv — j/'io,  and  3mt; — 6+9a;* — yho. 

17.  Addl3— 2(a?+y)«-a,  62— 6(a?+y)«— 7a,  16+5(a?+y)' 
+12a,  30—90,  6(a?+2/)«— 6a,  and  17— 3(a?+y)«+3a. 

Ana.  8— (a?+2/)*'-f6a. 

18.  Add  (a?+a)^— (2/+c)'^-|-r8,  2(a?+a)^— 7(2/+c)*— 3r», 
6r«— (2/+c)^,  — 5(a?+a)^+10(2/+c)^,  and  3(a?+a)^+6r«. 

^n«.  {x+a)^+{y+c)^+Sr8. 

19.  Add  2mWZ  +  6c(«— a,  4cd[— mVZ+7a?,  2mV^-^d, 
6mV^-4a?,  and  3mV^8cd+3a?. 

20.  Add  6a^— 6a^— 3(m+n)T,  2a*— 8afy— 6(m+n)i, 
6a*+12ajy,  — 20a^-7a;y+8(m+n)^,  3a^+9ajV-4(wi+n)T, 
8a^— 16irV,  and  — 2a^+13i»y +6(w+n)^. 

^rw.  2a'— 3art/^+2(m+n)T. 

45.  If  dissimilar  terms  have  a  common  literal  part,  the 
other  factors  in  each  term  may  be  regarded  as  the  coeffi« 
dents  of  the  common   part.      Then  as  each  coefficient 
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shows  how  many  times  the  common  literal  part  is  to  be 
taken  in  the  corresponding  term,  the  sam  of  the  coeffi- 
cients will  evidentlj  show  how  many  times  this  common 
part  is  taken  in  all  Uie  terms.  Hence  the  sum  of  the  given 
terms  may  be  indicated  by  writing  the  common  part,  and  to 
it  prefixing,  in  parenthesis,  the  sum  of  the  coefficients. 
Thus,  the  sum  of  ax,  &r,  and  ex,  is  (a-f&-f^)a?. 

liXAMPLES. 

1.  Add  oaV,  6«y>  «cy,  and  dah/". 

Ana.  (a+b+c+d)xV- 

IS  IS  IS  IS 

2.  Add  mx'y^,  tox^y^,  Ix^y^,  and  ax'^y^. 

1    s 
An8.  {m+w+a+7)x^y^. 

8.  Add  abc,  mlo,  xyc,  and  do. 

Ana.  (ab-{-^+xy+d)o. 

4.  Add  8a6(a?-h/)*  5d/[x+y)^,  ^(a?-h/)*,  and  s{x+y)^. 

6.  Add  Sab+2xy+d,  Smy-^b+cd,  gb—fd,  6/6— 2r2/— tod, 
and  6 — Id. 
Ana.  (30— 2+flr+606-H2a?+3?nr-2r)y-t^l4<>-/— w?--Z)d. 

6.  Add  dbx — dcy+gm,  2x — dy — m,  ex+fy — Im,  kx — 2cy 
'^hm,  and  rx-}-py — qm. 

7.  Add  aa^+by+c  and  da^+ry+l. 

8.  Add  a^+xy+'i^,  <u? — axy-\-a]^,  and  ba^+bxy — by*. 

Ana.  (l+a+6K+(l— ^+6)aJt/+(l+a— 6)/. 

9.  Add  {a+b)x+{o—d)y-'Xq^,  {ar—b)x+{^+2d)y+5xq^^ 
2bx+Sdy—2xq^,  and  — ixq^—dySbx. 

Ana.  (2ar-b)x+{4c+Sd)y—2x^. 

10.  Add  a(a?— y)^-f6a?2/+c(a+a?)«,     —bxy+{a+c){a+xY, 
(4i^--^)T  and  2bxy+{a—l){x^^)^—a{a+xy. 

Ana.  2a(x-^)^+2bxy+2c(a+xy^ 
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46.  The  following  illustration  may  render  clearer  the 
different  facts  that  we  have  met  with  in  discussing  addition. 
Suppose  that  the  quantities  a,  b,  etc,  represent  distances 
along  a  line,  as  AB.    Let  us  begin  at  C  to  measure  these 

A      .      y      .      .       G      .      X      .      .      B 

distances.  If,  now,  we  assume  all  distances  to  the  right 
to  be  positive,  by  Art.  8  all  distances  to  the  left  will  be 
negative.  Suppose  each  of  the  subdivisions  in  the  figure 
to  be  represented  by  a.  Now  let  it  be  required  to  add  3a 
and  2a.  If  from  C  we  count  a  twice  in  succession,  we  get 
to  x;  the  distance  from  C  to  x  is  2a.  Measuring  from  x 
the  distance  a  three  times  successively,  we  arrive  at  B; 
xB  represents  3a.  Then  the  distance  from  C7  to  J?  re- 
presents the  sum  of  2a  and  3a.  But  GB  contains  6  sub- 
divisions or  5a;  in  other  words,  3a+2a=5a.  In  a  similar 
way  we  may  show,  by  measuring  3a  and  2a  successively  to 
the  left  (8)  that — 3a+( — 2a)== — 5a.  Suppose  we  wish  to.  add 
— 3a  and  +5a.  Measuring  the  — 3a  to  the  left,  we  get  Gy, 
Measuring  +5a  from  y  to  the  right  (8)  we  arrive  at  x;  the 
distance  from  G  to  an  ending  point  (i.  e. ,  the  sum  of  — 3a 
and  +5a)  is  Gx  or  +2a,  as  we  found  before.  We  could 
evidently  arrive  at  the  same  result  by  measuring  5a  to 
the  right,  as  to  B^  and  then  measuring  back,  or  to  the 
left,  the  spaces  to  x  for  — 3a.  In  a  similar  way  we  may 
show  that  — 5a+3a=  — 2a.  Now  we  see  that  any  one  of 
these  results  might  have  been  obtained  by  prefixing  to  the 
numerical  difference  of  the  coefficients  the  sign  of  the 
greater  and  affixing  the  common  literal  part,  and  measur- 
ing the  result  off  to  the  right  or  left,  according  as  the  sign 
is  positive  or  negative. 

47.  To  apply  this  illustration  to  the  case  of  dissimilar 
terms,  it  is  necessary  to  consider  the  subdivisons  of  AB  as 
each  equal  to  the  unit  1.  We  then  measure  off  a,  6,  c,  etc., 
of  these  units.  The  discussion  would  in  other  respects 
differ  little  from  the  foregoing. 
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SECTION  n. 
SUBTRACTION. 

48.  Subtraction  is  the  process  of  finding  a  quantity, 
which,  added  to  one  of  two  given  quantities,  will  produce 
the  other. 

The  quantity  to  be  found  is  called  the  Difference  or 
Remainder.  The  first  of  the  two  given  quantities  is  called 
the  Subtrahend,  the  second  is  called  the  Minuend.  The 
subtrahend  is  said  to  be  subtracted  from  the  minuend. 

49.  Iiemma.  Ihe  suUraction  of  one  quantity  from  another 
may  be  indicated  by  changing  the  sign  of  the  subtrahend  and 
adding  it,  vrUh  this  changed  sign,  to  the  minuend. 

Let  a  and  b  represent  any  two  quantities,  then: 

(1)  a-^+b)=a-b.l 

(2)  a— (— 6)=a+6. ) 

(1)  a — (+6)==a— ^.  The  truth  of  this  is  plain,  if  we  re- 
member that  the  second  member  may  be  considered  as  the 
first,  with  the  sign  +  omitted  before  the  6,  and  we  know 
that  when  no  sign  is  written,  the  sign  -|-  is  always  understood. 

(2)  a — ( — b)=a-\-b.  Let  the  difference  between  a  and 
— b,  whatever  this  difference  is,  be  represented  by  d. 
Then  a — ( — b)=d  (3).  Now,  if  we  add  the  same  quantity 
to  each  of  two  equals,  the  results  will  be  equal.  Hence 
a^—b)+(—b)=zd+{—by  .  By  (43,  3°)  d+{—b)=d—b. 
Hence  a — ( — 6)+( — b)=d — b  (4.)  If,  however,  we  add  and 
subtract  the  same  quantity  to  and  from  any  given  quantity, 
the  latter  remains  unchanged.  Hence  a — ( — &)+( — b)=za  (5). 
And  since  things  equal  to  the  same  thing  are  equal  to 
each  other,  a=d — b  (6).  If  now  we  add  b  to  each  of  the 
equals  a  and  d — &,  the  results  will  be  equal.  Therefore 
a'^-b=d — b-\-b  (7).  For  a  reason  already  given,  d — 6+&r=d, 
whence  a-\-b=d  (8).  Referring  to  equation  (3)  we  have 
a — ( — b)=d.  Since  things  equal  to  the  same  thing  are  equal 
to  each  other  a — ( — 6)=a+6. 
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As  a  and  b  in  this  discussion  represent  any  quantities 
whatever,  we  may  always  indicate  the  subtraction  of  one 
quantity  from  another  by  changing  the  sign  of  the  sub- 
trahend and  annexing  it  with  this  changed  sign  to  the  min- 
uend.    Q.  E.  D. 

50.  This  proposition  is  sometimes  treated  as  a  direct  consequenoe  of 
the  fact  that  prefixing  the  minus  sign  to  any  quantity  indicates  that 
the  quantity  is  to  be  taken  in  a  sense  contrary  to  that  in  which  it  waa 
originally  taken. 

+  b  indicates  that  6  is  to  be  taken  in  a  positive  or  additive  sense. 
Hence  — ( +  b)  indicates  that  6  is  to  be  taken  in  a  negative  or  sabtractive 
sense,  which  we  indicate  more  simply  by  writing  — 6. 

— b  indicates  that  6  is  to  be  taken  in  a  negative  sense,  ^ence  — ( — b) 
indicates  that  6  is  to  be  taken  in  a  contrary  or  positive  sense,  which  fact 
is  expressed  more  simply  by  writing  +  b, 

51.  To  Deduce  a  Rule  for  the  subtraction  of  one 
monomial  from  another. 

From  Art.  48,  we  see  that  to  subtract  any  monomial 
from  another,  we  may  change  the  sign  of  the  subtrahend, 
and  then  add  the  result  to  the  minuend.  Now,  if  the  min- 
uend and  subtrahend  be  similar,  we  may  unite  these  similar 
terms  by  the  rule  for  addition,  thus  reducing  the  Difference 
to  one  term.  If,  however,  the  minuend  and  subtrahend 
are  not  similar,  no  such  reduction  can  be  effected,  and  we 
have  for  the  Difference  or  Bemainder,  the  minuend,  fol- 
lowed by  the  subtrahend  with  its  sign  changed. 

Hence,  to  subtract  one  monomial  from  another,  we  have 
the  following 

EuLE. — Change  the  sign  of  the  subtrahend  or  conceive  it  to 
be  changed,  and  proceed  as  in  addition. 


Examples. 

(1.) 

(2.) 

(3.) 

(4) 

(5.) 

dayz 

4a6'c* 

—6abx' 

— 12a«/«2* 

— 42(m-)-n)* 

—Ixyz 

2o6'c* 

—2abaf 

— 50(m+n)* 

lOxyz 

—iabaf 

8(m+n)' 
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6.  From  800^0  take —Tav^. 

7.  Prom —Sr'A  take —12*^8*6'. 

8.  From  — Sabc^  take  labc^. 

9.  From  4diiurUake — 6dma^. 

8    5  8    5 

10.  From  Imny^z'^  take  Samy^z^. 

Test  the  correctness  of  the  results  by  adding  the  re- 
mainder to  the  subtrahend;  the  result  should  of  course 
equal  the  minuend.    (48.) 

52.  To  Deduce  a  Rule  for  the  subtraction  of  ono 
polsrnomial  from  another. 

Let  a  represent  the  sum  of  the  additive  or  positiye  terms 
of  the  given  polynomial  minuend,  and  — b  the  sum  of  the 
negative  terms.  Then  a — b  represents  the  minuend.  Simi- 
larly let  c — d  represent  the  subtrahend.  We  are  required, 
then,  to  subtract  c — d  from  a — 6.  If  from  a — b  we  subtract 
c,  we  obtain  (49)  a — b — c.  We  were  not,  however,  required 
to  subtract  c  from  a — 6,  but  c  after  it  had  been  diminished 
by  d.  We  have  subtracted,  then,  a  quantity  larger  by  d  than 
our  given  subtrahend.  The  subtrahend  is,  by  definition, 
the  quantity  to  which,  if  we  add  the  diflFerence,  we  shall 
obtain  the  minuend.  The  sum  of  the  subtrahend  and  re- 
mainder is  then  always  equal  to  the  minuend.  Oar  sub- 
trahend, c,  being  larger  by  d  than  the  given  subtrahend, 
our  remainder  is  smaller  by  d  than  the  required  remainder. 
For  if  the  sum  of  two  quantities  is  to  remain  unchanged, 
and  we  add  any  quantity  to  one  of  the  two  that  are  to 
be  added,  we  must  subtract  the  same  quantity  from  the 
other  of  the  two.  So  if  we  decrease  either  by  any  quantity, 
we  must  increase  the  other  by  the  same  quantity.  Hence,  as 
we  have  taken  a  subtrahend  too  small  by  d,  we  must  add  d  to 
the  remainder  obtained,  in  order  to  get  the  true  remainder. 
We  therefore  add  d  to  a — b — c,  thus  obtaining  a — b — c-\-d 
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as  the  true  difference.  This  result  might  eviSeotiy  iutye 
been  obtained  at  once  by  changing  the  signs  of  the  subtra^ 
hend^  or  conceiving  them  to  be  changed,  and  proceeding  as- 
in  addition.    Hence  the 

Bulb. — Change  the  signs  of  the  subtrahend  or  conceive  them 
to  he  changed^  and  proceed  as  in  addition. 

EXAMyT.Wfl. 

(1.)  (2.)   ^  ^       (3.) 

8a—  86— 7c+  d  3an/{a+byf—7m      9x^+  6«H-12a«' 

— 2a+  36— 4c+84  6ajy(a+6)^— 3m      dx^—liB—ldaai' 

5a— 116-3(N-2d      —2an^a+b)^—4m      6x^+lSz+    oaf 

4   From    (m"— n«)T-|4(a-|-6)— 3(c-M)^   take    3(a+6>- 
2(m"--n»)*+3(c+d)*    Anxt.  3(m»— n»)*+(a+6)— 6(c-H)* 

5.  From  dfx — 3(A/ — dm+e  take  8a"a? — i?y-\'dm — e. 

11  11 

6.  From  ray'^—oy^—dti^+gf  take  5ra?^ — 6cy^4(2ti>*— Sgr. 

7.  From  ofy-rZaS'yi—^ay  take  dx^dx^y^— 27 ay. 

8.  From  Toa^^y — ^bmx^-^^r  take  6aa^y— 46iiuj'— 4rfr. 

9.  From  3(x+y)^—S{a+hy'—6ai/'+g   take    9(a:+2/)^— 
7(a+6)"»+8§r.  -4n»,  — 6(a?+2/)^— (a+6)"*— 6at/*— 7gr. 

10.  From   5(a?+2/)'— SwioV— fl^   ta^^e  S{x+yy-\-S7na^+ 
Bgm, 

11.  From    19aic*— 16ti«?+3m— 2i/   take    IToj?— 15toa>— 
7fn+6i/.  ^na.  2aj? — wx+lOm — By. 

12.  From  aa^o — hafd—gy  take  15aa^c — Sbsfd+gy. 

Ans.  — 14fla;'c+26:c'd — 2gy. 

13.  From  x^-Sa^+dxtf-^y^  take  2x^+ex^y—exy^+y^. 

Ans.  —x^^9a^+dxy^--i 
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14.  Prom  6(a+y)'— 2(d+a?)"— 6a  take  6a— 8(d+a?y— 
l{a+y)\  Ans.  13(a+2/)'+(d+a?y— 11a. 

15.  From  Smaf—8^—pvi^+6a'  take  &maf'+7gy^+pt^+ 
7a\  Ans.  — imx^ — 15gy^ — 2pu^ — a". 

16.  Prom  a*— 6^— c»+8  take  — a'+t'+c*— 10. 

A718.  2a»— 26»— 2c'+18. 

17.  rrom6afya — 5afh/^—^+diakelafyz — Qaf^+Si^ — id. 

Ans.  — ^afy*jB+ic^— 4^-f  5d. 

18.  From   3(a?+a)"'— 5(^+6)«— (c+d)^   take    5(a?+a)"»— 

19.  From  (a— 6>ry--(p+5')(a?+2/)^— wuc»  take  — (3+m)«* 

Jn«.  (2ar— 6>ri^3p— 2^X^+2/)^+3a?". 

20.  From  2x{x+y)'^ — Saxy+2abc  take  — naxy+Udbo — 
lx{X'\-y)'^ — m.  Ans.  dx{x+y)'^'^14axy — 9a&c-f-m. 

53.  Use  of  Parenthesis,  Brackets,  etc. 

We  have  found  that  when  several  quantities  are  to  be 
^subjected  to  one  operation,  they  are  included  in  a  parenthesis, 
or  some  other  sign  of  aggregation,  to  which  the  sign  indi- 
cating the  operation  to  be  performed  is  prefixed  or  annexed. 
iELence  a  parenthesis  preceded  by  the  sign  —  indicates  that 
the  polynomial  inclosed  is  to  be  subtracted  from  some 
quantity.  This  subtraction  is  performed  (52)  by  changing 
the  signs  of  the  subtrahend,  and  proceeding  as  in  addition. 
Hence  we  may  remove  the  parenthesis  by  performing  the 
operation  indicated,  i.  e. ,  by  changing  the  signs  of  all  the 
included  terms.  Conversely  we  may  inclose  several  quan- 
tities in  a  parenthesis  preceded  by  the  sign  — ,  if  we  pre- 
viously change  the  sign  of  each  term  to  be  introduced. 
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54.  Of  coarse  a'  parenthesis  preceded  by  the  sign  4*  may  be  either  in- 
ttoduced  or  withdrawn  without  changing  the  aigna  of  any  of  the  terma, 
considered. 

Examples. 

1.  3a?— 22/+42+a— (2a?— St/— 6«+5a)= 

3a? — 22/-|-425+^ — 2a?+3y+6a — 5a=a?+2/+10«— 4a. 

2.  6aa?— (4m+2aa?+t/— 7)=  ? 

8.  12aa?— 6t/+2m— (6aa?+5y— 3m+9)=  ? 

4.  3a^2/+26W— {5a^i/— 2ny+85W)=2ny— 2a^2/— 66W;. 

Introduce  within  a  parenthesis  the  fourth,  fifth,  sixth  and^ 
seventh  terms  of  each  of  the  following  polynomials  : 

6.  Saxy—5<ib+7c—g—Sam^8cJc+l+2x, 

7.  5a?— 62/— 7^— 8io— 10m+7nr— 86+a. 

8.  &r8Sdb—dcd+4:ac—lxy+Syz—9w+v. 

1111 

9.  ax^ — &a?^+ci/^ — dy^ — qaf^-^-vy^ — aof-^d}^. 

10.  6a?*— 7a?^+8a?^— 92/^-|-13at/'^— 7af»^H-8ap*. 

55.  The  rules  of  subtraction  may  be  illustrated  in  a  man^ 
ner  analogous  to  that  employed  for  the  illustration  of  the. 
rules  in  addition.  To  take  a  single  case.  Let  it  be  required 
to  subtract  — 3a  from  2a.  Let  the  subdivisions  of  AB  in- 
dicate, as  before,  units  of  length  each  equal  to  a.     We  wish 

A .Q.2..5..Jg 

to  measure  off  the  distance  2a — ( — 3a).  Measuring  off,  as. 
before,  from  0,  the  2a,  we  arrive  at  2.  Now  we  have  al-. 
ready  (8)  seen  that  the  minus  sign,  prefixed  to  a  quantity, 
changes  its  sense.  — 3a  alone  would  indicate  that  the  dis-. 
tance  3a  is  to  be  measured  toward  the  left  from  0,  the  origin, 
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of  distanceB.  Hence  — 8a  tftkenxwith  a  negative  sign, 
— ( — 8a),  indioaies  that  the  distance  must  be  measured  off 
in  the  opposite  direction,  t.  <?.,  to  the  right.  Measuring  off 
then  from  2  toward  the  right,  the  distance  8a,  we  arriye 
at  5,  and  the  distance  from  o  to  5  or  6a  is  the  distance  2a — 
( — 3a).  The  distance  6a  is  2a+8a.  Hence  2a — ( — 3a)= 
2a-|-8a=5a.  In  a  similar  manner  we  dispose  of  the  other 
cases  that  may  arise  with  similar  terms. 

If  the  terms  are  dissimilar ,  as  a  and  b,  consider  each  of 
the  subdivisions  of  AB  as  equal  to  the  unit  1,  and  suppose 
a  or  &  of  these  units  to  be  measured  off.  The  case  of  dis- 
similar terms  may  then  be  disposed  of  precisely  as  we  have 
treated  the  above. 

56.  From  the  preceding  discussions,  it  will  be  seen  that 
the  sum  of  two  algebraic  quantities  may  be  greater  or  less 
than  either  of  the  quantities;  the  difference  between  two 
algebraic  quantities  may  be  less  or  greater  than  either 
the  minuend  or  the  subtrahend.  Addition,  then,  does 
not,  as-  in  Arithmetic,  always  imply  increase,  nor  does 
Subtraction  always  imply  diminution.  It  may  frequently 
happen  that  an  algebraic  sum  of  two  quantities  is  a  numerical 
difference,  and  that  an  algebraic  difference  is  numerically  a 
sum. 

57.  We  have  noticed  in  the  course  of  the  preceding  dis- 
cussions that 

1.  a+{+b)=:a+b. 

2.  a+(— &)=a— 6. 

3.  0— (+6)=a— 6. 

4.  a— (— 6)=a+6. 

The  sign  before  the  parenthesis  is  called  the  Sign  of 
Operation;  the  sign  within  the  parenthesis  is  called  the 
Sign  of  the  Quantity;  the  sign  that  precedes  the  quantity  b 
in  the  second  members  of  the  equations  is  called  the  £ssen- 
tial  Sign.     From  the  remarks  on  the  use  of  the  parenthesis. 
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W6  see  that  the  emential  atgm  will  be  -f-it  iterign  of  operation 
and  the  siffn  of  the  quantUy  are.  alike.  If  these  two  ate  un- 
like, the  eaeentiai  ngn  will  be  — .  It  should  be  remembered 
that  a  and  b  here  may  represent  any  quantities  whatever. 
For  example,  if  az=o,  the  equations  become 

l+b)=—b.  (8) 
l—b)=+b.  (4) 


SECTION  in. 
MULTIPLICATION. 

58.  MultiplioatiOD  is  the  process  of  taking  one  quantity 
as  many  times  as  there  are  units  in  another. 

58.  The  first  quantity  is  called  the  Multiplioazid  and 
the  second  the  Multiplier.  The  multiplicand  and  mul- 
tiplier ore  together  called  Factors,  and  the  result  of  the 
process  of  multiplication  is  termed  the  Product. 

60.'  Multiplication  is  a  special  form  of  Addition;  it  is  the 
process  of  adding  a  quantity  to  itself  a  certain  number  of 
times. 

Thus,  if  we  are  to  multiply  4  by  3,  we  are  to  add  4  to  itself  twice, 
L  e,,  we  are  to  take  4  three  times  and  add  it.  If  a  is  to  be  multiplied 
by  c,  a  is  to  be  taken  c  times  and  added.  If  — m  is  to  be  multiplied  by 
X,  — m  is  to  be  taken  x  times  and  added.  Again,  if  m  is  to  be  multiplied 
by  — Wy  m  is  to  be  taken  to  times  and  subtracted.  (8)  Multiplying  — a 
by  — h  is  taking  — a  — b  times  and  adding,  i,  e.,  (8)  taking  it  b  times 
and  subtracting. 

61.  Iieznzna.  The  value  of  the  product  of  two  or  more 
factors  is  the  same,  whatever  the  order  of  the  factors. 

Let  it  be  required  to  multiply  x  by  y.    As  already  stated, 
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this  product  is  indicated  by  simply  writing  the  letters  is 
succession,  thus  x  y.  Now  we  wish  to  prove  that  the  value 
of  the  product  will  not  be  changed  by  changing  the  order 
of  the  factors*  xy  means  that  y  is  taken  x  times  and 
added,  thus  y+y+t/-F2/+2/-H/+«  •  •  •»  there  being  x  terms. 
Now,  if  we  take  unity,  or  1,  from  each  of  these  terms,  we 
shall  take  x  units  from  the  whole  sum.  If  we  take  2 
units  from  each,  we  get  2x  units  from  the  sum.  If  3  units 
be  taken  from  each  term,  Sx  units  are  taken  from  the  whole 
sum;  if  7  units  be  taken  from  each  of  the  x  terms,  7x  units 
will  be  taken  from  the  whole  sum  or  x  terms.  Finally, 
if  y  units  be  taken  from  each  of  the  x  terms,  yx  units  will 
be  taken  from  the  whole  sum,  or  x  terms.  When  we  have 
taken  away  y  units  from  each,  there  is  nothing  left;  we 
have  taken  the  whole  quantity,  or  xy.  We  have  already 
shown  that  the  number  of  units  taken  is  yx.  Hence,  as 
things  equal  to  the  same  thing  are  equal  to  each  other, 
xy=yx;  i,  e.,  the  change  in  the  order  of  the  factors  has  no 
effect  on  the  value  of  Uie  product. 

Again,  let  it  be  required  to  multiply  «,  t,  and  r  together. 
The  product  indicated  in  the  ordinary  way  is  str.  Now, 
8i=t8,  by  the  principle  just  established  in  the  case  of  two 
factors.  Hence  8ir=t8r.  As  already  shown,  fir=r8.  Hence 
8tr:=zt8r=trs,  By  continuing  the  process,  we  can  show  that 
gtr=tBr=tr8=rts=8ri=r8t.  The  same  general  method  may 
evidently  be  extended  to  the  case  of  more  than  three 
factors. 

If  y  were  negative  in  the  product  of  two  factors,  we 
should  simply  substitute  — y  for  y  in  the  series  y+y+y+ . . . 
to  X  terms,  and  then  take  — 1  instead  of  -f  1,  and  so  on. 
If  X  also  were  negative,  — y  would  have  to  be  taken  x 

times  subtractively,  giving  — ( — y)—{ — y) — { — y) to  a? 

terms.  We  have  already  shown  that  — ( — y)=+y.  Hence 
+t/may  be  substituted  for  — ( — y)  in  every  term,  giving 
+y+y+y+y+  *  •  •  •  ^ox  terms,  on  which  we  may  reason  as 
before. 
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62.  To  Deduce  a  Rule  for  multiplying  Monomials, 
I.  LaTV  of  Ck>efficients  and  Exponents. 

Let  it  be  required  to  multiply  la^bc  by  SaVc*.  This  mul- 
tiplication is  indicated  thus,  la^hcy.^aJtfc^^  or  laabcy^^hthcc^ 
or,  since  we  may  (61)  change  the  order  of  the  factors  at 
pleasure,  7x8aaa6666ccc,  which,  by  the  aid  of  exponents 
(15),  we  may  express  thus,  56a'6V.  Reviewing  the  work} 
we  see  that  this  result  might  have  been  obtained  directly  by 
multiplying  the  numerical  coefficients  together  for  a  new 
(numerical)  coefficient,  and  after  this  writing  all  the  letters 
found  in  the  multiplicand  and  multiplier,  giving  to  each 
letter  an  exponent  equal  to  the  sum  of  its  exponents  in  the 
two  factors. 

The  same  law  deduced  here  for  numerical  exponents  will 
apply  to  the  case  of  literal  exponents.  For  suppose  we  are 
to  multiply  a*"  by  a**.  Indicating  the  product  in  algebraic 
language,  we  have  cC^a?".  Now  a"*  is  an  abbreviation  for 
cumaa. . . . ,  the  a  being  repeated  m  times  as  a  factor;  a*"  is 

an  abbreviation  for  aaaaa ,  the  a  being  repeated  n  times 

as  a  factor.     Hence  the  expresssion  a^a^  is  an  abbreviation 

for  an  expression  axiaaa ,  in  which  a  is  used  first  m 

times  in  succession  as  a  factor,  and  after  this  n  times.  If 
then  we  count  the  number  of  factors,  we  shall  count  from 
1  to  m  and  then  on  n  more;  i,  e.,  from  1  to  m-\-n  inclusive. 
In  other  words,  if  a  is  taken  first  971  times  as  a  factor,  and 
then  n  times,  it  is  taken  altogether  m-^-n  times;  the  pro- 
duct, then,  of  a"*  by  <r»  is  a  taken  m+n  times  as  a  factor, 
or,  indicating  this  by  the  use  of  exponents,  a*"**^. 

Now,  let  it  be  required  to  multiply  3a*6''  by  2a*6*.  Indi- 
cating the  product  by  the  use  of  the  multiplication  sign,  we 
have  3a«»6'-x2a'»6*,  or  (61)  3x2)KCa«6'-a«6',  or  (61)  Ga^a^ft'^*, 
or,  as  just  explained,  6a"*^6''"***.  Examining  this  product, 
we  see  that  it  conforms  to  the  same  law  for  coefficients  and 
exponents  aa  the  prodact  in  which  the  exponents  wera 
numerical. 
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n.  Law  of  signs. 

In  the  disctussion  I.,  both  factors  were  assumed  positive. 
We  shall  now  discuss  the  various  cases  that  may  arise  in 
the  multiplication  of  positive  and  negative  quantities,  and 
of  both: 

1.  Let  it  be  required  to  multiply  +«  by  +y.  This  means 
that  a;  is  to  be  taken  y  times  and  added,  x  taken  once 
additively  is  -f-^;  ^  taken  twice  and  added  is  +2x;  x  taken 
three  times  and  added  is  -{Sx;  x  taken  y  times  and  added 
is  +y^  or  «2/  (61). 

2.  Let  it  be  required  to  multiply  -fa?  by — y.  This  means 
that  -f-^  is  to  be  taken  y  times  and  subtracted,  -f-o;  taken 
once  and  subtracted  is  — x  (48);  -f  ^  taken  twice  and  sub- 
tracted is  — 2x;  -{-x  taken  seven  times  and  subtracted  is 
— 7a?/  +a?  taken  y  times  and  subtracted  is  — yx  or  — xy. 

3.  Let  it  be  required  to  multiply  — x  by  -ft/.  This  means 
that  — X  is  to  be  taken  y  times  and  added.  — x  taken  once 
and  added  is  (43)  — x;  — x  taken  three  times  and  added  is 
— 3a;  (43);  — x  taken  y  times  and  added  is  — yx  or  — xy. 

4.  Let  it  be  required  to  multiply  — x  by — y.  This  means 
that  — X  is  to  be  taken  y  times  and  subtracted.  — x  taken 
once  and  subtracted  (48)  is  -far;  — x  taken  twice  and  sub- 
tracted is  '\-2x;  — X  taken  five  times  and  subtracted  is  -i-Bx; 
— X  taken  y  times  and  subtracted  is  -{-yx  or  xy. 

Eeviewing  our  work,  we  see  that  if  the  quantities  to  be 
multiplied  have  like  signs,  the  product  is  positive;  if  they 
have  unlike  signs  the  product  is  negative.  This  is  usually 
expressed  for  brevity,  in  a  Lolvt  of  Signs,  thus:  Like  signs 
produce  +  and  unlike  signs  produce  — ,  in  muMiplication. 

The  Laws  of  Coefficients  and  Exponents  and  of  Signs  give, 
for  the  multiplication  of  Monomials,  the  following 

BuLE. — Multiply  the  coefficients  together  for  a  new  cofffi- 
dent;  after  this  product  write  the  letters  entering  the  multipli- 
cand and  multiplier,  giving  to  each  an  exponent  equal  to  the 
sum  of  its  exponents  m  the  two  factors. 
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if  the  mtiUiplvcand  and  muJHpUer  have  like  signs ^  no  sign 
need  be  written  before  the  product^  as  +  wiU  be  understood. 
If  the  two  factors  have  contrary  signs^  write  the  minv^  sign 
before  the  product. 

EtAMPTiIW. 

1.  Multiply  15aVc»  by  12a6V.  Ans.  I'd^cfbV. 

2.  Multiply  — 3a*  by  5a*a?.  Ans.  — 15a*a?. 

3.  Multiply  9a"»&*  by  3a*»6".  Ans.  27a*"fe"'**'. 

4.  Multiply  6xys^  by  — Brysf. 

5.  Multiply  5ixH^s*  by  Bixysf.  Ans.  BO^y'z\ 

6.  Multiply —13aaj*t/«  by  4at/*af. 

7.  Multiply  e(a+byye  by  S{a+b)ysf. 

Ans.  18(a+6)y«*. 

8.  Multiply— 5(a?+y)«a/'(n»+a)« by  e{x+yfgf{m+ay. 

Ans.  — 30(a?+y)"''*-*(n»+a)'^V/'. 

9.  Multiply— 6(a?+y)«(tt7+t;y(m+n)"  by  —S{x+y)\w+vy 
(m+ny. 

10.  Multiply  — Sa^m+n)\v+sy  by  7{v+sy{m+nYaf^. 

Ans.  — 66aj»-^(m+n)«-^t?+«)*+«. 

63.  To  Deduce  a  Rule  for  the  muUiplication  of  poly- 
nomials. 

I.  Lei  the  mtiUipUcand  be  a  polynomial  and  the  multiplier  a 
monomial. 

Suppose  that  m  represents  the  sum  of  all  the  positive 
terms  of  the  polynomial  given,  and  — n  the  sum  of  all  the 
negative  terms  of  this  polynomial.  Then  m — n  will  re- 
present the  given  polynomial,  whatever  it  be.  Suppose 
that  we  are  required  to  multiply  this  by  any  monomial 
whatever,  which  we  represent  by  r.     We  are  required  to 
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take  m — n,  r  times,  and  add.  By  the  rule  for  addition  the 
result  would  be  obtained  bj  writing  the  polynomial  r  timea 
in  succession,  keeping  the  similar  terms  in  columns  and 
adding  each  column  separately,  and  then  uniting  these  re* 
suits  by  their  proper  signs.  If  now  we  should  treat  m-^^ 
in  this  way,  m  would  occur  r  times  in  the  first  column^  and 
^n  r  times  in  the  second;  i.  «.,  m  would  be  taken  r  times 
and  added,  giving  us  (43, 62)  mr;  then  — n  would  be  taken 
r  times  and  added,  giving  us  (43,  62)  — nr.  The  sum  of 
the  first  column  would  then  be  mr  and  the  sum  of  the 
second,  — nr.  Hence,  by  the  rule  for  addition,  mr — nr 
would  be  the  result  obtained  by  taking  m — n  r  times  and 
adding.  This  is  precisely  what  we  mean  by  saying  that 
m — n  is  to  be  multiplied  by  r.  Hence  the  result  obtained 
by  multiplying  m — n  by  r  is  mr — nr.  A  review  of  our 
work  shows  that  we  may  obtain  this  result  at  once  by  mul- 
tiplying each  term  of  the  multiplicand  by  the  multiplier, 
giving  each  partial  product  its  proper  sign  as  determined 
by  the  law  of  signs  (62). 

A  numerical  illustration  may  render  the  foregoing  a  little 
plainer.  Suppose  we  are  to  multiply  m — n  by  3.  This 
means  that  m — n  is  to  be  taken  three  times  and  added; 
I.  e.,  we  are  to  add  m — n,  m — n,  and  m — n.  Writing  the 
quantities  to  be  added,  and  adding  in  accordance  with  the 
rule,  we  have  3m — 3n  as  the  result.     3m  m — n 

— 3n  is,  then,  the  product  of  m — n  and  3.  m — n 

We  see  at  once  that  we   could  have  ob-  m — n 

tained  this  result  directly  by  multiplying  

each  term  of  m — n  by  3,  and  connecting 

the  results  by  their  proper  signs.     A  similar  illustration 

may  be  applied  to  any  case  that  may  arise. 

From  the  foregoing  considerations  we  deduce,  for  multi- 
plying a  polynomial  by  a  monomial,  the  following  rule: 

Rule. — Multiply  each  term  of  the  multiplicand  by  the  muUi" 
plier,  and  connect  the  results  by  their  proper  signs,  as  determ" 
ined  by  the  law  of  signs  in  multiplication. 
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Examples. 

1.  Multiply  d'—a'b+ab^--V  by  5a. 

2.  Multiply  a?—^y^y'—x^  by  San/*. 

3.  Multiply  (a?+t/)"* — («+&)" — V  ^1  ^ocx. 

4.  Multiply  (aH-y)"* — (H^)*  ^7  ^(^"M^)- 

5.  Multiply  «• — 3a?V — 3a?t/' — y"  by  7a«/. 

84.  II.  Let  both  mvUiplicand  and  mvMiplier  he  polynom" 
ials. 

For  reasons  previously  given  m — n  may  represent  any 
polynomial  multiplicand,  and  r — 8  any  polynomial  multi- 
plier. Suppose,  then,  we  are  required  to  multiply  m — n 
by  r — 8,  This  means  that  m — n  is  to  be  taken  r — s  times 
and  added;  that  it  is  to  be  taken  and  added  a  number  of 
times  equal  to  the  number  of  units  in  the  difference  be- 
tween 8  and  r.  If  m — n  be  taken  r  times  and  added,  the 
result,  by  (63),  is  mr — nr.  We  were  not,  however,  required 
to  take  the  multiplicand  r  times,  but  r — s  times.  We  have 
taken  it  then,  8  times  too  often,  i.  e.,  we  have  taken  it  as 
often  as  we  were  required  to  do  so,  and  8  times  more,  since 
r  contains  both  r — 8  and  8.  We  shall  obtain,  then,  pre- 
cisely the  result  required  by  removing  this  surplus,  that  is, 
8  times  the  multiplicand;  8  times  m — n  by  (63)  is  ms — ns, 
and  subtracting  this  from  the  first  result  we  obtain  (52) 
mr — nr — w8-f-«8  as  the  true  result  of  the  whole  operation. 

On  comparing  this  result  with  the  given  quantities  we 
see  that  it  could  have  been  obtained  at  once  by  multiplying 
the  multiplicand  by  each  term  of  the  multiplier  in  accord- 
ance with  the  rule  of  (63)  and  connecting  the  results  by 
their  proper  signs,  or,  adding  them. 
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A  numerical  illustraiioa  may  render  this  discussion  some- 
what clearer.  Suppose^  then,  that  we  multiply  m — n  by 
7 — 2.  If  we  multiply  m — n  by  7,  we  get  7m — In.  We 
were  required,  however,  to  take  m — n,  not  7  times,  but 
7 — 2  or  6  times.  We  have  taken  it  twice  too  often,  then,  as 
7  contains  both  7 — 2,  or  6,  and  2;  and  to  get  the  correct 
result  we  must  diminish  7m — In  by  twice  m — n  or  by  2m 
— 2n  (63).  Doing  so,  we  obtain  5m— 6n,  which  is  evidently 
the  result  obtained  by  taking  m^—n  7 — 2  or  5  times. 

Any  other  case  of  this  multiplication  may  be  similarly 
illustrated. 

From  the  foregoing  considerations  we  deduce,  for  multi- 
plying a  polynomial  by  a  polynomial,  the  following 

BuLE. — Multiply  the  miUtiplicand  by  each  term  of  the  muUi- 
pller  successively^  and  add  the  results, 

65.  In  adding  the  partial  products  it  is  convenient  to 
have  all  the  similar  terms  in  columns,  as  we  are  thus  en- 
abled to  add  without  any  rearrangement  of  the  terms. 
This  is  effected  by  arranging  the  terms  of  the  factors 
according  to  the  ascending  or  descending  powers  of  some 
common  letter,  which  is  then  called  the  leading  letter. 

It  will  be  seen  that  as  terms,  to  be  similar,  must  have 
the  same  letters,  affected  with  the  same  exponents,  and  as 
the  exponents  of  the  leading  letter  diminish  (or  increase), 
from  left  to  right,  no  term  can  be  similar  to  one  that  pre- 
cedes or  succeeds  it  in  the  same  horizontal  line.  And,  as 
the  powers  of  the  leading  letter  in  the  factors  diminish  (or 
increase)  toward  the  right,  the  first  terms  of  the  successive 
partial  products  will  be  lower  (or  higher)  with  respect  to 
the  leading  letter,  than  the  first  terms  of  their  predecessors. 
They  will  therefore  fall  in  columns  with  subsequent  terms 
(i.  e.,  terms  farther  to  the  right)  of  these  preceding  prod- 
ucts, if  they  are  similar  to  any  such  terms. 

This  arrangement  of  the  polynomials  is  one  merely  of 
convenience,  and  is  not  essential  to  the  correctness  of  the 
work. 
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Examples. 

1.  Multiply  7aH-B2H-6» 

14j»*-}-6ir2/-fl2a?2 

4-14a?g         4-6yg4-12g» 

14j»»4.13a:y+26a?2+3y'+12T/s4-12«'  ' 

2.  Multiply  a:*4<r»H-<»^-H^+y* 

by^—y 

— ahi—<i?y^ — a?V — ^ay* — y* 

3.  Multiply  ir^-j-an^-fV  by  a?" — xy — j/". 

4.  Multiply  a?-\^-{^ — xy — xz — yz  by  a^-j-y+g. 

5.  Multiply  a?*4.2iB»-f3a?'4-2a^l  by  «*— 2a?+l. 

6.  Uvl\ii^\j  y'-\A^f^i?-^^ 

Ana.    \f — sf. 

7.  Multiply  Zaf—^xy-Ylxf-^-x^  by  ^ax^2y. 

8.  Multiply  2a;»-f5an/»— 2i/»  by  2a^— &r2/'+2i/». 

ilrw.    4aj*— 25a:^*-4.20an/*— 42/*. 

9.  Multiply  aj*-;|-ii?V4^2/'4^4^*4-2/^  by  a?^ 

Arts,    a? — y". 

10.  Multiply  a?*— a;*y-|-a:y — ^xy'+t/*  by  a?-f-2/- 

^ns.     aj*4-y*. 

11.  Multiply  a^'-l-Sa^^-fSajy'+y" 

by  ar*~3a;V4-^a?y"— y' 
a^4^a;6y-j-3a?y-far»y» 
— 3«^y— 9a?y— Oar'i/'— 3ary 

+3a7V4.9a^y'4.9ar4/*-f3ay 

— a;^!/'— 3ary— 3ar?/— 1/* 
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12.  Multiply  5a5— 6a"c— 7a»-f3a*6  by  &H-2ao— 3a". 

13.  Multiply  3a^+4r2/— 53/»  by  2x'—ean^y'. 

14.  Multiply  y*-y4y--2/-fl 

by  cif---hy^-\-^y 

— 6 


This  product  may  also  be  written  c]f — (o-|-ft)i/*-f-{o  |  6  |  0)^* 

15.  Multiply  a:*— a;»+a:»— a?+l  by  5a;»— Ox'+Ta?. 

The  multiplication  of  polynomials  is  often  indicated  by 
writing  them  in  succession,  each  inclosed  in  a  parenthesis. 
When  the  multiplication  thus  indicated  is  performed,  the 
expression  is  said  to  be  ISxpaiided. 

16.  Expand  (a?— 2/)  (a?* — ofy-\-a?y^ — ^^y+y*)- 

17.  Expand  (a?+t/)  {x — y)  (a^'+y*).  Am,  a^ — y*. 

18.  Expand  (a?-ft/)  {x—^)  (a^'+^y+y*)  (a?*— a«/+2/*)- 

Ana.  af — y*. 

19.  Expand  (a;»+t/^)  (a^'+ary+y*)  (a:*— a:i/+i/«). 

20.  Expand  (5a6— 6mc+d)  (3a6+7c— 8d)  (c+d) 

PbOPOSITIONS   CoNCEBNINa   MULTIPLIOAnON. 

66.  Proposition  I. — If  no  two  terms  of  the  product  are  sim- 
ilar  the  number  of  terms  in  the  product  vrUl  be  equal  to  the  number 
in  the  multiplicand  multiplied  by  the  number  in  the  multiplier. 

For,  each  term  of  the  multiplier  produces  one  term  of 
the  product  for  each  term  in  the  multiplicand.  Hence 
each  term  of  the  multiplier  produces  as  many  terms  in  the 
product  as  there  are  terms  in  the  multiplicand.  The  whole 
multiplier  will   therefore  produce  as  many  terms  in  the 
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product  as  there  are  units  in  the  number  of  terms  of  the 
multiplicand  multiplied  by  the  number  of  terms  of  the 
multiplier. 

67.  Proposition  II. — The  smallest  number  of  terms  thai  can 
•ever  occur  in  the  product  of  two  polynomials  is  two.  These  two 
ierms  are  (1)  the  term  arising  from  multiplying  together  the 
terms  (of  the  polynomials)  involving  the  moHEST  powers  of  the 
heading  letter;  and  (2)  the  term  arising  from  muUiplying  to- 
gether the  terms  containing  the  lowest  powers  of  the  same  letter. 

For,  these  two  terms  will  contain  the  leading  letter,  one 
to  a  higher  and  the  other  to  a  lower  power,  than  any  other 
term,  since  the  exponent  of  the  leading  letter  in  any  term 
of  the  product  will  be  the  sum  of  its  exponents  in  those 
terms,  of  the  original  polynomials,  that  produced  it.  One 
term  of  those  mentioned  in  the  proposition  will  contain 
the  sum  of  the  greatest  exponents  coming  together,  and 
the  other  the  sum  of  the  smallest  exponents.  Hence  these 
terms  will  not  be  similar  to  any  other  terms  of  the  product, 
and  will  therefore  not  reduce  with  any  of  them. 

68.  Proposition  m. — The  product  of  two  polynomials  vnU 
be  homogeneous  if  the  polynomials  themselves  are  homogeneou>s, 
and  the  degree  of  the  product  will  he  expressed  by  the  sum  of 
the  numbers  indicaiing  the  degrees  of  the  factors. 

For,  the  degree  of  any  term  of  the  product  will  be  ex- 
pressed by  the  sum  of  the  numbers  expressing  the  degrees  of 
the  terms  producing  it,  since  the  exponent  of  any  letter  in 
any  term  of  the  product  is  the  sum  of  the  exponents  of  that 
letter  in  the  terms  producing  such  term.  If  all  the  terms  of 
the  multiplicand  are  of  the  same  degree,  and  all  terms  of 
the  multiplier  are  also  of  the  same  degree,  the  quantities 
added  to  get  the  degree  of  any  term  of  the  product  will  be 
the  same  as  the  quantities  added  to  get  the  degree  of  any 
other  term.  All  the  terms  of  the  product  will  therefore  be 
of  a  degree  expressed  by  the  sum  of  the  numbers  express- 
ing the  degree  of  the  two  original  polynomials. 
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69.  TbeoTem. — The  square  of  the  mm  of  two  quantities 
is  equal  to  (he  square  of  the  first  plus  twice  the  product  of  the 
first  and  second,  phis  the  square  of  the  second. 

Let  m  and  n  repreteni  any  two  qnantities.     Then  m-f^  represents 

m  4*  n  the  eum  of  these  quantities.    Multiplying  m  ~f-n  by 

m  +  n  m+nwe  obtain  (64)  m*  +  2»ii»  -f''^'  •    '^^  prodnci 

,  ,  is  made  up  of  the  sum  of  the  squares  of  the  two 

mn  +  ft*  given  quantities,  plus  twice  the  product  of   the 

■ — •  quantities  themselves. 

m«  +  2nm  +  n* 

70.  Theorem. — ITie  square  of  the  difference  of  two  quan^ 
tUies  is  equal  to  the  square  of  the  first,  minus  twice  the  product 
of  the  first  and  second,  plus  the  square  of  the  second. 

Let  m  and  »  represent  any  two  quantities;  the  difference  between 
m  —  n  them  is  m — n.    The  product  obtained  (64)  by  multi- 

m  —  n  plying  m — n  by  m — n  is  m"  —  2mn  +  n« ,  which 

J product  is  made  up  as  stated  in  the  proposition. 

-^mn  +  n^ 
m«  —  2mn  +  n* 

71*  Theorem. — The  product  of  the  sum  and  difference  of 
two  qujanJt^ie%  is  equal  to  the  difference  of  their  squares. 

If  a  and  b  represent  the  quantities,  show  by  direct  multiplication 
that  (a+6)  (a— 6)=a«—  6". 

72.  Theorem. — Given  any  three  quantities,  the  product  of 
(he  first  plus  the  second  and  the  first  plus  the  third,  is  equal  to  the 
square  of  the  first,  plus  the  sum  of  the  second  and  third  into 
the  first,  plus  the  product  of  the  second  and  third. 

Let  a,  b,  and  c,  be  the  quantities.  Prove  by  direct  multiplication 
that  (a + 6)(a  -t-  e)  is  equal  to  a*+{e+ h)a + be. 

Any  one  of  the  quantities  may  be  taken  for  the  first,  or  second,  or 
third,  and  the  form  of  the  product  will  still  be  as  stated  in  the  theorem. 
Thus  (6+c)(6+a)=6*+(a+c)6+ac. 

78.  Theorem. — Oiven  any  three  quantities,  the  product  of 
the  first  minus  the  second,  and  the  first  minus  the  third,  is  equal 


to  (he  square  of  the  first,  minits  the  product  of  the  first  into  the 
sum  of  the  second  and  third,  plus  the  prod^jot  of  the  second 
and  third. 
£roT«  by  direct  mvltipliofttioiiu.  Thna  («  -  o)  («  •  &)  ^  «*  -*  (a-H)^ + <^^* 

74.  Theoran. — Given  any  three  quantities,  the  product  of 
the  first  plus  the  second,  and  the  first  minus  the  third,  is  equal 
to  the  square  of  the  first,  plus  the  first  into  the  secovid  minus  the 
Ovird,  minus  the  product  of  (he  second  and  third. 

Prove  by  direct  mnltiplicatioiL    Thus  (x  '\'a)(X''  h)=g^ + x(a  -  6)  -  ah,- 

75.  SchoUam.— The  propositionB  (69,  70,  71)  are  evidently  special 
cases  of  the  theorems  just  given;  cases  in  which  the  second  and  third 
quantities  are  equaL 

76.  Bcholium.— Propositions  72,  73,  74,  are  all  included  in  the 
following:  Thb  fbobuct  of  any  two  bihomials,  havino  the  fibst 

TSEMS  THB  SAME,  EQUALS  THE  SQUABB  OF  THB  FIBST  TBBM  OF  EITHBB, 
PLUS  THB  FIBST  TBBM  MULTIFLIED  BY  THB  SUM  OF  THB  SEOOND  TEEMS, 
FLUS  THB  FBOBUCT  OF  THE  SECOND  TEBMS. 

Examples. 
Besults  to  be  written  at  once  by  aid  of  Arts.  68-76. 

1.  (36+2c)(36+2c)=?  Ans.  96'+126c-f4c'. 

2.  (7a?+3y)'  =  ?  Ans.  49a:»+42a:2/+93/». 

3.  (5(ta:+66y)"=?  Ans.  25aV+60a6a;2/+366y. 

4.  (9mV+5cdy*)"  =  ? 

Ans.  81mV+90m"cdW»y*+25c»dy^ 

5.  (3caH6^w7=? 

6.  (9a— a?)'=(9a-— a?)(9a— ^)  =  ?    Ans.  %W—l^^ax+a^. 

7.  (3m— 5y»)»=?  Ans.  9?n'— 30my»+25i/*. 

8.  (6a— 46)'=?  Ans.  36a'-48a6+166^ 

9.  (5carV—2dwiV=^ 

Ans.  250^0^— 20cdm*na^+4^Pm*n\ 
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10.  {lmxy-«iinfy  =  } 

11.  (8a+6a!)(8tf— 6«)=t 

Ans.  9a'— Se*". 

12.  (5«V—7m)(5«V+7m)  = 

=  ? 

AtiB.  25ary— *9»»'. 

13.  (SfiB'— 8m/)(6nt«+8my')  = 

:?  Ana.  8&r'a^—64my. 

14.  (lemai'— 158y«)(16ma!'+158y')? 

Ana.  266mV— 225«y. 

15.  (ITrsa?— 2(V)(17nB!'+2(y] 

I=? 

16.  («+7)(ar+9)  =  t 

Ana.  «'+16aj+63. 

17.  (5ar+8)(5ar+12)  =  ? 

Ana.  26»'+100a?+96. 

18.  (3y+6)(3y-J-4)  =  ? 

Ana.  9j/'4-30y+24. 

19.  (7«+8)(7a+22)  =  ? 

Ana.  49«'+210«+176. 

20.  (5«-J-4)(5ar+10)  =  ? 

21.  (0)— 5)(a?— 12)  =  ? 

Ana.  «»— 17a;+60. 

22.  (3x— 7)(3a^-9)  =  ? 

Ana.  Oa;"— 48a!+63. 

23.  (5a!— 8)(5«— 11)  =  ? 

Ana.  25aB'— 95a;+88. 

24.  (6y— 12)(6y— 13)=? 

Ana.  36y'— 1503/+156. 

25.  (9io— 15)(9«>— 10)  =  ? 

26.  (a;— 7)(a?+9)  =  ? 

Ana.  ai'+2x—eiS. 

27.  (3a;— 10)(3x+4)  =  ? 

Ana.  9a!'—18x—4Q. 

28.  (5af— 7)(5a;-t-8)  =  ? 

32. 

(5m>— l)(5io+7)  =  ? 

29.  (7a>— 2)(7a;+3)  =  ? 

33. 

(8«>+10)(8M»+ll)  =  ? 

30.  (2a:— 5)(2a>— 11)=? 

34. 

(9a:y-7)(9a;y+3)=? 

31.  (4w-7)(4y-13)  =  ? 

36. 

(9j/+3)(9y+5)  =  ? 
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SECTION  IV. 
DIVISION. 

T7.  Division  is  the  process  of  finding  a  quantity,  which» 
multiplied  by  one  of  two  given  quantities,  will  produce  the 
other. 

The  second  of  the  two  given  quantities  is  said  to  be 
divided  by  the  first,  and  is  called  the  Dividend.  The  quan- 
tity by  which  it  is  divided  is  called  the  Divisor.  The  quan  - 
tity  sought  is  called  the  Quotient. 

Illustbation. — ^If  we  are  to  divide  6x  by  2,  we  are  to  find  a  quantity 
Bach  that,  on  being  multiplied  by  the  divisor,  2,  it  will  produce  the 
dividend*  6x. 

78.  As  Multiplication  is  a  special  form  of  Addition,  so 
Division  is  a  special  form  of  Subtraction.  Thus,  if  we 
are  to  divide  12y  by  Sy,  we  are  to  find  how  many  timea 
(in  succession)  St/  is  to  be  subtracted  from  12y,  that  a  re^ 
mainder  of  0  may  be  obtained.  If  from  12y  we  sub-t 
tract  3y,  we  obtain  9y;  if  from  this  we  subtract  3i/,  we 
obtain  6y;  if  from  this  we  subtract  By,  we  obtain  Sy;  and 
the  subtraction  of  Sy  from  this  result,  leaves  0.  Sy  must 
then  be  subtracted  four  times  (in  succession)  from  12i/, 
in  order  that  a  remainder  of  0  may  result.  Since  sub-t 
tracting  Sy  four  times  leaves  no  remainder,  we  say  that  Sy 
is  contained  four  times  in  12y.  In  other  words,  the  quo- 
tient shows  how  many  times  the  divisor  is  contained  in  the 
dividend,  whence  the  name  quotient.  Division,  then,  is  the 
process  of  finding  how  many  times  one  quantity  is  con^ 
tained  in  another.  It  is  the  converse  of  multiplication.  In, 
multiplication  the  factors  are  given  and  the  product  is  re- 
quired. The  multiplier  shows  how  many  times  the  multi-^ 
plicand  is  taken  to  form  the  product,  i,  e.,  how  many  times 
the  product  contains  the  multiplicand.  In  division,  the 
product  (or  dividend)  and  one  factor  (the  multiplicand)  are 
given,  and  we  are  required  to  find  the  other  factor  (or  mul^ 
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tiplier).    That  is,  we  axe  required  to  find  haw  many  Hmea 
.the  product  or  dividend  contains  the  given  factor  or  divisor. 

79.  To  Deduoe  a  Rule  fbr  the  division  of  one  mooo- 
monial  "by  another. 

P.  Ijaw  of  CoeflEloients. 

fjet  it  be  required  to  divide  2^b^c  by  6ab.  We  are  re- 
^quired  to  find  a  quantity  such  that  on  being  multiplied  by 
Sab  it  will  produce  240^6^0.  From  the  principles  of  multi- 
plication we  know  that  the  coefficient  of  the  quantiij 
sought  must  be  such  as  on  being  multiplied  by  6  will  pro- 
duce 24.  The  only  quantity  that,  multiplied  by  6  produces 
:24  is  4.  Hence  tiie  coefficient  of  the  quotient  is  4.  In 
general, 

The  coefficierU  of  the  quotieni  eqadU  the  coefficieni  of  the 
dividend  divided  by  the  coefficieni  of  the  divisor. 

2^.  lAvr  of  Exponents. 

We  know  also  from  the  principles  of  multiplication  that 
if  the  quotient  multiplied  by  6ab  produce  24a^6'c,  the  let- 
ters a,  6,  and  c  must  be  found  in  the  quotient,  and  the 
^exponent  of  each  must  be  such  as  added  to  the  exponent 
x)i  the  same  letter  in  the  divisor,  will  give  as  a  sum  the  ex- 
ponent of  this  letter  in  24a'6'c.  Hence  the  exponent  of  a 
must  be  2,  and  of  6,  1.  Since  the  letter  c  enters  the  prod- 
uct, it  must  enter  one  or  both  of  the  factors  of  the  product. 
It  does  not  enter  the  divisor  (or  multiplicand).  Hence  it 
must  enter  the  quotient  (or  multiplier).  The  literal  part  of 
jthe  quotient  is,  then,  a^bc,  and  the  coefficient  4;  the  quo- 
tient is  therefore  ia^bc.     In  general, 

The  exponent  of  any  letter  in  the  quotieni  equals  the  ex- 
ponent of  that  letter  in  the  dividend^  minu^  the  exponent  of  the 
jsame  letter  in  the  divisor. 

dP.  I«aw  of  Signs. 

Bince  the  sign  of  the  product  is  -f-  if  the  factors  have 
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like  signs,  and  —  if  they  have  unlike  signs,  when  the  divi- 
dend is  positiye  the  divisor  and  quotient  have  like  signs, 
and  when  the  dividend  is  negative  the  divisor  and  quotient 
have  unlike  signs.  Thus,  ab  representing  any  dividend, 
and  b  any  divisor: 

+  ab'^+b=+a 
+  ab  -i h  =  —  a 

—  a6-5-+6  =  —  a 

—  06-5 b==  +  a 

Hence  we  see  that 

If  the  dividend  and  divisor  have  like  signs  the  quotient 
is  -}-,  and  if  they  have  unlike  signs  the  quotient  is  — . 

Since  our  reasoning  is  perfectly  general,  we  deduce,  for 
dividing  one  monomial  by  another  tiie  following 

BuLE. — Divide  the  coefficient  of  the  dividend  by  the  coefft- 
vient  of  the  divisor,  for  the  coefficieni  of  the  quotient.  After 
this  write  all  the  letters  of  the  dividend,  giving  to  each  an  ex- 
ponent equal  to  the  exponent  of  that  letter  in  the  dividend, 
minus  the  exponent  of  the  same  letter  in  the  divisor. 

If  the  »igns  of  the  dividend  and  divisor  are  alike,  prefix  no 
sign  to  the  quotient,  the  sign  +  being  understood.  If  the  signs 
of  the  dividend  and  divisor  are  unlike,  prefix  to  the  quotient 
-ihe  sign  — . 

EXAXKiBS. 

1.  Divide  36aWc  by  — 2ac.  Ans.  — 18aV. 

2.  Divide  52a^ir  by  — 4«i*.  Ans.  — Idxy. 

3.  Divide  16a;i^  by  4a. 

4.  — 99mVy»-j-ll7ni/«=? 
.5.  — 105a^2/«*-5-  —7xs=  ? 

-6.  — 860*  (a?-h/)'-T-21ia  (x+y)  =  ? 
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7.  35a6c»d-5-5ac=  ?  8.  163te«c-i^l6c=? 

9.  — 9iar»t/«  (m+n)-^4ay=  ? 

10.  — ra:»«y-^  — a»t/»=  ?        11.  xh^{x+yy-i-y{x+y)=z? 

12.  1728a«V  (m+n)'-H  —lUay  (m+n)=  ? 

-4ns.  12(MJ  (m+n)'. 

80.  Exact  Division. — ^When  the  coefficient  of  the  quo- 
tient is  entire,  or  integral,  and  the  exponent  of  every  letter 
in  the  quotient  is  positive,  the  division  is  said  to  be  ibcact. 

From  (79)  we  see  that  the  division  of  one  monomial  by 
another  is  exact  if  the  coefficient  of  the  dividend  is  exactly 
divisible  by  the  coefficient  of  the  divisor,  and  the  exponent 
of  each  letter  in  the  dividend  exceeds  the  exponent  of  the 
same  letter  in  the  divisor. 

81.  Theorem. — If,  the  divisor  remaining  unchanged,  the 
dividend  be  multiplied  {or  divided)  by  any  quantity,  the  quo- 
Herd  will  be  multiplied  {or  divided)  by  the  name  quantity. 

Let  it  be  required  to  divide  abc  by  a.  The  quotient  (79) 
is  be.  Multiplying  abc  by  d  we  obtain  abed,  which,  divided 
^y  o>y  gives  (79)  bed  as  a  quotient.  This  quotient  is  d  times 
the  former  quotient.  Again,  dividing  abc  by  c  we  obtain 
ab,  which,  divided  by  a,  gives  6,  a  quotient  equal  to  the 
first  quotient,  divided  by  c.  As  the  letters  used  may  rep- 
resent any  quantities  whatever,  we  conclude  that  in  any 
case,  multiplying  (or  dividing)  the  dividend  by  any  quan- 
tity, the  divisor  being  unchanged,  multiplies(or  divides)the 
quotient  by  the  same  quantity. 

82.  Theorem. — If,  the  dividend  remaining  unchanged, 
the  divisor  be  multiplied  {or  divided)  by  any  quantity,  the  volume 
of  the  quotient  loiU  be  divided  {or  muUiplied)  by  the  same 
quantity. 

Let  it  be  required  to  divide  abed  by  be.  The  quotient  is 
(78)  ad.    Multiplying  6c  by  d  we  obtain  bed,  which  is  con- 
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tained  in  abed  only  a  times.     The  quotient  a  is  equal  to  the 
old  quotient  divided  by  d. 

Again,  dividing  the  divisor  by  c  we  obtain  b^  which  is 
contained  in  ahcd  acd  times.  This  quotient  is  equal  to  the 
first  quotient,  multiplied  by  c.  As  the  letters  employed 
may  represent  any  quantities  whatever,  we  conclude,  etc.,  as 
stated  in  the  theorem. 

83.  Theorem. — Jff^  both  dividend  and  divisor  be  muUipUed 
or  divided  by  the  same  quantity,  the  quotient  loiU  remain  un- 
changed. 

This  is  a  plain  consequence  of  (81,  82). 

83*.    General  Scholium. — ^A  cHANaB  in  thb  dividxnd 

PBODUOES  A  LIKE  CHANOB  IN  THB  QUOTIENT;  AND  A  GHANOB  IN  THB 
iliVlUOB  PBODUOES  AN  OFPOSTTB  GEQkNQB  IN  THE  QUOTZBNT. 

84.  Theorem. — Any  quantity  affected  wUh  the  exponent 
tero,  is  equal  to  unity. 

Let  it  be  required  to  divide  j/*  by  j/*.  The  quotient  (78) 
is  2^.  We  know  that  any  quantity  is  contained  in  itself 
once.  Hence  2/«-r-y«i=l.  We  have,  then,  %f^-^-^f^^=tf  and 
y^'¥-y^=i\.  Since  things  equal  to  the  same  thing  are  equal 
to  each  other,  2/^=1.  Hence,  as  y  may  represent  any  quan- 
tity whatever,  we  conclude  that  any  quantity  a£fected  with 
the  exponent  zero  is  equal  to  unity. 

85.  The  Reoiprooal  of  any  quantity  is  unity  (i.  e.,  1) 
divided  by  that  quantity. 

86.  Theorem. — Any  quantity  affected  mi^  a  negative  ex- 
ponent equals  the  reciprocal  of  that  quantity  wUh  a  num.ericaUy 
equal  positive  exponent. 

Let  it  be  required  to  divide  j/*  by  j/***.  The  quotient 
(TO)  is  2r*.    Now  y»-fy»**  may  be  written 
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DiYiding  both  dividend  and  divisor  by  y*  (88)  we  obtain 
1    .         !r  _1 


^^equals  jr*. 


We  have  already  found  that 

Since  things  equal  to  the  same  thing  are  equal  to  each  other. 

Since  the  letters  employed  may  represent  any  quantitiee 
whatever,  we  conclude,  etc.,  as  stated  in  the  theorem. 

87.  Theorem. — Conversely;  any  quantity  affected  toUh  a 
positive  exponent  equals  the  reciprocal  of  that  quantity  vri^  a 
nwmerically  equal  negative  exponent. 

For,  letting  y^  be  any  quantity  vrith  a  positive  exponent, 

ym, 

Dividing  both  dividend  and  divisor  by  j/*"**,  we  have 

ym-tn        \ 

Since 

1  tr***" 
and  y*  are  each  equal  to^ — , 

they  are  equal  to  each  other,  or 

88.  To  Deduce  a  Rule  for  dividing  a  polsrnomial 
by  a  monomial. 

Fromithe  principles  of  multiplication  we  know  that  since 
one  of  our  factors  is  a  monomial,  and  the  product  is  a  poly- 
nomial, the  other  factor  must  be  a  polynomial.  That  is, 
the  dividend  being  polynomial  and  the  divisor  monomial, 
the  quotient  will  be  polynomial.  From  the  manner  of 
forming  the  product,  we  know  that  each  term  of  the  divi- 
dend has  been  obtained  by  multiplying  the  divisor  by  a  cer- 
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tain  term  of  the  quotient.  Hence,  to  divide  a  polynomial 
by  a  monomial,  we  must  find  a  polynomial  whose  terms, 
being  multiplied  by  the  diyisor,  will  produce  the  successive 
terms  of  the  dividend.  In  other  words,  we  must  divide 
each  term  of  the  dividend  by  the  divisor,  connecting  the 
results  by  their  proper  signs,  as  determined  by  the  law  of 
signs.     An  example  may  render  this  clearer. 

Let  it  be  required  to  divide  O^"*"^ — O^b+a^c^  by  a*.  We 
are  required  to  find  a  polynomial,  such  that  its  successive 
teims  will,  on  being  multiplied  by  a"*,  produce  the  terms  of 
the  dividend.  The  first  term,  then,  multiplied  by  a"*,  must 
produce  a"»"*^.  It  must  therefore  (79)  be  a*.  For  a  similar 
reason  the  second  and  third  terms  must  be  — b  and  a^(^^ 
respectively. 

Our  reasoning  being  perfectly  general,  we  deduce  from 
the  foregoing  considerations  the 

BuLE. — Divide  each  term  of  the  dividend  by  the  divisor, 
connecting  the  resuUa  by  their  proper  signs. 

ExAMWiWB. 

1.  Divide  SxVz+^8x'i?f+27af'i^  by  3«y. 

Ans.  z+16^+9x/. 

2.  Divide  35a'6— 20a6o— 15aVa?+5a6  by  5ab. 

Ans.  la — 4c— 3a&a?+l« 

8.  Divide  105«*2/"— 77j/»2+UyV— 84cay  by  ly". 

4.  Divide  316mVi2^ — 32mn2/*+16mV  hy  Amy, 

Ans.  79m?v— 8ny+4my. 

6.  Divide  72a;*^— 86af +*— 52a»+V  by  4a!». 

Ans.  IBaf'—dx—ldx^y. 

6.  Divide  51a*6V—84a"c+85ac*  by  17ac. 

7.  Divide  6&»y— 108«y"+99ma^j/»  by  9xj^. 
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8.  Divide  57r8»— GSi's+SSr^s*  by  3r8. 

9.  Divide  9m«*y—18m'«y—27mVy' by  9?iM?y. 

10.  Divide  llTmj/'e— 136m«+144my'  by  9m. 

88.  To  Deduce  a  Rule  for  dividing  a  polsrnomial  by 
a  polynomial. 

Let  it  be  required  to  divide  3a6'-f-6^-H]?+3a*6  by  a+6. 
This  means  that  we  are  required  to  find  a  quantity  such 
that,  on  being  multiplied  by  a+b,  it  will  produce  SaV+V 
+a*+3a'6.  The  dividend,  or  product  (64),  is  the  sum  of 
the  partial  products  formed  by  multiplying  the  divisor  by 
the  different  terms  of  the  quotient.  In  adding,  several 
similar  terms  may  be  combined  so  as  to  occur  as  but  one 
term  of  the  product.  We  know,  however  (67),  that  there 
are  always  two  terms  of  the  product  that  cannot  be  redwced 
wUh  any  others,  viz:  the  terms  containing  the  highest  and 
loioest  powers,  respectively,  of  any  letter.  If,  then,  we  take 
that  term  of  the  dividend  containing  the  highest  power  of 
.  any  letter,  we  know  that  it  has  been  obtained  without  re- 
duction,  by  multiplying  the  term  of  the  divisor  containing 
the  highest  power  of  this  letter  by  the  term  of  the  quotient 
containing  the  highest  power  of  the  same  letter.  Hence, 
if  we  divide  such  a  term  of  the  dividend  by  that  term  of 
the  divisor  that  assisted  in  producing  it,  we  must  obtain 
one  term  of  the  quotient.  Now  the  term  a*  of  our  divi- 
dend contains  a  higher  power  of  a  than  any  other  term. 
Hence,  it  must  have  been  obtained  without  reduction,  by 
multiplying  the  term  of  the  divisor  containing  the  highest 
power  of  a  by  the  term  of  the  quotient  containing  the 
highest  power  of  a.  Hence,  if  we  divide  cf  by  a,  we  shall 
obtain  one  term  of  the  quotient.  Dividing,  we  obtain  a*. 
Now,  since  the  dividend  is  the  sum  of  all  the  partial  prod- 
ucts arising  from  multiplying  a-^-b  by  the  successive  terms 
of  the  quotient,  if  from  the  dividend  we  subtract  one  of 
these  partial  products,  the  result  will  be  the  sum  of  the 
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products  of  the  divisor  by  the  remaining  terms  of  the  quo- 
tient, and  on  this  result  we  can  reason  precisely  as  on  the 
original  dividend.  Subtracting,  then,  from  3a6'-f-M+^ 
+3a'6,  the  product  {cf-^-aV)  of  a+6  and  a',  we  obtain  3aV 
+^+2a'6  as  the  «um  of  the  partial  prodwcts  arising  from 
multiplying  a-f-^  ^  ^^  remaining  terms  of  the  quotient. 
Since  this  is  a  product  made  up  in  the  same  manner  as  the 
original  dividend,  we  can  pick  out  the  terms  obtained  with- 
out reduction,  as  in  the  case  of  the  original  dividend.  2aV> 
then,  was  obtained  tmthout  reduction,  by  multiplying  the  a 
of  the  divisor  by  that  one  of  the  remaining  terms  of  the 
quotient  that  contains  the  highest  power  of  a.  Hence,  this 
quotient  term  must  be  2a5,  and  subtracting  2a^b+2aV  (for 
a  reason  already  given),  we  have  ab*-}-V,  upon  which  we 
can  reason  precisely  as  upon  the  preceding  remainder. 
Proceeding  in  the  same  manner  we  find  b*  as  the  next  term 
of  the  quotient,  and  for  a  reason  already  given  we  subtract 
the  product  of  a-^-h  and  V  from  the  second  remainder,  thus 
obtaining  a  remainder  of  0.  We  have  now  subtracted  suc- 
cessively from  our  dividend  the  partial  products  produced 
by  multiplying  a+6  successively  by  a',  2ab  and  6'.  And 
since  the  remainder  is  0,  these  must  be  all  the  partial  pro- 
ducts that  were  added  together  to  produce  the  dividend; 
i.  c,  a*+2ab-{-V  must  be  tiie  entire  quotient. 

In  the  foregoing  process  we  have  taken  first  the  term  in 
which  a  is  aJSected  by  the  highest  exponent,  then  the  one 
in  which  the  exponent  of  a  is  that  next  to  the  highest,  and 
so  on.  Hence,  if  we  had  at  once  arranged  the  given  poly- 
nomials according  to  the  descending  powers  of  a  we  should 
have  avoided  the  search  for  these  terms,  as  we  should  then 
have  met  them  just  in  the  order  desired. 

By  reference  to  (67)  it  v^ill  be  seen  that  we  could  have 
begun  VTith  the  term  involving  the  lowest  power  of  a,  and 
have  proceeded  regularly  to  the  highest,  reversing  the  order 
adopted  in  this  discussion.  We  could  also  have  reasoned 
on  the  powers  of  b  just  as  we  have  reasoned  on  the  powers 
of  a. 
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From  the  foregoing  considerations  we  deduce  the  follow- 
ing 

Bhle. — Arrange  both  dividend  and  divisor  according  to  the 
ascending  or  descending  powers  of  some  letter. 

Divide  the  first  term  ofOie  dividend  by  the  first  term  of  the 
divisor  for  the  first  term  of  the  quotient.  Multiply  the  divisor 
by  this  term  and  svhtract  the  product  from  the  dividend. 

Divide  the  first  term  of  the  remainder  by  the  first  term  of  (he 
divisor^  for  the  second  term  of  the  quotient.  Multiply  the 
divisor  by  this  term  of  the  quotient^  and  subtract  the  product 
from  (he  first  remainder. 

Divide  the  first  term  of  the  second  remainder  by  the  first  term 
of  (he  divisor  for  the  third  term  of  the  qujotient.  Multiply  the 
divisor  by  the  third  term  of  the  quotient  and  subtract  theprO' 
duct  from  (he  second  remainder. 

Continue  this  process  uniU  a  remainder  of  tero  is  obtained, 
or  untU  a  remainder  is  obtained  (he  first  term  of  which  is  of 
a  lower  degree  with  respect  to  (he  leading  letter  (han  the  first 
term  of  (he  divisor. 

90.  If  a  remainder  of  zero  is  obtained  the  diTision  ia 
said  to  be  Xbcaot.  When  the  division  is  not  exact  the  re- 
mainder may  be  written  at  the  right  of  the  quotient  oyer  a 
horizontal  line,  below  which  is  written  the  divisor. 

91.  It  shohld  be  borne  in  mind  that  the  first  term  of  any  remainder 
always  means  the  first  term  of  the  remainder  arranged  in  the  same  man- 
ner as  the  given  polynomiaL 

Examples. 

1,  Divide  a;*+y*—4ay+6a:y—4a;'2/  by  a^—ixy+y". 

Arranging  the  polynomials  according  to  the  descending 
powers  of  x,  we  find  the  quotient  of  the  first  term  of  the 
dividend  by  the  first  term  of  the  divisor  to  be  a^.  Multiply- 
ing the  divisor  by  this  term  and  subtracting  the  result  from 
the  dividend,  we  find  the  first  term  of  the  remainder  to 
be  — 2a^2/,  whence  the  second  term  of  the  quotient  is  — 2xy. 
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— 2a!*y+6a?'i/*~4in/' 
—2afy+4xy—2an^ 

xy—2m^+y' 

xy—2x}^+y' 

Multiplying  the  diyisor  by  this  term,  and  subtracting  the 
product  from  the  first  remainder,  we  find  r^V  &s  the  first 
term  in  the  second  remainder,  whence  the  next  term  of  the 
quotient  is  t/*,  and  multiplying  the  divisor  by  this,  and  sub- 
tracting, we  find  a  remainder  of  0.  We  consider  only  three 
terms  of  the  first  remainder,  as  the  divisor  contains  only 
three  terms.  None  of  the  partial  products  used  can  con- 
tain more  than  three  terms. 

2.  Divide  a;*+2/*  l>y  ^ — ^ai'y+^cV"— ^y^+y**     -4n«.  a+y. 

3.  I)ivide32aj*— 243y*byl6af*+24aj»y+36ay+64ay+81y* 

Ana.  2x — Sy, 

4.  Divide  «'+5ajV+6«y*-|V^y^~H^"fl/'*  -^"**  ^"fy« 

6.  Divide  a*— 8aW+3a%*-.6*  by  rf— 3a»6+3ay— V. 

Arts.  a»+3a%-f3a6«+6^. 

6.  Divide  100a*— 4«)a*ifc+236aW— 80a*ifc»  by  6rf— 2a%. 

Ana.  20a»— 80aifc+15ifc». 

7.  Divide  a;* — j/'bya? — y.  Ana.  a^+an/+y^. 

(8.) 
62m*— 93m>-  70my-f-48my— 27mp*  [13m'— 7m^+3mp' 
62m*— 28mV+  12mV  |  4=m'— 6mp— 9p' 

— 65m^p—  82my+48my 
— 66mV+  35my— 15mV 

— 117my+63my— 27mp* 
— 117mV+63mV— 27mp* 
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9.  Diyide  8L1Y— 126a6»y -KOaV  by  9^— lab. 

Am.  dxY—7ab. 

10.  Divide  8a*— 8aV+8aV-f66*— 8Vc»  by  a*—b\ 

Ana.  8a»— 56»+3o». 

11.  Divide  6a?*+V— 9«y+*«»y— Sa^  by  2a^+ar*-V 

Ans.  &c* — xj^ — 22/". 

12.  Divide  8a?  (y+2zy—{y+2zf  by  (y+2ey. 

Ana,  8a?— 3^ — 2b. 

13.  Divide  6a?*_8a:»+9a;*— 14a?+8  by  ai*— 2a?+l. 

14.  Divide  a?*+3aj*+a;*— 3a?— 2  by  «'+2a?+l. 

Ans.  ac'-f-a? — 2. 

15.  Divide  2a;*— 12a!»+19«'— 6a:+9  by  ai*— 6a:+9. 

Ana.  2a^+l. 

16.  Divide  a?^+t/^  by  a:+y- 

Ana.  aj*— a;"s/+a?y— a:*t/*4-^»y — ^a^+J/*. 

17.  Divide  «• — 2/*bya?— y. 

-4n«.  «*+a?V+«'j/'+ay+«y*+2/*. 

18.  Divide  «*— 2a?*+3a;»— 7a;»+8a?— 3  by  «•— Sar'+Sar— 1. 

Ana.  a^+x+3. 

19.  Divide  a;»4-t/*  by  a?+2/. 

-4na.  a^ — aPy+a^ — afij^+o^* — aPf^^-aPy^ — a^'+3^. 

20.  Divide  a*— 5a*a?  +  lOaV— lOaV  +  6aa?*— a;*  by  a«— 
2aa?+a?'.  Ana.  a* — Sa'aj+Saa?* — of, 

PbOPOSITIOKS    GONCEBMIKa    ExACT    DlVESZON    OF    POLYNOMIALS. 

92.  Proposition  I. — 7he  exact  division  of  one  polynomial 
by  another  ia  impoaaible: 

1^.  When  the  term  of  the  dividend  that  containa  (he  highed 
poboer  of  any  letter  ia  not  exactly  divisible  by  the  term  of  the 
divisor  that  containa  the  highest  power  of  the  same  letter,  or 
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2^.  When  the  term  of  (he  dividend  that  contains  Uie  lowest 
power  of  any  letter  is  not  exactly  divisible  by  the  term  of  the 
divisor  containing  the  lowestpower  of  the  same  letter. 

For,  the  term  of  the  diyidend  contaming  the  highest 
power  of  any  letter  was  obtained  (66-7)  tvithout  redwction 
by  moltiplying  the  term  of  the  diyisor  containing  the  high- 
est power  of  that  letter  by  the  term  of  the  quotient  con- 
taining the  highest  power  of  the  same  letter.  Hence,  the 
polynomials  being  arranged  according  to  the  powers  of  any 
letter,  if  there  is  no  entire  or  integral  quantity,  that,  multi- 
plied by  the  first  term  of  the  divisor  will  produce  the  first 
term  of  the  diyidend,  there  can  be  no  polynomial — with 
entire  terms — that,  multiplied  by  the  divisor  will  produce 
the  dividend.  In  other  words,  the  exact  division  is  impos- 
sible. 

A  similar  course  of  reasoning  will  show  the  impossibility 
of  exact  division  in  the  2^  case  of  the  proposition. 

93.  Corollary  I. — The  exact  division  of  one  polynomial  by 
another  is  impossible  if  the  divisor  contain  a  letter  not  found 
in  the  dividend. 

The  exponent  of  this  letter  in  each  term  of  the  dividend 
is  zero. 

94.  Ck>roUa3:y  n. — The  exact  division  of  a  polynomial  con- 
taining a  certain  letter  by  a  second  polynomial,  not  containing 
this  letter  is  impossible,  unless  the  coefficients  of  the  different 
powers  of  this  letter  in  the  dividend  are  separately  divisible  by 
the  divisor. 

For,  we  may  consider  the  whole  divisor  as  the  coefficient 
of  the  zero  power  of  the  letter  spoken  of.  The  proposition 
then  falls  under  (92). 

95.  Proposition  n. — The  exact  division  of  a  monomial  by 
a  polynomial  is  impossible. 

For,  if  the  division  were  possible,  the  quotient  would  be 
either  a  monomial  or  a  polynomial.    Now  the  product  of  a 


68  DIVISION. 

monomial  and  a  polynomial  contains  as  many  terms  as  the 
polynomial  itself.  Again,  the  product  of  a  polynomial  by 
a  polynomial  contains  at  least  two  terms  (67). 

96.  Theorem. — The  difference  of  like  powers  of  any  two 
quarUitiea  is  always  exactly  divisible  by  the  difference  of  the 
quantities  themselves. 

Let  X  and  y  represent  any  two  quantities,  and  m  any  ex- 
ponent.   Then  is  of* — y*  always  exactly  divisible  by  x — y. 


ay_y  Dividing  af'—y^  by  x—y, 

we  see  that  the  last  term 
of  every  remainder  is  • 


af^^+af^+ar^y'+ 


af*^ — y^  the  same  as   the   second 

«"'""V-"af»^  term  of  the  dividend.    The 


exponent  of  x  in  the  first 
term  of  each  remainder  is 
equal  to  the  exponent  of  x 


a?"^2/*— iT  in  the  dividend,  minus  the 

number  indicating  the  or- 
der of  the  remainder;  while  the  exponent  of  y  in  this  first 
term  is  the  number  indicating  the  order  of  the  remainder; 
so  that  the  sum  of  the  exponents  of  x  and  y  in  the  first 
term  of  any  remainder  found  is  always  m. 

In  the  course  of  the  division  the'  first  term  of  each  re- 
mainder is  divided  by  a?  to  obtain  the  next  term  of  the 
quotient.  Hence  this  term  of  the  quotient  is  always  the 
same  as  the  first  term  of  the  remainder  used,  with  tixe  ex- 
ponent of  X  in  that  term  diminished  by  1.  While  the  term 
of  the  quotient  obtained  at  any  time  contains  x,  the  product 
of  this  term  by  y  cannot  be  similar  to  y^.  Hence  the  product 
of  this  term  of  the  quotient  and  y  will  be  the  first  term  of  the 
next  remainder.  The  first  term  of  any  remainder,  then,  will 
have  the  exponent  of  x  less  by  1,  and  the  exponent  of  y 
greater  by  1,  than  the  first  term  of  the  next  preceding  re- 
mainder. In  other  words,  the  exponent  of  x  diminishes 
by  1,  and  the  exponent  of  y  increases  by  1,  at  each  suc- 
cessive division.     Hence^  after  five  divisions  the  exponent 
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of  a?  will  be  tn — 5;  after  m  divisions  it  will  be  m — morO.  As 
the  exponent  of  y  increases  by  1  at  each  sucoessiye  division, 
after  six  divisions  it  will  be  y",  after  m  divisions  it  will  be 
y*«  HeDce,  the  first  term  of  the  mth  remainder  will  be 
afj^  or  (84)  t/^;  and  as  the  second  term,  — y*  is,  by  the 
nature  of  the  division,  the  same  in  every  remainder,  the 
mth  remainder  will  be  y^ — y*  or  0.  That  is,  after  we  have 
obtained  m  terms  of  the  quotient,  the  remainder  will  be 
zero.     Hence,  the  division  of  xf^ — y^  by  x — y  is  exact. 

87.  Theorexn. — The  sum  of  like  powers  of  any  two  quan- 
HHes  is  exactly  divisible  by  the  swm  of  the  quantities  themselves 
if  the  exponent  of  the  power  taken  be  odd,  and  not  otherwise. 

Assuming  x,  y,  and  m  as  before,  ds^-flT  will  be  exactly 
divisible  by  x+y  if  m  be  odd,  and  then  only. 

Dividing  af^+y^  by  a;-)-y,  the  first  and  second  remainders 

»+2/ 


af^^af^^y 


Qfur-i — ^of^+af*"^ — etc. 


— af^y-^-y^  =  — y  (af*"* — 2/"*"^) 

^af^iy—af^y* 

*^y +2/"*=!/*  («^'+2r^*) 

are  — y  (af^* — y^^)  and  t/"  (aJ^^'+jT^*),  respectively.  If, 
now,  either  of  these  remainders  be  exactly  divisible  by 
x+y,  af^-\-]f^  will  be  exactly  divisible  by  x-\-y.  Take  the 
second  remainder.  This  will  be  exactly  divisible  by  x+y 
if  af^-fjT^'  be  exactly  divisible  by  x+y,  and  only  then, 
(for  t/"  is  never  exactly  divisible  by  x+y).    Hence, 

If  the  sum  of  like  powers  of  any  two  quantities  be  exactly 
divisible  by  the  sum  of  the  quantities,  the  sum  of  those  like 
powers  of  the  same  quantities,  of  which  the  exponents  are 
higher  by  2  {than  the  exponents  of  the  powers  taken),  vnU  also 
be  exactly  divisible  by  the  sum  of  the  quaniUies  themselves. 
And,  if  the  sum  of  any  like  powers  of  two  quantities  is  not 
exactly  divisible  by  the  sum  of  the  quantities,  the  sum  of  the 
Wee  powers  of  the  second  degree  above  those  taken  vnll  not  he 


60  DIVISION. 

toBocUy  divisible  by  ike  sum  of  the  quarUiiiea.  We  know  that 
^+y  is  exactly  divisible  by  a?+y.  Hence,  ai'+J^  is  exactly 
divisible  by  x-\^;  and  since  a^+y*  is  exactly  divisible  by 
x-\-y,  af'\-%f  is  so  divisible,  and  so  on  for  all  odd  powers. 
Again,  we  know  by  actual  trial  that  a^-^-t^  is  not  exactly 
divisible  by  x-^y.  Hence  a^+y*  is  not  exactly  divisible  by 
x-\'y.  Since  a?*+2/*  is  not  exactly  divisible  by  a?H-y,  a^-\^ 
is  not  exactly  divisible  by  x+y,  and  so  on  for  all  powers  of 
«tn  even  degree. 

98.  Scholtiun. — ^This  proposition  may  alao  be  danoxurtaated  in  the 
tsame  manner  as  the  preceding,  the  nUh  remainder  being  zero  if  m  is  odd, 
and  2j/^  if  m  is  even. 

99.  Theorem. — The  difference  of  like  powers  of  any  two 
quantities  is  exactly  divisible  by  the  sum  of  the  quantities  them- 
selves if  the  powers  taken  be  of  an  even  degree  y  and  then  only. 

We  are  required  to  show  that  a?** — y^  is  exactly  divisible 
by  x-\-y  if  m  is  even,  and  only  then.    Dividing  ar» — y^  by 


.af^-h/^af^y^ — 


x+y  we  have  a  quotient,  as**"* — af^h^+ar'^y* ,  and  the 

first  remainder  is  — yiixf^^+y^^).  Now,  if  this  remainder 
is  exactly  divisible  by  a?+2/,  the  original  dividend  will  evi- 
dently be  exactly  divisible  by  x+y.  Hence,  if  af»-*-f  t/^^  be 
exactly  divisible  by  a?+t/,  af^ — y^  will  be  exactly  divisible 
^7  ^+2/-    ^^  other  words. 

If  the  sum  of  any  like  powers  of  any  two  quantities  be 
exactly  divisible  by  the  sum  of  the  quantities^  then  will  the 
difference  of  the  next  higher  powers  be,  exactly  divisible  by 
the  sum  of  the  quantities  themselves.  From  (97)  we  see 
that  af'^+y^  is  exactly  divisible  hj  x+y  only  when 
m — 1  is  odd.     If,  however,  m — 1  is  odd,  m  is  of  necessity 
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eyen.  Hence,  in  order  that  the  first  remainder  may  be 
diTisible  by  a?+y,  m  must  be  even.  If,  then,  m  is  even, 
af^^ — y^  is  exactly  divisible  by  x-\-y.  And  as  the  dividend 
will  not  be  exactly  divisible  by  the  divisor,  unless  the  first 
remainder  is  exactly  divisible  by  the  divisor,  af* — t/"  will  be 
divisible  by  a?+y  only  if  9n  be  even. 

100.  Theorem. — The  sum  of  like  powers  of  any  two  qimn'^ 
HHes  is  never  exactly  divisibiB  by  the  diff^erence  of  the  quantv- 
ties  themselves. 

The  first  remainder  obtained  in  the  process  of  dividing^ 
a5*-|-y»  by  X — y  is  y{af^^+y^^).    Unless  this  remainder  be> 


V 


+af^h/+ 


af^Y+y^ 

exactly  divisible  by  x — y,  as^-j-y*  will  not  be  exactly  divisi-. 
ble  by  X — y.    Hence, 

The  sum  of  like  powers  of  any  two  quantities  toUl  not  be 
exactly  divisible  by  the  diff^erence  of  the  quantities^  unless  the 
sum  of  the  next  hwer  powers  of  the  same  quantities  is  exactly 
divisible  by  the  differerkce  of  the  quantities.  Now,  x-^y  is 
not  exactly  divisible  by  a?— y.  Hence,  a^+if  is  not  exactly 
divisible  by  a?— y.  Since  a^+jf  is  not  exactly  divisible^ 
by  X — y,  af-\-}f  is  not  so  divisible,  and  so  on.  Henca 
the  sum  of  like  powers  of  any  two  quantities  is  never 
exactly  divisible  by  the  difiEerence  of  the  quantities  them-, 
selves. 
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OHAPTEB  III. 


SECTION  I. 
FACTORING. 

101.  The  Factors  of  a  quantity  are  the  quantities  that, 
multiplied  together,  produce  it. 

102.  Factoring  is  the  process  of  finding  two  or  more 
-quantities  such  as,  multiplied  together,  will  produce  a  given 
-quantity. 

From  the  definition  it  is  clear  that  a  quantity  is  divisible 
by  every  one  of  its  factors,  and  by  the  product  of  any  two 
or  more  of  them.  If,  then,  one  factor  or  more  be  known, 
yre  may  always  obtain  the  product  of  the  others  by  dividing 
the  quantity  itself  by  the  product  of  the  given  factors. 

103.  No  general  rule  for  factoring  can  be  given.  Skill  in 
f>erforming  the  process  is  attained  by  close  observation  and 
extensive  practice,  based  on  a  thorough  comprehension  of 
the  principles  of  multiplication  and  division.  The  accurate 
-and  intelligent  use  of  the  following  propositions  will,  how- 
ever, enable  us  to  factor  most  of  the  quantities  ordinarily 
met. 

I.  Monomials. 

104.  Theorem. — The  literal  pari  of  a  monomial  may  be 
favtored  by  wrUing  the  letters  separately  or  in  groups^  giving 
to  every  letter  ««tcA  an  exponent  that  the  «iim  of  aU  the  expo- 
nents of  the  letter  in  these  terms  shall  he  equal  to  the  exponent 
Kf  the  letter  in  the  given  monomial. 

This  is  a  direct  consequence  of  62. 
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FiTAMFT.Wfl, 

1.  Factor  93aVc  and  60  a'Vc". 

2.  Separate  86a*6V»'*"*^  into  two  equal  factors. 

3.  Separate  12da?j^(z+a)^  into  three  equal  factors. 

4.  Factor  72a*6«  and  120«»j/". 

5.  Factor  108aW(c+£i)»  and  54cfsf(c+d)\ 

n.  Binomials. 

105.  Theorem. — If  a  binomial  consists  of  the  difference  of 
the  squares  of  two  quantities,  the  factors  of  (he  binomial  are 
(he  sum  and  the  difference  of  the  quantities  themselves. 

See  Art.  71. 

106.  Sohollnm. — Such  a  binomial  may  alao  be  factored  by  99. 

107.  Theorem.-— 7)^  a  binomial  consists  of  the  difference  of 
any  tvx>  like  powers  of  any  tu)0  quantities,  the  difference  of  (ha 
quantUies  themselves  is  one  factor  of  the  given  binomial. 

See  Art.  96. 

108.  ^nieorem. — If  a  binomial  consist  of  (he  sum  of  any 
two  like  odd  powers  of  any  two  quantities,  or  the  difference  of 
any  two  like  even  powers,  the  sum  of  the  quantities  (hemsdves 
18  one  of  the  factors  of  the  given  binomial. 

See  Arts.  97-88. 

109.  SchoUom.— The  fonns  of  the  quotients  of  Arts.  96-100  (and 
the  mth  remainders),  should  be  carefidly  learned,  so  that  they  may  be 
written  at  once,  and  thus  the  factors  of  a  binomial  be  obtained  without 
going  through  the  division.  It  is  easy  to  remember  that  if  the  divisor 
be  the  difference  of  the  two  quantities,  the  terms  of  the  quotient  are  cUl 
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poflitiTe,  and  if  the  diviBor  be  the  som  of  the  two  quantities,  the  odd- 
nnmbered  terms  of  the  quotient  are  positiTe,  and  the  even-numbered 
terms  are  n^ative.  The  nUh  remainder  is  always  either  zero  or  of  the 
form  ±2y*. 

BZAICPLEB. 

1.  Factor  a^— y.  Ana.  (»—^)(a?'+a?y +!/*)• 

2.  Factor  a^— y*. 

3.  Factor  32i/*+«^. 

Arts.  (2y+e)(16/— 82/»e+4i/»«»— 2y«»+«*). 

4.  Factor  64i/*—6«. 

Ans.  (2y+6)(2y-6)(4j/»+26y+6»)(42/»-26y+6«). 

5.  Factor  81a*— 16c*. 

6.  Factor  1±276^.  Arts.  (l±3b)(lzpSb+9V). 

7.  Factor  243t/^— 32o*. 

Ana.  (By— 2(?)(81y*+64j^c+36y»c»+242/c»+16(^). 

8.  Factor  64i»'— 1. 

9.  Factor  a^±y\ 

10.  Factor  1— 8I2/*.  Ana.  (1— 3t/)(l+3y)(l+93/^. 

m.  Trinomials. 

UO.  Theorem. — J^  a  trinomial  conaista  of  the  aum  of  ihe 
aquarea  of  two  guantitiea,  plus  tioioe  the  prodwct  of  the  quan^ 
tUiea,  ihe  trinomial  ia  the  squabb  07  the  sum  ofiheae  qtiantitiea. 

This  is  a  mere  restatement  of  (68)  in  slightly  different 
words. 

HI.  Theorem. — If  a  trinomial  ia  m^ode  up  of  (he  aum  of 
ihe  aquarea  of  two  quantitiea  minus  tvnce  ihe  product  of  ihe 
quantUiea  ihemaelvea,  ihe  trinomial  ia  the  squabs  or  the  dif- 
FBBBNCE  of  thcae  quantitiea. 

Mere  restatement  of  (70). 
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112.  SchoUom. — Jf  any  trinomial  of  tlie  form  described  in  110  or 
111  be  arranged  according  to  the  powers  of  either  of  Hie  letters,  the 
square  of  the  middle  term  wiU  he  four  times  the  product  qf  the  first  and 
third  terms, 

113.  Theorem. — If  a  trinomial  is  made  up  of  the  square 
of  a  quantity  plus  the  first  power  of  the  quantity  into  the  sum 
of  a  second  and  third,  plus  the  prodvjct  of  the  second  and 
third,  the  factors  of  the  trinomial  are  the  first  quantity  phis 
the  second,  and  the  first  quantity  plus  (he  third. 

See  Art.  72. 

114.  Theorem. — If  a  trinomial  consists  of  (he  square  of  a 
quantity  minus  the  first  power  of  (his  quantity  into  the  sum  of 
a  second  and  third,  plu^  the  product  of  the  second  and  third, 
the  factors  of  the  trinomial  are  the  first  quantity  minus  the 
second,  and  the  first  minu^  the  third. 

See  Art.  73. 

115.  Theorem. — If  a  trinomial  consists  of  (he  square  of  a 
quantity,  plus  or  minus  (he  first  power  of  this  quantity  into  the 
difference  between  a  second  and  third,  minus  the  product  of 
the  second  and  third,  the  factors  of  the  trinomial  are,  the  first 
plus  or  minus  the  second,  and  the  first  minus  or  plus  the  third. 

See  Art.  74. 

Examples. 

1.  Factor  ^a?f+43ia^xy+^^a\ 

Ans.  (3i»j/+7a")  (Saiy+Ta"). 

2.  Factor  25mV+80cmy+643/*. 

3.  Factor  mV-f  2mV+mV. 

4.  Factor  256a?V+288mir^'+81m». 

Ans.  (I6a?y +9m)  (16«y +9m). 

5.  Factor  36a?*+144s'a:'+144s*. 
5 
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6.  Factor  4aV— 12a6c+9c».       Ana.  (206— 3c)  (2a6-3a). 

7.  Factor  226my— eOmyg-Kg*. 

Arts.  (15my— 2«)  (15my— ai), 

8.  Factor  lUaW—26ixwy+12ly^. 

9.  Factor  4:9a»— 70a6c+256V. 

10.  Factor  16m*ajy— 8m'ay«-|-i^. 

11.  Factor  a:'-Ha+6)a:+a6. 

12.  Factor  9«»+16a?+6. 

isi  Factor  2562/'2'+1922/«+36. 
14.  Factor  81a?y+144a;V+63. 
16.  Factor  121m«+143m-H3. 

16.  Factor  i/* — (m-f-c)y-|-wic.  -4n«.  (y — m)(y^-c). 

17.  Factor  «»— 22a?+85.  ^iw.  (a:— 17)  (a^-6). 

18.  Factor  2253/»»»— 1052/H-12. 

19.  Factor  625i/V— 2002/2+16. 

20.  Factor  49a*6»— 133aH-78. 

21.  Factor  a*db(m — n)a — mn.  Ana.  (adbm)  (a^n). 

22.  Factor  Gi&'—Sed— 228.        ^ns.  (86—19)  (86+12). 

23.  Factor  81«'+117a:— 300. 

Ana.  (9a?+26)  (9a?— 12). 

24.  Factor  16mV— 4477u^— 180. 

25.  Factor  4002/'»»+1000y&-744. 

Ana.  (20y»+62)  (2Oy0— 12). 
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I¥,  Be^ynornttalB  in  general. 

116.  TheoorenoL — If  «&  the  ierma  of  a  pQlynomial  have  a 
common  factor,  the  polynomial  ma^  he  divided  by  this  /actors 
and  the  quotient  and  dwiaor  are  the  fQBUn%  of  the  given  pcly^ 
nomial. 

Each  term  of  the  polynomial  being  exactly  diTisible  by 
the  common  factor,  the  polynomial  is  exactly  divisible  by 
this  common  factor;  and  the  quotient  find  diyisor,  multi* 
plied  together,  produce  the  dividend. 

III.    The  &ctois  of  m* + 2m'6 + Zm*e  are,  m*  and  m + 26 + Sm'e. 

117.  Theorem. — If  a  polynomial  can  be  separated  into  parts, 
all  having  the  same  coefficient  {wheffier  this  coefficient  be  nu>- 
nomial  or  polynomial)  this  coefficient  is  one  factor  of  the  poky^ 
nomial.  The  sum  of  the  parts,  excluding  the  common  coeffi- 
cient, is  the  other. 

This  is  an  obvious  consequence  of  Art.  84. 

117*.  CJoroUary. — If  a  polynomial  can  be  separated  into 
parts,  the  coeffiderds  {monomial  or  polynomial)  of  these  parts 
having  a  common  factor,  this  factor  is  a  factor  of  the  polyno- 
mial, Ihe  other  factor  or  factors  may  be  obtained  by  dividing 
out  this  one. 

III.  I2a?  —  Secy—  9x  V + 6y«  =  (3jb«  —  2y)4x — (3a;«  —  2y)3y'.  Thia 
eqTuJs  (Sx*  —  2y)  (4ai — 3y^  ),  since,  if  we  divide  the  polynomial,  as  sep- 
arated into  parts,  by  dafi  —  2y,  the  quotient  is  4x-^y^ ,  A^n: 
(3x»  — 2y)«  iaj—  (3sb«  —2y)  3y«  =  (3x«  —  2y)  [  (3aj«  —  2y) 4a>--3y«  ]. 

118.  Scholium. — The  separation  of  a  polynomial  into  parts,  which 
has  just  been  illustrated,  will  be  found  a  very  good  expedient.  It  fre- 
quently-shows  at  once  the  presence  of  factors,  otherwise  difficult  to 
detect. 

Examples. 

1.  Factor  9ma^ — ISmajy— 27mV«. 

Ans,  dm:c{x — 2y — Smx^z), 

2.  Factor  5a6+30a»o— 15a»(f+20a*m. 

Am.  5a(6+6ao— 3a'd+4a*m). 
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3.  Factor  8a*+16a»6+8a6«.  Ana.  8a(o^6)  (a-f6). 

4.  Factor  27m"— 108m*a?+270mW. 

5.  Factor  17aj»— 5L»V|-86ajy»— 153a«». 

6.  Factor    ad+2ay+262/4M===ad+W+2a2/4-262/. 

={a+b)d+{a^)2y. 
=ia+b){d+2y). 

7.  Factor   2a?+dx'+x. 

8.  Factor   aJ*+5ajV+S«2/'+2/' 

9.  Factor    6p*— 12pg»— 6p^5'+12g*.  ^ns.  6(p»-2g'XP-^)- 

10.  Factor   a^+ax-i-mxy+am. 

11.  Factor  lx'—2iay+21xySax.  Arts.  (7a?— 8a)(3y+arX 

12.  Factor    ab^d^xy+bdoc-^-aby.    Ana,  (ab-]^)  (bd+y). 

13.  Factor   3a:*— 25a?y+28y*.  Am.  (3aj»— 43/»)(aj»— 7i/*). 

U.  Factor   12aV+32a6a:y+216y. 

Am.  (2ax+Sby)(eax+lby). 

15.  Factor    6m'— 13wia?+7a;'.      Am.  (6m— 7a?)  (m— a:). 

16.  Factor    acm+(ig'{^m'\-bcm+(idm+bg. 

17.  Factor   r8*+««+an/-f-«i/+»^-+y- 

Jws.  {r8+x+y){8+y). 

18.  Factor   «* — aj/* — mas" — m«*+a?2*-f-^2/*' 

Am.  (a5* — 2/*+«*)(« — m), 

19.  Factor    3a:*— liaY+Sy— 16y*i'-f4a:'s'. 

Jtw.  (3a:*— 2y»+4«*)(a!»— 4j/^. 

20.  Factor    60a;»— 88a;»i/— 45a?y+66a;y+32ay— 24y*. 

^n«.  (3a;'— 22/)(5a:»— 42/)(4a?— 3y»). 
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SECTION  n. 
HIGHEST  COMMON  DIVISOR. 

119.  An  XiXaot  Divisor  of  a  given  quantity  is  a  factor 
or  divisor,  such  that  the  quotient  obtained  on  dividing  the 
given  quantity  by  it  is  entire  or  integral.  In  speaking  of 
IKvisora,  we  generally  mean  Exact  Divisors,  and  by  divisi- 
ble we  usually  mean  exactly  divisible. 

Illustration.  3,  7»  in\  x  and  ^  are  exact  diviaors  of  21m'a^  and 
of  42mhi^, 

120.  A  Ck>innion  Divisor  of  two  or  more  quantities  is  a 
factor  or  divisor  that  exactly  divides  each  of  them. 

iLLUSTRATioir.  *InAs  is  a  common  divisor  of  21m*x  and  S5m*s^ — 
42mV. 

1521.  The  Greatest  or  Highest  Ckimmon  Divisor  of 

two  or  more  quantities  is  the  Common  Divisor  that  con« 
tains  the  greatest  co^Ments  and  the  greatest  exponent8,oi  all 
the  Common  Divisors  of  the  quantities. 

The  names  Greatest  Common  Divisor  and  Highest  Gommxm 
Divisor  are  both  somewhat  faulty;  the  former  in  that  it 
does  not  plainly  involve  the  idea  of  greatest  exponents  or 
highest  powers,  the  latter  in  that  it  does  not  plainly  involve 
the  idea  of  greatest  coefficients. 

Illustration,  a:*  -  y"  is  hig?ier  in  degree  than  x'+scy+y*.  Whether 
It  is  really  greater  or  leas,  depends  on  the  values  assigned  to  x  and  y. 
Again,  8,  the  cube  of  2,  is  higher  in  degree  than  169,  the  square  of  13, 
or  196,  the  square  of  14. 

We  shall  use  the  name  Highest  Commxm  Divisor  with  the 
understanding  that  it  involves  the  idea  of  greaiest  coeffir 
dents,  as  well  as  the  idea  of  greatest  exponents.  We  shall 
use  the  abbreviation  G.  D.  for  Common  Divisor,  and  H.  C. 
D.  for  Highest  Common  Divisor. 
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To  Deduce  a  Rule  fbr  finding  the  Highest  Ckmimon 
Divisor  of  two  or  more  quantities. 

I.  Qnantltiei  readily  fluitored. 

1522.  From  the  definition  of  feetors  we  know  that  any 
quantity  may  be  exactly  divided  by  its  own  factors,  or  the 
product  of  any  two  or  more  of  them.  For,  such  division 
would  consist  merely  in  striking  out  one,  two,  etc.,  factors, 
the  quotient  being  the  product  of  such  as  lEU^e  not  stricken 
out.  Hence,  if  some  factors  are  common  to  two  or  more 
quantities,  we  may  divide  each  quantity  by  the  product  of 
two  or  more  of  these  common  factors,  or  by  the  product  of 
all.  From  the  definition  of  degree  we  know  that  of  several 
terms  that  is  highest  in  degree  which  contains  the  greatest 
number  of  Kteral  factors.  The  greater  the  number  and 
the  value  of  common  numerical  factors  entering  a  coeffi- 
cient, the  greater  evidently  will  be  the  coefficient.  Hence, 
the  common  divisor  having  the  highest  exponents,  and  the 
greatest  coefficients  will  be  the  continued  product  of  aU  the 
common  factors,  numerical  and  literal,  of  the  given  quanti- 
ties. Hence,  to  find  the  highest  common  divisor  of  two  or 
more  quantities  that  can  be  readily  factored  we  have  the 
following 

BtJLB. — Separate  each  quanliiy  into  its  simplest  factors. 
Take  the  cowtinued  product  of  all  such  factors  as  are  common 
toaUihe  quantities. 

Examples. 

Find  the  highest  common  divisor  of: 

1.  63<fVc  and  laV^'d. 

2.  dBahc^  and  50a^6'cW. 

8.  105m{x+yY  and  245m(a?+t/)»c. 
4.  18(a;*-y)  and  27(«»-fy). 
6.  93(a;»— y*)  and  62(«»— 2/*). 
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6.  dSa%a^—2ab+b^)  and  105aV— &')• 

7.  26ic'(«»+7a?+12)  and  13(a?+3). 

8.  t/aj»— 3irV—4(tey  and  (4a?+32)2/*. 

9.  81(a«— 60  and  27(a»— tf*). 

10.  1— 8V  and  l+6y+V- 

n.  When  the  quantities  cannot  be  readily  fhotored. 

123.  Iiemwin^ — A  Common  Divisor  of  two  or  more  quan* 
iities  exactly  divides  the  mm  and  also  the  difference  of  these 
quarUities. 

This  is  an  immediate  consequence  of  (88).  Or,  let  aba  and 
aer  be  any  two  quantities,  of  which  oc  is  a  common  divisor. 
Indicating  their  sum  and  difference,  we  have  acb±acr. 
Dividing  this  by  ao,  we  obtain  (88)  b±r;  which  is  entire  or 
integral,  since  h  and  r  are  both  entire,  i.  e.,  the  division 
is  exact.  Similar  reasoning  will  evidently  apply  to  the  case 
of  three  or  more  quantities. 

124. — Ckirollary. — The  highest  common  divisor  of  tioo  or 
more  quantities  is  an  exact  divisor  of  the  sum  and  also  of  the 
diifference  of  (he  quanUHes. 

125.  Ijenuna. — An  exact  divisor  of  a  quantitif  is  an  exact 
divisor  of  any  number  of  times  this  quantity. 

See  (68). 

126.  Lemma. — A  polynomial  in  its  simplest  form,  the 
terms  of  which  have  no  common  factor,  has  no  divisor  of  its 
own  degree,  except  itself 

For:  Arrange  the  polynomial  according  to  the  descend- 
ing powers  of  any  letter.  If  now,  the  polynomial  has  a 
divisor  of  its  own  degree  (t.  e.,  containing  as  high  a  power 
of  the  leading  letter)  with  regard  to  this  leading  letter,  and 
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the  qnotient  arising  from  the  diyision  contains  the  letter,  the 
prodnct  of  the  divisor  and  quotient  will  be  higher  in  degree 
than  the  dividend,  which  is  absard.  If  the  quotient  does 
not  contain  the  leading  letter  of  the  divisor,  this  quotient, 
multiplied  by  the  several  terms  of  the  divisor,  will  produce 
the  terms  of  the  given  polynomial,  and  will  therefore  be  a 
common  factor  of  all  these  terms,  which  is  contrary  to  the 
original  supposition.  Since  any  letter  in  the  given  polyno- 
mial may  be  assumed  as  the  leading  letter,  we  see  that  in 
general  a  polynomial  of  the  form  assumed  in  the  proposi- 
tion, can  have  no  divisor  of  its  own  degree  except  itself. 

127.  Now  let  it  be  required  to  j&nd  the  highest  common 
divisor  of  P  and  K,  any  polynomials  not  readily  factored. 
Let  the  polynomials  be  arranged  according  to  the  descend- 
ing powers  of  the  same  letter.  If  any  factor  common  to  P 
and  P'  be  perceived,  it  may  be  at  once  taken  out  and  re- 
served as  a  factor  of  the  highest  common  divisor.  If  any 
factor  be  common  to  the  terms  of  either  P  or  P'  (but  not 
both)  it  may  be  stricken  out,  as  it  will  have  nothing  to  do 
with  the  highest  conmion  divisor  (121-2).  Suppose  P^  lower 
in  degree  than  P.  If  P  is  exactly  divisible  by  P^  the  latter 
will  itself  be  the  highest  common  divisor  of  P  and  P^.  For 
it  is  not  exactly  divisible  by  any  polynomial  higher  in  degree, 
and  is  its  only  divisor  of  its  own  degree  (126).  Of  course, 
no  polynomial  lower  in  degree  than  P^  could  be  the  highest 
common  divisor,  for  we  would  then  have  a  highest  common 
divisor  lower  than  a  common  divisor.  Hence,  if  R  exactly 
divides  P,  it  is  the  highest  common  divisor  of  the  given 
polynomials. 

Suppose  P  i3  not  exactly  divisible  by  P^,  but  contains 
P'  q  times,  with  a  remainder  of  R.  Then,  by  the  princi- 
ples of  division,  Il=:P — T^q,  and  hence  (124)  the  highest 
common  divisor  of  P  and  P',  which  exactly  divides  P  and 
P,  and  therefore  T'q  (125)  exactly  divides  R.  Hence  the 
highest  common  divisor  of  P  and  P'  will  be  the  same  as 
the  highest  common  divisor  of  P'  and  B.  Let  all  the  factors 
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common  to  the  terms  of  eUher  B  or  R  (but  not  bath),  be  sup* 
pressed,  as  already  explained  in  speaking  of  P  and  P^.  If 
B  exactly  divides  P^,  it  is  the  highest  common  divisor  of 
P'  and  itself,  for,  the  highest  common  divisor  could  not  be 
htoeriii  degree  than  E,  a  common  divisor  of  itself  and  R; 
it  could  not  be  of  a  higher  degree,  since  it  exactly  divides 
B.  Hence,  it  must  be  of  the  same  degree  as  E,  and  there- 
fore (126)  must  be  E  itself.  Hence,  if  the  remainder  E 
exactly  divides  the  second  polynomial,  it  is  the  highest 
common  divisor  of  the  given  quantities. 

If  R  is  not  exactly  divisible  by  E,  let  a  quotient  ^  and 
a  remainder  E^'  result  from  the  division.  From  the  princi* 
pies  of  division,  E''  is  equal  to  K — Eg<,  whence  the  highest 
common  divisor  of  P'  and  E  (which  has  already  been  shown 
to  be  the  highest  common  divisor  of  P  aud  R)  must  (124) 
exactly  divide  E''.  The  highest  common  divisor  of  P  and 
P^  must  then  be  the  highest  common  divisor  of  P,  P',  E 
and  E'^.  If  now  we  get  the  highest  common  divisor  of 
E'^  and  E,  it  will  therefore  be  the  highest  common  divisor 
of  the  given  polynomials.  Suppressing  the  factors  of  E 
and  E^^  as  before,  if  E^'  (which,  being  a  remainder,  is  lower 
in  degree  than  E,  the  divisor  producing  it)  be  exactly  con- 
tained in  E,  it  must,  for  a  reason  already  given,  be  the 
highest  common  divisor  of  E  and  E'',  and  therefore  of  P 
and  R.  In  a  similar  way  we  may  go  on  and  show  that  any 
remainder  that  exactly  divides  its  own  divisor,  is  the  highest 
common  divisor  of  the  given  polynomials. 

Since  our  reasoning  is  perfectly  general,  we  deduce,  for 
finding  the  highest  common  divisor  of  two  polynomials 
that  cannot  be  readily  factored,  the  following 

EuLE. — Arrange  the  polynomials,  reduced  to  their  simplest 
forms,  according  to  the  powers  of  the  same  letter.  Reserve  all 
factors  appearing  in  every  term  of  both  polynomials,  as  factors 
of  the  highest  common  divisor.  Suppress  all  factors  appearing 
in  every  term  of  either  polynomial,  but  not  common  to  both. 
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Divide  (he  pohpwmidl  tncohmg  (he  highest  power  of  (he 
leading  letter  by  (he  other,  canHnuing  this  division  (iU  (he  term 
of  (he  remainder  involving  (he  highest  power,  of  (he  leading 
letter  is  lower  in  degree  in  regard  to  this  letter  (han  (he  corres^ 
ponding  term  of  (he  divisor. 

Suppress  all  factors  common  toalKhe  terms  of  (he  remaindcf , 
and  divide  (he  divisor  by  (he  reduced  remainder.  Treat  (he 
resuIHng  remainder  and  the  divisor  in  the  same  way,  and  con- 
tinue this  process  until  a  remainder  of  zero  is  obtained.  The 
last  divisor,  multiplied  by  (he  reserved  factors,  is  (he  highest 
common  divisor  sought. 

If,  at  any  stage  of  i^  process  a  factor  be  stricken  from  both 
a  dividend  and  a  divisor,  it  must  be  reserved  as  a  factor  of  (he 
highest  common  divisor. 

128.  SchoUiim  I. — ^The  highest  comnum  diyisor  hdng  the  oontinned 
product  of  only  the  eomnum  fsetaan  of  the  giveii  polynomialfli  it  will  not 
be  changed  if  at  any  time  we  introduce  a  factor  into  one  or  both  of  the 
polynomialfly  provided  we  do  not  introduce  the  same  factor  into  both  the 
polynomialB,  or  into  both  the  dividend  and  diviaor  at  any  stage  of  the 
process.  Hence,  to  avoid  fractional  terms  in  the  quotients,  we  may 
multiply  or  divide  the  terms  of  the  dividend  or  divisor  (at  any  stage  of 
the  process)  by  any  quantity,  provided  we  do  not  multiply  both  div- 
idend and  divisor  by  the  same  quantity,  and  that»  if  we  divide  them  by 
the  same  quantity,  we  reserve  the  &ctors  stricken  out»  for  factors  of  the 
highest  common  divisor. 

129.  SchdUnm  II.— The  method  (127)  will  evidently  apply  to  any 
two  polynomiaUi  whatever,  but  it  does  not  save  labor  if  the  polyno- 
mials can  be  factored  at  once. 

Examples. 

1.  Find  the  highest  common  divisor  of  sf-^a?+a? — jfx 
-{-iyx — if+}f  and  t/a:'+a:'+t/'a?+t/a?-l-ar-|-y. 

We  shall  find  the  highest  common  divisor  with  respect 
to  x;  hence,  arranging  according  to  the  descending  powers 
of  X,  we  obtain 
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The  first  term  of  the  first  poljnomial  not  being  exactly 
divisible  by.(y+l)a5'  we  multiply  it  by  |r+l  to  render  it  so 
divisible^  (y+1)  not  being  common  to  the  two  polynomials; 
performing  this  multiplication  and  then  dividing,  in  ac- 
cordance with  the  rule,  we  obtain. 


«'to+l)+(y+l)V-(3f«-2y)(H-l)«-y«(y«-l) 


(s^fiW-(yM-y+i)a'+ir 


'f+y 


ysc»  -  (y»  -  y*  -  y)aj  -  y*+ y» 

Multiplying  this  remainder  by  {y+1)  to  render  its  first 
term  exactly  divisible  by  (y+l)a^,  we  obtain, 
y{y+iy-{y^-2y'-^)ay-^^^^^ 

t/(y+iK+(y'+y'+2/>c H-y* 

or,  (— y--y-fy>»-f(— ^-^+2/*)!/ 
and  dividing  by  the  divisor  we  obtain  -{-y  as  the  second 
term  of  the  quotient,  and  ( — J/*— ^+2/*)  (^Hl/)  ^  *^®  '®" 
mainder.     Striking  out  the  factor  — y* — y'+y*,  not  found 


(t,+iy+(y'+y+l)x+y 

a?+y 

(y+iK-K«/'+y>» 

(y-{-l)x+l 

in  the  divisor,  there  remains  x-^,  and  this,  being  con- 
tained exactly  in  (y+l)a^-^y^~\.^l)3^y^ia  the  highest 
common  divisor. 

Find  the  highest  common  divisor  of: 

2.  ar*— 7a»+8aj"+28a?---48  and  a!»— 8a^+19a^^ 

Ans.  X — 2. 

3.  3a^— 13a?»+23a?— 21  and  6aj»-faj»— 44a4-21. 

Ans.  Zx — 7. 

4.  2a?*— 12«»4.19a;'— 6ar+9  and  8a»— 36a:»-f38a^-6. 

-4ns.  a? — 3. 

6.  aj*— 2a*-f.3a:»— 7a^f8a^— 3  and  5a;*— Sa^+Qa^— 14a?+8, 

-4n».  a:*— 2a?4.1. 
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6.  a;'44a!'4-6a^— 15a:'+44Ai^--6ic*— 3ir»  and  8(te*-f80«*— 
;Bx+laf—2ia*— 45x^+8.  Ana.  a^-j-ai^+a:*— 3a?— 2. 

7.  4jn/*— 22^4-6««y  and  ^xH^-^Saf-Aa^.     Arts.  2(a?-|-t/). 

8.  i^—Qy'ss^-Ays^+^sf  and  7y'z-\'10y^'\^i?.     Ans.  t/4-2. 

9.  a:*— 8ir»+21«»— 20aH-4  and  2x»— 12a:»+21ar— 10. 

^n«.  a? — 2. 

10.  20aY— 12a^2/'4<16aJ*— 15a*+14«')2/'— 15a:2/'-Ht/'  and 
15a?y— 9a:»^447a^*— 7y*(3aj— 4).        Ans.  (6a^— 3a44)2/'. 

130.  m.— To  Deduoe  a  Rule  for  finding  the  highest 
common  divisor  of  three  or  more  quantities. 

Let  P,  Q,  B,  S,  represent  the  given  quantities.  Let  the 
highest  common  divisor  of  P  and  Q  be  D.  Then  D  con- 
tains all  the  common  factors  of  P  and  Q.  Let  the  highest 
common  divisor  of  D  and  B  be  JX.  Then  W  contains  aU 
the  common  factors  of  D  and  B^  and  therefore  of  P,  Q,  and 
B.  If  D"  be  the  highest  common  divisor  of  D'  and  S,  it 
contains  aU  the  common  factors  of  D'  and  S,  and  therefore 
of  P,  Qy  B,  and  S.  Similar  reasoning  might  be  extended 
to  any  number  of  quantities.     Hence  the 

BuLE. — Find  the  highest  common  divisor  of  two  of  the  quan" 
tUies,  then  the  highest  common  divisor  of  the  result  and  a  thirds 
and  80  on,  until  all  the  given  quantities  have  been  used.  The 
last  highest  common  divisor  will  he  the  highest  common  divisor 
of  all  the  given  quantUies. 

Examples. 
Find  the  highest  common  divisor  of: 

1.  32(a^-y),  16a:»— 32a^-|-16y»  and  64(a?*— y*) 

Ans,  16(aj — y). 

2.  a«— 6«,  a'— 3a*6-f3a6'— 6»,  and  la^—W.     Ans.  a—b. 

8.  14fl»— 8a+a«*— 7aaj»,— 17aV+6aV— 28aV,  and  aasm 
»— 4am — axn-{'4an.  Ans.  ax-~4a. 
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SECTION  m. 
LOWEST  COMMON  MULTIPLE. 

131.  A  Multiple  of  a  quantity  is  any  quantity  exactly 
diTisible  by  the  given  quantity. 

132.  A  Common  Multiple  of  two  or  more  quantities  is, 
a  quantity  exactly  divisible  by  every  one  of  the  given  quan- 
tities. 

133.  The  Ijowest  Common  Multiple  is  the  Common 
Multiple  that  involves  the  loioest  exponents  and  the  lowest 
coefficients, 

Illustbation.  mb  is  a  Multiple  of  6;  60  of  3,  4,  and  5,  t.  e.,  a  Com-, 
mon  Multiple  of  3,  4,  and  5.  [The  term  Loioest  is  better  than  Letut, 
since  an  algebraic  expression  is  greater  or  less,  according  to  the  different 
values  assigned  to  the  letters  therein.] 

184.  To  Deduce  a  Rule  for  finding  the  Lowest  Com-, 
mon  Multiple  of  two  or  more  quantities. 

I.  Two  quantities  that  may  be  readily  fkotored. 

Take  QBa^b  and  42a&V.  Since  the  lowest  common  mul^: 
tiple  must  be  exactly  divisible  by  SBa^b,  it  must  contain  the 
factors  7,  5,  a,  a,  b.  Since  it  must  contain  4i2ab*c,  it  must 
contain  the  factors  1,  2,  3^  a,  b,  b,  b,  b,  c.  Since  it  is  to  be 
the  Lowest  quantity^  containing  both  35a%  and  4i2ab*c,  no, 
factor  can  enter  it  that  is  not  absolutely  necessary  to  ensure 
the  divisibility,  and  no  factor  oftener  than  absolutely  neces-. 
sazy  to  accomplish  this  divisibility.  7,  5,  2,  3,  a,  b,  and  c 
must  then  enter  the  lowest  common  multiple,  a  must  enter 
twice,  or  the  lowest  common  multiple  will  not  contain 
35a%;  b  must  enter  four  times  or  the  lowest  common  mul-. 
tiple  will  not  contain  42ab*c,  Hence,  as  these  are  all  the. 
factors  necessary  to  the  divisibility  of  the  lowest  common 
multiple  by  each  of  the  given  quantities,  the  lowest  com-. 
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men  multiple  is  7.  5.  2.  3.  a.  a.  b.  b.  b.  b.  c,  or  210a*b*c. 
As  we  might  treat  anj  two  quantities^  easily  factored^in 
a  similar  waj»  we  deduce  the  following 

Bulb. — SeparaJle  the  given  quardUies  into  their  simplest  f(u> 
iars.  Take  each  factor  (he  greatest  number  of  Hmes  ii  enters 
any  of  the  quantities.  Multiply  tike  remiUs  together  for  the 
lowest  common  muUiple. 

Examples. 

Pind  the  lowest  common  multiple  of: 

1.  84aVo  and  lOSo'feir'. 

2.  51a{x+cyd  and  102a\x+c)d^. 

3.  6{a^—2ab+V)  and  5{a^+2ab+b^. 

4.  ^ic'+y')  and  270*6^—2/*)- 

5.  nax'{x'+y'f  and  IBSa^^-^y. 

135.  n. — ^Two  quantities  that  oaxmot  be  readily  fko- 
tored. 

LetP  and  P^  be  the  quantities,  and  D  the  highest  common 
divisor.  Then,  if  £  =  g  and  ?!!  =  o^,  P  =  ^D  and  F  =  g'D. 

The  lowest  common  multiple  of  P  and  P'  must  contain 
qj),  or  it  will  not  be  divisible  by  P,  and  must  contain  q'D 
or  it  will  not  be  exactly  divisible  by  R.  Hence,  the  fewest 
factors  it  can  have  (since  D  contains  all  the  factors  common 
to  both)  are,  q,  c[  and  D.  Hence,  g^^D  =  gF,  is  the  lowest 
•common  multiple. 

Since  our  reasoning  is  perfectly  general,  we  deduce  the 
following 

BuLE. — Find  the  highest  common  divisor  of  (he  two  quanii- 
ties.  Divide  the  first  quantity  by  this  highest  common  divisor 
4ind  muUiply  the  quotient  by  the  second  quantity.  This  product 
is  the  lowest  common  multiple. 


i 
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136.  Scholium — This  case  evidently  includes  (I),  in  which  we  can 
6nd  the  highest  common  divisor  by  inspection. 

187.  Ck>rollaxy. — If  the  given  quantiHes  have  no  common 

p 
factors,  their  highest  common  divisor  is  1.    Hence,  —  =zq=iP 

and  ^  =  q'  =  randq^D  =  F.P/l  or  P.P/    Hence,if(he 

given  quantities  have  no  common  factors,  the  product  of  (he 
quantities  themselves  is  the  lowest  common  muUi'pU. 

Find  the  lowest  common  multiple  of: 

1.  a*— 2aa?+«*  and  a'— 3a'ar+3aa;'— <b". 

2.  ^—x—1  and  2«'+3a?— 2. 

Ans.  (2«»+3a?— 2)  (3a?+l). 

3.  t/»— 12t/+9  and  2/»+92^-12. 

4.  a»+3a%+3a6'+6»  and  a»+6». 

5.  ar*— 5a^+9a:"— 7a?+2  and  a?*— 6iB'+8a?— 3. 

Ans.  a;*— 2a?*— 6a^+20a;'— 19a?+6. 

138.  in.—Three*or  more  quantities. 

Let  P,  Q,  E,  S»  be  the  given  quantities.  Let  the  lowest 
common  multiple  of  P  and  Q  be  M.  Then  (185)  M  must 
contain  all  the  factors  of  P  and  Q.  Suppose  M'  to  be  the 
lowest  common  multiple  of  M  and  B;  then  (135)  M'  is  the 
lowest  quantity  that  contains  all  the  factors  of  M  and  B, 
and  hence  of  P,  Q,  and  B.  Finally,  let  M'^  be  the  lowest 
common  multiple  of  M'  and  S;  then  it  must  contain  all  the 
factors  of  M'  and  S,  and  hence  of  P,  Q,  B,  and  S;  and  it 
must  be  the  lowest  quantity,  as  far  as  coefficients  and  ex- 
ponents are  coDcerned,  that  does  contain  all  these  factors, 
that  is,  it  must  be  the  lowest  common  multiple  of  P,  Q,  B, 
and  S.  The  reasoning  may  evidently  be  extended  to  any 
number  of  quantities.  From  the  foregoing  considerations 
we  deduce  the  following 
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Bulb. — Mnd  the  lowest  common  multiple  qfttvo  ofthequan" 
Hties;  then  the  lowest  common  multiple  of  thie  reeidt  and  a 
ihirdt  and  eo  cn^  until  aU  the  given  guanlUiea  have  been  oper- 
ated upon.  The  last  multiple  shall  be  the  hwest  common  muJr 
Hple  of  aU  the  given  quantities. 

189.  Corollary. — If  ffie  quantities  have  no  common/actor^ 
(heir  product  is  the  lowest  common  multiple. 

Examples. 
Find  the  lowest  common  multiple  of: 

1.  dp — 4,  cd—2c  and  {P+2^-  -^^'  <^ — ^^• 

2.  labia'— b'),  36(a*— 6*)  and  42a»6(a»— 6')». 

Ans.  42a»6(a'+&')  («'— **)*. 

8.  a»— o^H-ey,  a'+(2«H-c)a— 2&C,  and  a»— a(36+c)+36c. 
Ans.  a^'—aXb+cy-aieV—bcy+eVo. 

4.  af+xy^+a^-i^,  sf+xg^—a?y—\f,  and  «*— y". 

Ans,  of' — 1/*. 

5.  a+6,  a*-f«V+6*,  a«— 6S  and  Or-Ai,  Ans,  a*—b\ 

6.  0^+2x0—^-^,  a;a-|-2a«A— c'-fj/*,  x'—y'-\-2yc—c'. 

7.  a'-^'b--\--aV+aV-^'-i^,a'—a'b^^ 

and  a*— <i'6+aV— **.  Ans.  a'^—b^ 

8.  «*--5a?4-9«»— 7a?+2,  2a?*— 12a:»+lea^— 6,  and  2ir»+2«' 
— 10a?+6.  Ans.  2a:*— 4a?*— 12ir»440a;'— 38a?+12. 

9.  a»— 6a'+llflH-6,  a»— 9a»+26a— 24,  and  a»— 8aH19a- 
12.  ^ns.  a*— 10o»+35a'— 60a+24. 

10.  af—2a?+x,  aj»— 2a?+l,  and  a;*- 1. 


CHAPTER   IV, 


FRACTIONS. 

140.  A  Fractional  Unit  is  one  of  the  equal  parts  into 
which  unity,  or  1,  is  divided,  as 

111 

O      W     8 

141.  A  Fraction  is  a  Fractional  Unit,  or  a  collection  of 

I^adional  Uniis,  as 

1     2    2     b    X 

4    4    a     5     2/ 

142.  The  quantity  naming  the  fraclioncd  unit,  i.  e.,  show- 
ing the  number  of  parts  into  which  unity  is  divided,  is  called 
the  Denominator.  The  quantity  indicating  how  many 
fractional  units  are  taken,  is  called  the  Numerator.  The 
numerator  and  denominator  are  together  called  the  Tenns 

a 
of  the  fraction.     Thus  in  — ,  a  is  the  numerator  and  x  the 

X* 

denominator,  and  a  and  x  are  the  term^  of  the  fraction. 

143  A  Fractional  Expression  or  Fraction  is  an  indi- 
cated division  (13),  the  Numerator,  or  quantity  above  the 
line,  corresponding  to  the  dividend,  and  the  Denominator, 
or  quantity  below  the  line,  to  the  divisor.  The  Quotient 
arising  from  the  division  is  called  the  Value  of  the  fraction. 
Thus 

-T-,  a-7-b,  a:b,  a\b and    _^)  a, 

are  equivalent  expressions,  and  the  quotient  arismg  from 
the  division  is  the  value  of  the  fraction. 

144.  If  the  indicated  division  of  (143)  can  be  performed 
exactly,  the  quantity  expressed  is  an  Entire  quantity  under 
a  fractional  form.     Thus 

±t^2=b-U. 
a 


82  FBACnONB. 

If  this  indioated  division  cannot  ba  performed  at  all,  that 
is,  if  no  terms  of  the  quotient  are  entire  or  integral,  the 

quantity yis  a  true  Fraotlon,  as  ^Ti:. 

If y  again,  this  indicated  division  can  be  partly  performed, 
i.  e.y  if  some,  but  not  all,  of  the  terms  of  the  quotient  are 
entire  or  integral,  the  quantity  is  a  Mixed  quantity  under  a 
fractional  form,  and  is  usually  written  as  directed  in  Art. 
80.     Thus 

SC  OS 

145.  ZigDB. — ^The  sign  arising  from  the  combination  by 
(19)  of  the  signs  of  the  numerator  and  denominator, 
is  the  apparent  sign  of  the  fraotlon.  The  sign  preced- 
ing the  vinculum  that  separates  the  numerator  from  the 
denominator,  is  the  sign  of  operation.  The  sign  resulting 
from  the  combination  (57)  of  the  sign  of  the  firaotion  and 
the  sign  of  operation,  is  the  essential  or  true  sign  of 
thefiraotion. 

146.  A  fraction  is  in  its  Simplest  Form  or  IjO*west 
Terms  when  the  tenns  of  the  fraction  have  no  common 
factor,  or  as  we  sometimes  express  it,  are  prime  to  each 
other. 

For  example,  —  is  in  its  simplest  form,  but  -—  is  not. 

147.  The  Transformation  or  Reduction  of  a  fraction 
is  the  process  of  changing  its  form  without  altering  its 
value. 

148.  From  (81-83, 143)  we  have  the  following  proposi- 
tions: 

Proposition  I. — If  the  Denominator  remains  unchanged: 
Multiplying  the  Numerator  by  any  quantity,  muUlpIies  the 
value  of  the  fraction  by  the  same  quantity  and  dividing  the 
Numerator  by  any  quantity  divides  the  value  of  the  fraction  by 
the  same  quxmtity. 
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Propofiitton  n. — £f  the  Numeraior  remavM  unchanged: 
MuMplying  (he  Denaminaior  by  any  qaanJtUy  divides  the 
value  of  the  fraction  by  the  same  qvLontUy^  and  dividing  the 
Denominator  by  any  qaantUy  mvMipUes  the  value  of  thefraO' 
tion  by  the  same  quantity. 

Proposition  m. — Multiplying  or  dividing  both  numerator 
and  denominator  by  the  same  quantity  does  not  alter  the  value 
of  the  fraction. 

148.  From  these  propoBitions  we  deriTe  the  following 
corollaries: 

Corollary  I. — Changing  the  sign  of  either  the  numerator 
or  the  denominator  changes  the  sign  of  the  fraction;  but  chang* 
ing  the  sign  of  both  numerator  and  denominator  does  not  alter 
the  sign  of  the  fraction. 

Changing  the  sign  of  a  term  is  the  same  as  multiplying 
or  dividing  it  by  — 1. 

Corollary  n. — A  fraction  may  be  multiplied  bymuUiply- 
ing  the  numerator  or  by  dividing  the  denominator,  and  a  frac- 
Hon  may  be  divided  by  dividing  the  numerator  or  by  multiplying 
the  denominator, 

Scho11nni« — ^Whatever  tenn  is  opented  upon,  the  other  is  sappoeed 
io  remain  unchanged. 

Corollary  HI. — A  factor  may  be  introduced  into,  or  re- 
jected  from,  both  terms  of  a  fraction,  without  altering  the 
value  of  the  fraction, 

Scholiiim. — The  process  of  rejecting,  or  diTiding  out,  a  factor  com* 
mon  to  the  two  terms  of  a  fraction  is  called  Cancellation. 

General  Scholium. — ^A  change  m  the  numeratob  pbodtices  a 

UKS  CHANGS  IN  THE  VALUE  OF  THE  FRACTION;  A  CHANGE  IN  THE  DE- 
NOMINATOB  PBODUCES  A  CHANGE  OF  THE  OFPOSITB  CHARACTER  IN  THE 
VALUE  OF  THE  FRACTION. 
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(A.)    TBANSPOBMATIONS. 

I.  To  Deduoe  a  Rule  for  redudxig  a  ftaotion  to  lis 
Simplest  Form. 

150.  SiDce  a  fraction  is  in  its  simplest  form  when  the 
numerator  and  denominator  haye  no  common  factors,  and 
since  (148,  HI.)  we  maj  reject,  or  divide  out,  any  factor 
common  to  the  two  terms,  we  may  reduce  a  fraction  to  its 
simplest  form  by  dividing  out  or  cancelling  all  the  factors 
common  to  the  two  terms.  As  the  highest  common  divisor 
of  the  terms  is  the  product  of  all  the  factors  common  to 
them,  we  may  operate  more  directly  by  simply  dividing  the 
terms  by  their  highest  common  divisor.     Hence,  the 

BuLE. — Cancel  all  factors  common  to  the  numerator  and 
denominator,  or  divide  both  terms  of  (he  fraction  by  (heir 
highest  common  divisor, 

£XAMPLEB. 

Reduce  the  follovring  fractions  to  their  lowest  terms: 

'  128a"6"c*(r/ '     25c'cP(aH-j// 
2 (^y)'  .  Ans.  JL. 

3.    ^"^,.  Ans.  _i_. 

^       Sa+^bc  ^  1 

'  27a»-f646^c**  9a>— 12a6cvfl66V* 

g      ao^dr^d^  ^^g     c+d 

•  af'\-'2bx+2ax+b/  '  f+^' 

6    ^  {Sa±2b)y+eab  .       y+3a 

•  y^^4c+2byy+Sbb'  '  y+ic' 
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g    6a'h^-Sa'b+12aV  ^^  8a 

'  8a»6»— 8a6'+16a6*  46* 

o        7ay+7a  ^^   7a(6+l) 

'  206'— 206+20'  20     • 

,Q     3a?--^+y(a?— 2)— 2  ^^   £--2 

•    (4+a?)i/— ff(fl?-l)-y  •  5-y* 

11    l^^"""7agK;+14ygK«*7toi  j       2y — to 

14i»y+14^«+7u?(x+«) '  *  2y+to' 

151.  n.— To  Deduce  a  Rule  fbr  Bediiolng  a  quantity 
from  a  Fractional  Jnon  to  the  fbrm  of  an  Entire  or 
Blixed  quantity. 

From  (144)  we  see  that  this  traneformation  is  the  mere 
performance,  so  far  as  possible,  of  an  indicated  operation. 
Hence  the 

BuLE. — Divide  the  Numerator  by  the  Denominator,  If  the 
division  is  not  ezaox,  place  the  remainder  over  the  divisor^  at 
(he  right  of  the  quotient,  with  a  vinculum  separating  the  re^ 
mainder  from  the  divisor. 


SzAiirus* 


1.  ^.  Jns.  «»+sy^+^. 

1  8        8 


^1 

a«-}.2o-y 

6»'H-2itoy-j-21cH-a0y'.  ^^.  8^^+_^ 

2a?+4t/  2(a?+2y) 
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6         ^-^ 

152.  Gonversely.— T6  reduce  an  Entire  or  Mixed 
quantity  to  the  form  of  a  firaoUon. 

Here  we  have  given  (148-44)  the  value  of  the  fraction^ 
corresponding  to  the  quotient,  t.  e.,  the  given  Entire  or 
Mixed  quantity,  and  the  divisor  is  the  denominator  of  the 
fraction  required.  Since  the  dividend  equals  the  product  of 
the  quotient  and  divisor,  increased  by  the  remainder,  and 
since  the  numerator  of  the  fraction  required  corresponds 
to  the  dividend,  we  have  the  following 

Bulb. — Multiply  the  entire  or  integral  part  of  the  given 
quantity  by  the  given  denominator.  lb  this  product  add  the 
numerator  of  the  fractumal  part^  and  place  the  result  over 
the  given  denominator. 

153.  SohoUun. — If  the  qnantity  to  be  reduced  is  Entire,  the  de- 
nominator  of  the  required  fraction  is  given  explicitly.  If  the  qnantity  ta 
be  rednced  is  Mixed,  the  denominator  of  the  fractional  part  is  what  is. 
caUed  the  given  denominator. 

Examples. 

1.  7a+26+4^  An,.  7a'+9«M-26'+3c 

0+6  o-J-6 

2.  8x+7y+p^. 

2ar+y 

8.  a?-a»y+xy'-f^+^.  Am.  *Z^^. 

4.  90—126—0  '  ***—* 


80+26' 

6.  0+6-.,+-^.  Jns.  «'+^-^-^+^. 

a+b+c  a+b+c 
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6.  4fl'— 16flar+8rr'+  ^^^~^ , 

.       2Qa*— 88o*a?+60aV— 6aV--<^ 
"*"**•  5a»— 2a»a? 

154.  nZ. — ^To  Deduce  a  RtQe  for  rediioing  a  firaotion 
having  any  denominator,  to  an  equivalent  fraction 
having  a  given  denominator. 

Let  it  be  required  to  reduce  ---  to  an  equivalent  fraction 

b 

haying  the  denominator  e.  Now,  to  reduce  &  to  c,  we  may 
multiply  it  by  c,  giving  us  bc^  and  then  divide  the  result  by 

be 
b,  giving  us  --  or  e.     Hence,  we  must  multiply  and  divide 

6 
a  by  the  same  quantities,  that  the  value  of  the  fraction  may 
not  be  altered.     Hence,  we  must  multiply  a  by  c,  giving  us 

ac,  and  divide  this  result  by  &,  giving  us  ---,  for  a  new  nu- 

b 

etc 
merator.     Then  the  new  fraction  has  ---  for  its  numerator 

b 

and  c  for  its  denominator.    Now,  if  we  suppose  ---  to  be  in 

b 

its  simplest  form,  ac  cannot  be  exactly  divisible  by  b,  unless 
c  is  so  divisible;  for  a  and  b  have  no  common  factors.  That 
is,  in  order  that  both  terms  of  the  new  fraction  may  be 
entire,  the  new  denominator,  c,  must  be  some  mtiUiple 

of  b.     If,  then,  c  is  a  multiple  of  &,  let  -7-==m. 

b 

Then  ^=am=  the  numerator  of  the  new  fraction. 
b 

This  fraction  will  be,  then, 

c 

2 

As  an  illustration,  if  we  are  required  to  reduce  --.  to  an 


equivalent  fraction  having  the    denominator   27,  we  have 
n  of  our  genera] 
am      2X9     18 


27 

— =9,  which  is  the  m  of  our  general  discussion.     Hence 


the  new  fraction,         — 

C  Jit  Jtl 
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From  the  foregoing  considerationB,  we  deduce  the  fol- 
lowing 

Bttlb. — Divide  the  denominator  of  the  required  fraction  by 
the  denominaior  of  the  given  fraction.  Multiply  (he  numeror 
tor  of  the  given  fraction  by  the  quotient,  and  place  the  resuU 
over  the  n^b  denominator. 

ETAMTTilEB. 

1.  Bednce  ^LlL-  to  a  fraction  with  the  denominator  (a — &)'. 

a — 6 

Ana.  . 

(a-6)» 

2.  Transform  ^      .   that  the  new  denominator  may  be 

oa — b 

3a«-7a5+2V.  Am.  ^"^"frf^l 

3a'— 7a5+2^ 

3.  Transform  —      ^  that  the  new  denominator  may  be 

x+y—B 

x'+y'+2xy—^. 

4.  Transform        J^  that  the  new  denominator  may  be 

a? +76 

«'+(76+8c)a?+566c. 

155.  IV.— To  Deduce  a  Rule  fbr  reducing  firactions 
having  difterent  denomiiiators  to  equivalent  fractions 
having  a  common  denominator. 

Let  any  quantity  be  assumed  for  a  common  denominator. 
Then  by  (154)  we  may  reduce  each  of  the  given  fractions 
to  an  equivalent  fraction  having  this  denominator.  In 
order  that  the  new  numerators  may  all  be  entire  or  in- 
tegral, the  denominator  assumed  must,  as  explained  (154) 
be  a  multiple  of  each  of  the  given  denominators,  i.  e.,  a 
common  multiple  of  them.  And  in  order  that  the  new 
numerators  may  be  as  simple  aa  possible  we  assume  the 
lowest  common  multiple  for  the  common  denominator. 
From  these  considerations  we  deduce,  for  reducing  frao- 


tions  haying  diflferent  denominators  to  equivalent  fractions 
having  a  common  denominator,  the  following 

BxjLE. — Assume  the  lowest  common  multiple  of  the  ffiven  Jc- 
nominators  for  the  common  denominator.  Divide  this  lowest 
common  multiple  by  each  denominator  separately,  and  muUipty 
the  result  by  the  corresponding  numerator.  The  resulting  prod' 
ucts  wiU  be  (he  new  numerators. 

156.  Scholium. — ^When  we  assume  simply  a  common  mnltiide  for 
the  common  denominator  we  are  often  said  to  reduce  the  fractions  to 
equivalent  ones  having  a  common  denominaior.  When  we  assume  the 
lowest  common  multiple  we  are  said  to  reduce  them  to  equiyalmt 
fractions  having  the  lowest  or  Usaet  common  denominator. 


Examples. 

Reduce,  in  each  example,  the  fractions  to  equivalent 
ones  having  the  loveest  common  denomini^tor. 

1.  5?,    Ji,     M,    and    ^. 
86      66V     17c/  46^0 

1  *»       and       *" 


8       "  6  c  j^^  d 

'  x—y*    x-\^'    a^+ay+y''  a!*— ay-fj/*" 

6.  r»      .  .  .1    -i — r,    — 7— 5>    and 


2!— 1'    as'+l*    «•— 1'    a^—1'  «*— 1" 
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157.  v.— T6  Deduce  a  Rule  fbr  trantfening  a  fkoter 
from  either  term  of  a  fraction  to  the  other. 

iHyen  the  fraction —-.    Let  it  be  required  to  transfer 

a"*  to  the  denominator  and  cr^  to  the  numerator.  Multi- 
plying both  terms  of  the  given  fraction  by  ar^<f  (recollect- 
ing that  a-*Xa"'=— X  a"'==l,  and  c"^Xc^=-^Xc^=l» 

(149)),  we  obtain  ^^^^""^  or  ^^.     Here  we  see  that  the 
lX«'fl"^        d*a~^ 

required  transfer  has  been  made,  and  that  the  sign  of  the 
exponent  of  each  factor  transferred  has  been  changed.  Aa 
these  letters  may  represent  any  quantities  whatever,  we 
conclude  that  in  general  we  may  transfer  a  factor  from 
either  term  of  a  fraction  to  the  other  by  simply  making  the 
change  and  giving  to  the  exponent  of  every  factor  trans- 
ferred a  sign  opposite  to  the  sign  of  the  exponent  of  the 
same  factor  in  the  original  fraction.     Hence  the 

BuLE. — Place  the  factors  to  be  transferred  in  the  terms  to 
which  they  are  to  be  transferred^  changing  the  sign  of  the  eX' 
ponent  of  every  factor  transferred. 

HXAHFLES. 

1.  Transfer  all  the  factors  of  each  term  of  the  fraction  to 
the  other: 

oW     amb{x+yy       a*+7xy      ^^^      b+cy 
d*e«/»'    crd(a?+i/)''    {a*—lx)y*  {a+c)x' 

2.  Transfer  x^  y,  «,  and  ta,  to  the  numerator,  and  a,  6, 
and  c,  to  the  denominator,  in  each  of  the  following  frac- 
tions: 

a*b\a+cyx  ^^         x{y+xy^ 

d(f{y-j-xy  '  '    da-*b-^cr{a+cy*^ 

xjb+a+cyjy+x)  ^^   x(y+x)  (a?-f y+g)-^ 

a(^+2/+«)*(&+c) '  '  alb+c)  {b+a+cy^^ 

ab{c+aYib+cyx 
(a'+VY{x+y+z+wf 
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(B.)  OPERATIONS  ON  FBAOTIONS. 
158.  I.— Addition. 
To  Dediioe  a  RtQe  fbr  Adding  Fractions. 

Since  only  things  of  the  same  kind  can  be  added,  and 
since  the  denominator  of  the  fractional  unit  names  tha 
nnits,  i.  e.,  teUs  the  kind  of  things  taken,  we  can  add  frac- 
tions only  when  the  fractional  units  are  the  same;  in  other 
words,  only  when  the  denominators  are  alike.  As  tha 
numerator  of  each  fraction  shows  how  many  times  the- 
fractional  unit  is  taken  in  that  fraction,  the  sum  of  all  the- 
numerators  shows  how  many  times  the  fractional  unit  is- 
taken  in  all  the  fractions.  Hence  this  sum,  placed  as  a 
numerator  over  the  common  denominator,  is  the  simplest, 
expression  for  the  aggregate  of  the  given  fractions:  is. 
their  sum. 

Now,  if  the  given  fractions  have  not  the  same  fractional 
unit,  we  may  (155)  transform  them  so  that  the  fractional 
units  in  the  resulting  fractions  will  be  identical.  The  sum 
of  the  given  fractions  will  then  |be  the  same  as  the  sum  of 
their  equivalents,  which  may  be  found  as  just  indicated. 

From  the  foregoing  considerations  we  deduce,  for  adding 
fractions,  the  following 

BuLE. — Beduce  (he  fractions  to  equivalent  fractiorut  having 
a  common  denominator.  Add  the  numerators  and  place  the 
result  as  a  numerator  over  the  common  denominator , 

158.  Scholium. — Since  the  whole  equals  the  sum  of  its 
parts,  we  may  add  mixed  quantities  by  taking  the  sum  of 
the  entire  or  integral,  and  of  the  fractional  parts,  separately, 
and  then  uniting  these  by  the  proper  sign;  or  we  may  re- 
duce given  quantities  to  equivalent  quantities  expressed  in 
iractional  form,  and  then  apply  the  rule  of  (158). 
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3     8a— 116    ._2o+6_  ,_8__j  .       2(>^-» 

*  ia(a6— 60    »«•— 3oft    <U»— 4a  *    8a6  * 

ax'+y'       2a;+y       2y-a!_,  ^^^   J. 

•  4(a:'-y0^6(y-ar)  '  6(y+ar)  "   4* 

(a — o)(a-f-6)    a+6    a— 6  a — 5 

02  X       a 

■  3«»— an/^4(j/»— 3a!y)^  18a!V-«ay  '  12(3a!— y)* 

«      ^     I     ^      I     *    -?               ^«,  «'+3^+^+T 

*•  2;zi+:?=I+5c^-'          "*"••  — 5=:^ — 

■  4a?— 4y"^— 4!e' '  2iry-|-y»  *  2!ry+2y»' 

10.  (f±l)!+-^^=^?  ^.  1^^. 

««— 1  >+i)'  V— 1 

11.  ^»1_  +(^'+^=^  f  ^.  ^±^. 

26(3a'+6')    2(8a'+6*)  26 

12.  £+d^+f:i=?  ^.  !£±22f=?. 

3  4       x+l  12a?+12 


18. 


(a+ar)'    a*— a?    a*— of 

^^^2a(a'+«')-f6y(a+«) 
0^ — a«'-j-o*jf— «• 


15. 


_a* — axija^+ax^ji* — aa?+a*-|-aa? 2a* 


a+x    a — X    a' — a?'    a' — x^  a* — ^a;*  a*— a?* 

n.  Subtraction. 

160.  To  Deduce  a  Rule  for  subtracting  one  fraction 
firom  another. 

Since  things  can  be  subtracted  only  from  things  of  the 
same  kind  as  themselyes,  we  transform  the  given  fractions 
(if  necessary)  so  that  they  may  have  the  same  unit.  Then 
since,  by  definition,  the  difference  or  remainder  is  the 
quantity  which,  added  to  the  subtrahend,  produces  the 
minuend,  the  numerator  of  the  fraction  indicating  the 
difference  between  the  given  fractions  must  (158),  when 
added  to  the  numerator  of  the  subtrahend,  equal  the 
numerator  of  the  minuend.  Hence,  to  get  the  numerator 
of  the  difference  we  take  the  difference  between  the  nu- 
merators of  the  given  fractions.  From  the  foregoing  con- 
siderations we  deduce,  for  subtracting  one  fraction  from, 
another,  the  following 

BuLE. — Transform  the  fractions  so  that  the  denominators 
may  he  equal.  Subtract  the  numerator  of  the  subtrahend 
from  the  numerator  of  the  minuend.  Place  this  difference,  as 
a  numerator y  over  the  common  denominator. 

161.  Scholium  I.— From  (159)  it  follows  that  to  sub- 
tract one  mixed  quantity  from  another,  we  may  subtract 
the  entire  or  integral  part  of  the  subtrahend  from  the  cor- 
responding part  of  the  minuend,  and  then  subtract  the 
fractional  part  of  the  subtrahend  from  the  corresponding 
part  of  the  minuend  and  unite  the  results.  Or,  we  may  re- 
duce the  given  quantities  to  their  equivalents  expressed 
fractionally,  and  then  apply  the  rule  (160). 
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1jS2.  SoholiumlZ. — ^In  adding  and  sabtracting  fractions 
we  should  remember  that  the  line  separating  the  numerator 
from  the  denominator  is  a  vinculum,  and  therefore  a  sign 
prefixed  to  this  yinculum  must  be  considered  as  applying 
to  every  term  of  the  numerator,  or  of  the  denominator.  If 
applied  to  the  terms  of  both,  of  course  the  effect  of  the 
sign  would  be  destroyed  (148). 

E7AMPLES. 

1.  From  ^±f  take  ?=?. 
a — X  a+x 

4L+X     a — X {a+xf      (g — a?)* a"H-2aa?+«* — o*+2aa5— oj* 

^ — X      a+x     a* — a^        a' — a^  a* — a^ 

4ax 

'  a^—x"     a'+aj»""  a*— j?*        a*— a?* 

3.  From  2x+^f^  take  3a^-.lf±5.  ^n..  ^^+^ 

7  6    •  42      • 

4.  From  ^  take  ^I^.  ^n«.  L, 

12  12  6 

^  ^^2/a?      _  _o  ^,.        a?  _ 


5.  -:! ^^ =?  AnB 

2a-— 2/      ^x'-iAxy—dy*  2a?+3y 

.6.  10ar+l^Z^-(4a:+?^)  =  ?       ^n«.  6ar+f+?. 


2/-7 

ar* — y^    x — y      a^ — y^      ar* — y^  a?* — y* 

a^ — yx (a? — y)x     x 

a?*'— 2/'       (a^— 2/)(^+2/)      ^+y 
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4     \8      6/  40 

10.  ag+y*        _        te+xy y»—<e        _y 

ay — y* — x«-f-y«    a* — ^a5y-|-y» — a»    «* — (y4-*)»+*y 

•  12o'— 66'    V*2(2o'+6')"'"l2o*— 36V  *  2o'+6»' 

12    a  _|-  a'+6<»&  _/  4a'— a6  _  2a'+a6 \  _y  ^^  _o_ 
■  26    6(a6+6»)    \6(a6— 6')    3(a'— 6*)/  '  a-|-6* 

13. 

_« L_!L+_i /(3a;'+y')2    6a;*— y*    ,  19a!V+3yS_t 

«'-y'"^a;+y"*"a:— y    \3(«'H-y')     6(a;'— y")  '    6(aj*— y«)  >^ 

Ang   2x+y+xy-{3^+y') 

163.  m.— Multlplioatlon. 

To  Deduce  a  Rule  for  Multiplying  one  ftaction  by 
another. 

CL  C 

Let  it  be  required  to  multiply  ---  by  --.     This  means  that 

0         a 

we  are  to  multiply  the  fraction  -?-  by  c  after  the  division  of 
c  by  d.    If  we  multiply  —  by  c  (148)  we  obtain  — .    We 

CL  C 

were  required,  however,  to  multiply  --,  not  by  c,  but  by  —.. 

0  a 

Hence  we  have  multiplied  by  a  quantity  d  times  too  large. 

The  result  is  therefore  d  times  too  large,  and  we  find  the 

desired  product  by  dividing  this  result  by  d,  thus  obtaining 

(148)  J- .   A  review  of  the  work  shows  that  this  product  may 
oa 

be  obtained  at  once  by  multiplying  together  the  numerators 
of  the  given  fractions  for  a  new  numerator,  and  the  denomi- 
nators for  a  new  denominator.  As  the  letters  employed  may 
represent  any  quantities  whatever,  and  the  reasoning  may 
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obYiously  be  extended  to  the  multiplication  of  any  number 
of  fractions,  we  deduce,  for  multiplying  fractions,  the  fol- 
lowing 

BuLE. — MuUiply  the  numerators  together  for  ike  numeraior 
of  the  product.  Multiply  the  denominatora  together  for  the  de^ 
nominator  of  the  prodiLCt. 

164.  Gorollary. — To  multiply  any  quantity  whatever  by 
a  fraction,  multiply  that  quantity  by  the  numerator  of  the 
fraction^  and  divide  (he  result  by  the  denominator  of  the 
multiplier, 

1.  Multiply by  —1-;  -J--  by ^. 

cab  c 

2.  Multiply  -— -,   ^  ^,    ,   — ^,  and  —  together. 

a-j-b       b        a — b  a 

Ans.  1. 

8.  Multiply  ^,   -g;^,   and  f±?  together. 

a?-t-a    b^ — 6+1  6+1 

6.  Multiply  1^,  ?2(f±y).  and  ?^=|)  together. 
6         X — y  or — y 

.       126a»a? 

Ans.    . 

a? — y 

6.  Multiply  a'+2«fc+y-c'  ^     a'+2a6+y+o' 

a+6+c  a+b — c 

Ans.  a'+2a6+6»+c*. 

7.  Multiply  I^.  ^±yl.  and  '^)  togel^er. 

8.  Multiply  — i-+— _—  by  — i — — -. 

a — X    a+x        a — x    a-\-x 

This  product  equals  2(«'+^)  ^a^^Saa^a'-f^ 
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9.  Multiply  ?1±J^  by  ^^ZI?!.  Ans.  x{si^+bx+b% 

X — 0  x-^-b 

-I  A    -air  IX-  1         I  ^+1  V.    ^ — 1      A        (ax+x+l)(x — ^1) 

10.  Multiply  a?+— i—  by  — — ..   Ana.  ^ — ^  /   /v ^. 

a  a+b  a{a-j-b) 

11.  Multiply  ^±12£+^  by  $±i?^;.  Ans.  ^. 

^^•^  a;'+16a?+28    "^  «»+20a?+96  a?+12 


12.  Multiply  -fL+-l-  by 


a+b    a — 6        a— -6    a+& 

Ana,  1- 


(a*_6»)* 

165.  IV.— Division. 

To  Dediioe  a  RtQe  for  dividing  a  fraction  by  a  frac- 
tion. 

Let  it  be  required  to  diyide  —  by  — .    If  we  divide  —  by 

y        n  y 

m,  we  obtain  (149)  — .     We  were  not,  however,  required  to 
my 

divide  —  by  m,  but  by  m  after  it  Lad  been  divided  by  n. 

Hence,  as  we  have  divided  by  a  quantity  n  times  too  large, 
the  quotient  must  be  n  times  too  small,  and  to  obtain  the  true 

result  from  dividing  —  by  — .,  we  must  multiply  the  first  quo- 
y        n 

tient,  — ,  by  n.    Doing  so,  we  obtain  (148) A  oompari- 

my  my 

son  of  the  result  and  the  given  fractions  shows  that  the  quo- 
tient might  have  been  obtained  at  once  by  inverting  the 
divisor  and  proceeding  as  in  multiplication  (168).  As  the 
letters  employed  may  represent  any  quantities  whatever,  we 
deduce,  for  dividing  a  fraction  by  a  fraction,  the  following 

Bulb. — Invert  the  diviaor  and  proceed  aa  in  miUtipliccUion, 

166.  Car.  I. — The  reciprocal  of  a  fraction  ia  the  /racH/fm 
inverted. 
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167.  Cor.  n. — MuMfdying  by  a  quatUUy  is  the  mme  as  dir 
viding  by  Us  redprocdl,  and  dividing  by  a  quantity  the  same 
-as  multiplying  by  its  reciprocal, 

JL68.  SoboUum.— The  indicated  division  of  one  fraction 

l)y  another  f 1  is  often  called  a  Complex  firaotion.  The 

process  of  performing  the  division  is  then  called  simplifying 
the  fraction,  i.  e.,  reducing  it  to  a  fraction,  both  terms  of 
which  are  integral.  Fractions,  both  terms  of  which  are  in- 
tegral, are  called  simple  fractions. 


Examples. 
1.  Dmde?*±5fby5*, 


Ans,  1+-— . 
X        '  X  a 


2   Divide  ^-^*    by  ^+^  Jns    ^"^ 

3.  Divide  —i--  by    , /rr    /m^'  ^^-    -tt- 

4.  Divide    ,.-,,,  by  — 4-, 

a^—2bx+b*         x—b 

This  quotient  equals 

x'--b*      x-h  _(x'-h'){a?-\-V){x—b)  _g*+6* 
{x—bf    (x-\-b)x'~   (a?— 6)(a?— *)(a?+6)aj  x    ' 

6.  Divide 

2— 3a?+a:'  a?+3jc'  — 64a?'+28an/+5y'  16a?— 5y 

i— 2a^II^  a^+2a?— 1  (4a?-ft/)'                4a?+y 

2a? — 4t/  1/* — bxy  ^              2x 


3x—Sy     ftr*— 6a?i/  16x*—y* 

Performing  the  operations  indicated  in  each  term  of  the 
first  fraction,  that  fraction  becomes 
2    _  12a? 
4^-fy"~4a?+y 
6a? 


Seducing  the  second  in  a  similar  way,  it  becomes 
May 
{4x+yy    ^         24gy  ^  {4x+y)  (4a^-^)_  1^4x--^) 

2x  (4a?+T/)(4a?+i/) '  2a?  4a:+y 

iac»— 1/* 

4a?+y "      4a?+2/        y(4{»— y)' 

6.  Divide  1+^  by  1—^.  Ans.  n. 

n+1  n+1 

7.DxTxdej_,byj_.  ^^^  h^??- 

8,  Divide  ?±?+?=f  by  ^.  ^n..  ^. 

a — X    a-\-x  2ax  or — or 

9.Ihvxde_byL,j-J,.  ^n,.  L±|I. 

1-1 

10.  Diyide__iL_  by  $=^.  ^n«.  -JL-. 

-_1^     1_        a!*— a;+l  o(a— 3) 

11.  Divide  ^1  by  ^+1.  Ans.^. 

12.  Divide  1+-^  by  y+i— 1.  4rwr.  ?^. 

(C)  CONTINUED  FBAOTIONS. 

169.  A  Continued  Fraction  is  a  fraction  that  has  an 
integer  for  a  numerator,  and  for  denominator  an  integer 
plus  a  fraction  that  has  an  integral  numerator  and  for  de- 
nominator an  integer  plus  a  fraction,  and  so  on. 

170.  The  continued  fractions  that  occur  most  frequently, 
and  the  only  ones  thai  vrUl  he  treated  here,  are  those  having 
1  for  a  numerator  and  for  denominator  an  integer  plus  a 
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fraction  that  has  1  for  its  numerator  and  for  denominator 
an  integer  plus  a  fraction,  and  so  on. 


Illustratiok. 


2  + i-T—        a  + 


3  +  -!^  M 


*+y  ^+ 


e  + 


are  continned  fractions. 

171.  The  separate  fractions  — ,  -r,  — ,  etc.,  that  make  up 
the  continued  fraction,  are  called  Integral  fractions. 

172.  A  Terminating  continued  fraction  is  one  in 

which  the  number  of  integral  fractions  is  finite;  it  is  a 
fraction  that  terminates  in  finite  numbers,  as         1 


»4 


173.  An  Infinite  continued  fraction  is  one  in  which 
the  number  of  integral  fractions  is  infinite;  it  is  one  that 
does  not  terminate  in  finite  quantities. 

174.  A  Periodic  continued  fraction  is  one  in  which 
the  denominators,  often  after  a  certain  number  of  changes, 
are  repeated  in  the  same  order. 

The  fractions  may  be  periodic  from  the  beginning,  or 
after  a  certain  number  of  changes,  and  the  denominators 
may  recur  periodieally  in  pairs,  sets  of  three,  four,  etc., 
to  n. 

Illustration. 

11  1  1 


a-i r-    a-i ^    cH- 


a+—^  b+—j-  b+ —  6+. 


7  ^+— T  ^+ 


c 
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175.  To  transfbrm  a  oomxnon  firaotlon  into  a  ooa- 

Unued  fraction. 

••-.-.         4  ■  ■    ' 

Take  the  common  fraction  y,  which  is  in  its  simplest 

form.  Since  .the  terms  majr  be  divided  by  the  same  quan- 
tity without  altering  the  value  of  the  fraction,  we  may 

divide  both  terms  by  4,  thus  obtaining  TTTl  again*  divid- 

8      i 

ing  both  terms  of  }  by  3  we  obtain  T=f4ll' 
MencCy  "s-  =        ^| 

In  general^  let  -r*.  represent  any  common  fraction  in  its 
simplest  form.  Since  both  terms  may  be  divided  by  the 
same  quantity  without  altering  the  fraction,  both  terms 
may  be  divided  by  a  without  altering  the  fraction.  Sup- 
pose a  is  contained  in  6,  g  times,  with  a  remainder  r;  then 

a^_J 

6  r  5  again,  dividing  a  by  r,  suppose  the  quotient  ^ 


with  the  remamder  t^  results,  so  that 
r           1                           a 

1 

a        ,  ,  K    ;    ^^^        b 

,        1 

9  +—                                 9 

'.+? 

Operating  on  —  as  on  the  preceding  fractions,  obtaining 

a  quotient  g"  and  remainder  r'' , 

J^_\ £ 1 

r-  ,"        and         6  "  1 
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and  this  process  may  eTidentlj  be  contmned  as  long  as  we 

please.    The  operations  performed  may  be  snmmarized 

thus:  ^^l£_  they  are  evidently  those  re- 

aq  "  quired  in  finding  the  highest 

^  a  |£^  common  divisor  of  a  and  b; 

^  and  as  the  reasoning  is  ^x-- 

tjj,\^  fectly  general,  we  have  the 

^  following 

f^'   etc., 

BmjB. — Apply  to  the  terms  of  the  given  fradion,  in  its 
eimpleet  form,  the  nUe  for  finding  their  highest  common  divir 
sor.  The  euccessive  quotients  toiU  be  (he  denominatora  of 
the  aucceesive  integral  fractions,  the  numerators  being  always 
unity. 

As  the  terms  of  the  given  fraction  have  no  common  divi- 
sor except  unity,  the  application  of  the  foregoing  rule  must 
lead  to  a  remainder  of  1  at  some  stage  of  the  process,  at 
which  point  the  continued  fraction  terminates.  A  common 
rational  fraction  can  therefore  always  be  reduced  to  a  tebmi- 
HATiNa  comUnvjedfractiion, 

176.— To  tranafonn  a  oontinued  firaction  into  a  com- 
moa  fSraotion. 

I. — The  oontinued  firaotion  is  finite,  or  terminating. 

It  is  clear  that  the  performance  of  the  operations  indi- 
cated in  the  continued  fraction  will  not  alter  the  value  of 
the  fraction.  Hence,  by  performing  these  operations,  i.  e,^ 
reversing  the  process  indicated  in  (175),  we  shall  arrive  at  a 
common  fraction  equivalent  to  the  continued  fraction. 

n. — ^The  fraotiGn  is  infinite,  i.  e.,  does  not  terminate. 

Only  when  all  the  integral  fractions  are  considered  can  a 
fraction  be  obtained  exactly  equivalent  to  the  continued  frac- 
tion.   If  the  number  of  integral  fractions  is  infinite,  as  we 
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cannot  operate  upon  them  all,  we  can  obtain  only  approxi- 
mate resnlts,  and  these  will  be  closer  approximations  the 
I  greatear  the  number  of  integral  fractions  considered. 

An  Approximating  Fraction  or  Convergent  is  the 
result  obtained  by  stopping  at  any  integral  fraction  and  neg- 
lecting all  that  follow. 

Illustration.  L,     ^    =    ^    .  _J =     ^+^ 

^         1     aH-l\._L    1         (a6+l)c+a 

etc.,  are  approTimating  fractiooB. 

The  Order  of  a  Ckmvergent  is  indicated  by  the  num- 
ber of  integral  fractions  taken  to  obtain  the  convergent. 

Illustratiok. — The  conyergents  i.,    .i_,  Z^^  are  of    the 

firti,  second,  and  third  order,  respeotiTely. 

1T7.  Theorem. — The  true  vdLwe  of  the  continued  fraction 
is  always  intermediate  between  the  values  of  any  two  successive 
approximating  fractions. 

Denote  the  true  value  of  the  continued  fraction 

L_  by  0. 


Then  C<— ,  for  a,  the  denominator  of  — ,  is  smaller  than  the 
a  a 

denominator  should  be  by — 


b+ 


c+.. 

the  denominator  of  ^  being  smaller  than  it  should  be  to  give 
the  true  value  of  the  fraction,  and  the  numerator  remaining 
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{he  same,  the  fraction  is  greater  than  it  should  be  to  giye 
the  true  .slue.  0.    Again.      1^^ 

1    "^^ 
for  the  denominator  of  -r-  is  taken  smidler  than  the  denomi- 
nator here  should  be,  by  1 


and  -r-  is  therefore  greft^r  than  the  real  addition  to  a  would 

be  if  all  the  integral  fraotions  were  taken.    Hence, 

,  1^ 
a  +T">  the  true  denominator, 

And  ^  <  the  true  value  of  the  fraction. 

1 


b 
Similarly,  ^V->0 


'+i 


for,  cbeing  too  small,  —  is  too  great,  and  therefore  6H —  too 

great,  whe^ce 

.      1  1 

^~r        -I  istoosm&ll,    and  t       too  great, 

to  give  the  true  value  of  the  continued  fraction.    In  a  sim- 
ilar way  it  may  be  shown  in  any  case  that 

Every  convergent  of  an  odd  order  is  greater,  and  every  con- 
vergent of  an  even  order  less,  than  (he  true  value  of  the  con- 
tintied  fraction.  This  value  must  therefore  lie  between  the 
consecutive  convergents. 

178.  To  Deduoe  a  Rule  fbr  obtaining  directly  a  con- 
vergent of  any  order  firom  the  preceding  ones. 
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By  omitting  all  the  integral  fraotions  beyond  a  certain 
point,  and  finding  the  value  of  the  resulting  fraction  as 
already  indicated,  we  may  obtain  aty  approximating  frac- 
tion, but  it  is  often  more  convenient  to  obtain  a  convexgent 
directly  from  its  predecessors. 

Examining  the  approximating  fractions  of  the  first,  sec- 
ond, third,  etc.,  orders,  we  see  that 
1  1 


•4 

b 
ab+1 

1 

^ 

«+J^    a(6+l)+l 


6+- 

c 


^(0+^)+! 


_         (6o4.1)d-f^ 


"(aH-l)(c+l)-H    [(-ft+lM^l'^-Hft+l 


H 


^i 


the  numerator  of  the  third  approximating  fraction  may  be 
obtained  by  multiplying  the  numerator  of  the  second  ap- 
proximating fraction  by  the  denominator  of  the  third 
integral  fraction  and  to  this  result  adding  the  numerator 
of  the  first  approximating  fraction  or  convergent;  the  de- 
nominator of  the  third  convergent  may  be  obtained  by  mul- 
tiplying the  denominator  of  the  second  convergent  by  the 
denominator  of  the  third  integral  fraction,  and  adding  to 
this  the  denominator  of  the  first  convergent.  Again,  the 
fourth  convergent  may  be  formed  from  the  third  and  second 
by  the  same  law.     To  prove  the  law  to  be  general,  assume 

T 
the  (n — l)th  convergent,  -—,  to  be  formed  from  the  two  pre- 

W 
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ceding  by  this  law,  ^  being  the  (n^— 3)^  and  ^  the  (n — ^}ih 

conyergents.  Then,  k  being  the  denominator  of  the  (n — lyh 
integral  fraction,  we  have,  by  the  asBiimed  law, 

T_m4-P  n^ 

w   SH-Q 

1  T' 

Now,  —  representing  the  n^  integral  fraction  and  — ^  the  n^ 

rjy  rjt 

conyergent,  — -  may  be  obtained  from  —  by  substituting 

therein  for  k,  k4 — ,  as  this  is  the  same  as  changing  --•  into 
n  k 

k+l'    '  '  W'     s(H-^)+Q     (»^Q)M-S   Wn+S  y^  ^' 

if  this  assumed  law  hold  good  for  the  formation  of  any  con- 
vergent, it  holds  for  the  formation  of  the  succeeding  one. 
It  has  been  shown  that  the  law  holds  good  for  the  forma- 
tion of  the  fourth,  hence  it  holds  good  for  the  formation  of 
the  fifth,  and  therefore  for  the  sixth,  and  so  on;  in  other 
words,  it  is  general.  Hence  to  obtain  any  convergent  from 
the  preceding,  we  have  the 

BuLE. — Add  the  product  of  the  numerator  of  the  convergent 
last  founds  and  the  denominator  of  the  next  integral  frojction^ 
to  the  numerator  of  the  preceding  convergent,  for  the  new 
numerator.  Add  the  product  of  the  denominator  of  the  same 
convergent  and  the  same  multiplier,  to  the  denominator  of  the 
preceding  convergent,  for  the  denominator. 

179.  Theorem. — The  difference  between  any  two  consecur' 
Hve  convergents  equals  ztl  divided  by  the  product  of  the  denom" 
inatora. 
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The  difference  between  the  first  and  second  is^ 
1  _     6        ab+l—ab  1 

a      ab+r'  0(0^+1)  ^a(a6+l) 
The  difference  between  the  second  and  third  is, 

_6 bc+1         (fl6+l)6o4^6~(aH-iy^<^--<»^ 

ab+1  ~(a64.1)c-j-a""  {al>-]-l)[{ab+l)c+a] 

bc+1  (6C-+1M+6 


Again: 


{ab+l)c+  a      [(a6+l)c+a]d-|-aH-l 

1 


In  these  cases  the  proposition  is  evidently  true. 

P   B         T 

Now  let  --»  =,and=,  be  any  three  consecutive  conver- 

.       P      B     PS— QR     ,B      T     RW— ST 

firents.    — — and ^ or  since 

^  Q      S~      QS  S     W         SW, 

(178)  T=RiH-P  and  W=Sifc+Q, 

B      T      (SiH-Q)R— (BH-i")  S_  QB— PS 
S      W~  SW  ~      SW 

Since  if  PS— QR=zhl,  QR— PS=q=l,  we  see  that  if  the 
difference  between  any  two  successive  convergents  is  formed 
in  accordance  with  the  proposition,  the  difference  between 
the  second  of  these  convergents  and  its  successor  is  formed 
in  accordance  with  the  same  law.  As  the  difference 
between  the  third  and  the  fourth  is  formed  in  accordance 
with  the  law  stated,  the  difference  between  the  fourth  and 
fifth  is  also  formed  in  accordance  therewith,  and  that  being 
the  case,  the  difference  between  the  fifth  and  sixth  is  formed 
in  the  same  way,  and  so  on.  Hence  the  proposition  is 
always  true. 

180.  When  the  minuend  is  a  convergent  of  an  odd  order 
and  the  subtrahend  a  convergent  of  an  even  order  the 
upper  sign  is  used;  in  the  opposite  case  the  lower  (1T7). 

181.  Theorem. — Any  convergent  expresses  the  true  value 
€f  the  continued  fraction  to  vrithin  1  divided  by  the  square  of 
(he  denominator  of  the  convergent. 
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The  difference  between  the  oontinned  fraction  and  any 
tsonyergent  is  less  than  the  difference  between  this  con- 
vergent and  the  succeeding  one,  since  (177)  the  true  value 
of  the  continued  fraction  lies  between  them.  Hence^  pre- 
serving the  notation  of  Art.  178,  the  (n — 1)^  convergent  is 

the  value  of  the  continued  fraction  to  within  i==^=r.   Since 

WW 

W  =  Wn-|-S,  and  a,  6,  c,  n,  etc,,  are  all  entire  quantities, 

W'>W.-.W»<WW'.-.=1—  <  -1,.   Since  the  (n—iyh  con- 

Vergent  is  the  value  of  the  continued  fraction  to  within 

.-— — ~,  it  is  the  value  thereof  to  within  the  greater  quan- 
WW 

tityA-,.   Q.E.  D. 

(D.)  FRACTIONAL  EXPONENTS  AND  NEGATIVE 

EXPONENTS. 

I.  Fractional  Exponeiits. 

182.  Iiemma. — The  signification  of  a  quantity  with  afrao- 
iional  exponent  is  not  changed  by  muUiplying  both  terms  of  this 
fraction  by  the  same  quaniiiy. 

2 

Let  us  take  the  expression,  a^.  This  means  that  a  is  to 
be  divided  into  3  equal  factors,  of  which  2  are  to  be  taken 
«nd  multiplied  together;  or  that  any  one  of  the  3  equal 
factors  into  which  a  is  divided  is  to  be  taken  tayhe  as  a 
factor.  Now  if  we  divide  each  of  these  three  equal  factors 
into  five  equal  factors  we  obtain  the  same  factors  in  num- 
ber and  size  as  if  a  were  divided  into  fifteen  equal  factors, 
five  of  these  factors  multiplied  together  being  equal  to 
one  of  the  old  factors.  Hence,  ten  must  be  multiplied 
together  to  produce  the  same  result  as  produced  by 
multiplying  together  two  of  the  old  factors.  In  other  words, 
\f  B.  is  divided  into  fifteen  equal  factors,  and  ten  of  these 
factors  are  taken,  the  same  result  is  obtained  oa  was  obtained 
by  dividing  a  into  three  equal  factors  and  taking  two  of  these. 
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10 

dTJ  means  that  a  is  divided  into  fifteen  equal  factors,  of 
which  ten  are  taken,  of  means  that  a  is  divided  into, 
three  equal  factors,  of  which  two  are  taken.    Hence,  as  just 

8  10  10  2 

proved,  a^=d^^.     a^  can  evidently  be  obtained  from  a^ 

by  simply  multiplying  both  terms  of  the  exponent  of  a^  by 
5.  Hence,  multiplying  both  terms  of  this  exponent  by  5 
does  not  afiPect  the  value  of  the  quantity  signified  by  the 

2 

expression  a^.    In  a  similar  manner  we  might  reason  on 
any  fractional  exponent. 
Or,  to  make  our  discussion  perfectly  general,  let  us  take. 

m 

a».  This  means  that  a  is  to  be  divided  into  n  equal  factors, 
of  which  m  are  taken.  If,  now,  each  of  these  factors  be 
divided  into  8  equal  factors,  it  virill  evidently  take  8  of  these 
new  factors,  multiplied  together,  to  equal  one  of  the  old 
ones.  Since  in  a  there  are  n  factors  of  the  old  size,  and  in 
each  of  these  8  factors  of  the  new  size,  there  will  be  in  a 
altogether  ns  factors  of  the  new  size.  Since  8  new  factors, 
multiplied  together,  equal  one  old  factor,  it  will  take  ms  new 
factors,  multiplied  together,  to  equal  m  of  the  old  factors. 
If,  then,  we  take  nis  of  the  new  factors  of  a,  and  multiply, 
them  together,  we  obtain  the  same  result  as  if  we  take  m, 
of  the  old  factors  and  multiply  them  together.     Hence, 

an=an».  Since  these  letters  may  represent  any  quantities 
whatever,  we  conclude,  generally,  that  the  significance  of  a 
quantity  with  a  fractional  exponent  is  not  changed  by  mul- 
tiplying both  terms  of  the  fractional  exponent  by  the  same 
quantity. 

188.  Corollary. — The  significance  of  any  quantUy  with  a 
fractional  eacponent  is  not  altered  by  dividing  both  terms  of  this 
exponent  by  the  same  quantity. 

This  is  an  obvious  consequence  of  the  main  proposition;^ 
if  ami*=^a^**,  then  tf**'" 
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To  Deduoe  a  Rule  fbr  multlpljrliig  together  quantiU 
ties  having  firaotioQal  exponents. 

184.  I.— I«aw  of  Exponents. 

By  (155)  we  can  always  transform  the  given  fractional 
exponents  so  that  the  exponents  may  have  the  same  frac- 
tional unit. 

s  8 

Let  it  be  required,  then,  to   multiply  a^  by  a^.     This 

means  that  a  is  to  be  divided  into  seven  equal  factors,  and 

one  of  these  factors  (a  v  is  to  be  taken  first  twice,  and  then 
three  times  more,  as  a  factor.  If  we  take  a  factor  first  twice, 
and  then  three  times,  we  take  it  five  times.  Heuce  the  result 
obtained  by  taking  one  of  the  seven  equal  factors  of  a  first 
twice,  and  then  three  times,  as  a  factor  is  the  same  as  would 
liave  been  obtained  by  taking  it  five  times  as  a  factor.  We 
indicate  (17)  that  a  is  to  be  divided  into  seven  equal  factors, 
of  which  one  is  taken  five  times  as  a  factor,  or,  which  is 
the  same  thing,  of  which  five  are  multiplied  together,  thus 

5  2  8  6 

a^.  Hence,  d^XoJ=a^'  In  a  similar  manner  we  may  rea- 
son on  the  multiplication  of  any  two  quantities  affected 
with  fractional  exponents. 

Or,  to  make  the  discussion  perfectly  general,  let  us 

multiply  an  by  an.  This  means  that  a  is  to  be  divided 
into  n  equal  factors,  and  the  product  of  m  of  these  is  to  be 
multiplied  by  the  product  of  8  of  them;  or,  which  is  the 
same  thing,  any  one  of  them  is  to  be  taken,  first  m  times, 
and  then  8  times,  as  a  factor.     If  we  take  any  one  of  these 

«qual  factors  \anf ,  first  m  times  and  then  8  times,  as  a  factor, 
we  evidently  take  it  m+8  times  altogether.  We  indicate 
that  a  is  to  be  divided  into  n  equal  factors,  of  which  one  is 
to  be  taken  m-fs  times  as  a  factor;  or  (which  amounts  to 
the  same),  of  which  m-^8  are  to  be  multiplied  together, 

m4-t 

thus  :a  n  .    As  the  result  of  taking  one  of  these  equal  factors 
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yfij ,  first  m  times^  and  then  8  times,  is  the  same  as  the 
result  obtained  by  taking  one  of  them  m-f-«  times  as  a  f  actor, 

the  product  of  an  and  on  is  a  »  . 
A  review  of  the  work  shows  that  the  result  of  the  multi- 

m  ff 

plication  of  an  by  an  might  have  been  written  at  once  by 
writing  a  in  the  product  with  an  exponent  equal  to  the 
sum  of  its  exponents  in  the  factors  giyen. 

n.  The  IsLW  of  Coeflaoients  and  of  Signs  of  Art.  62 
will  evidently  not  be  changed  by  the  entrance  into  either 
the  multiplicand  or  multiplier,  or  both,  of  quantities  having 
fractional  exponents. 

a    «  I    ft 

Thus,  let  us  multiply  Bmxeyd  by — Bnxeyd,  This  product 
may  be  indicated  thus: 

a«  lb  a    I    e    b 

SmxcydX — Bnxcyd  or  (61) — 3x5m»wcca?ct/dyd, 

or  by  (I)  — 15mnx  e  y  d  , 

Beviewing  the  whole  discussion,  recollecting  that  the 
letters  employed  may  represent  any  quantities  whatever,  we 
deduce,  for  multiplying  factors  containing  quantities  with 
fractional  exponents,  the 

Bttle. — MuUiply  the  coeffunenta  together  for  a  new  coeffi- 
dent.  After  this  torUe  aU  the  letters  entering  the  original 
factors,  giving  to  each  an  exponent  equal  to  the  sum  of  its  ex- 
ponents in  the  two  factors.  Prefix  the  minus  sign  to  the  prod- 
uct if  the  signs  of  the  factors  are  unlike.  Prefix  no  sign 
(+  being  understood),  if  the  signs  of  the  factors  are  alike. 

185.  Scholium. — Fbom  the  fobeooxno  discussion,  and  the 

DEMONSTRATIONS  IN  ChAPTEB  IE.,  SeO.  III.,  IT  FOLLOWS  THAT 
THE  RULES  THEREIN  GIVEN  FOR  ICULTIPLTINa  POLYNOMIALS  ARE 
APPLICABLE  WITHOUT  CHANGE,  WHEN  ANT  OR  ALL  OF  THE  TERMS  OF 
THE  POLYNOMIALS  HAVE  LETTERS  WITH  FRACTIONAL  EXPONENTS. 
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EXAMPLIEB. 

Multiply  together: 

111  811  4S4 

1.  32aT6Tc^,  2aT6'c^,  and  Ba^h^c^. 

ml  9»       8  m     r  4m       4tr 

2.  Bdnlfol,  Sanl^clf  and  6antel.       ^ns.  90an6^(?«  . 

3.  2a(a?+y)7,  5c{x-\-yyik,  and  3a?^(a?4-2/)m«. 

1  mitrftl 

Ana.  30aca?*(a?-)-y)   nrf    . 

4.  4a(o-H)',  8a?*(c-H)^  and  4,a?^(c+<i)*. 

^718.  l2Sax^(c+dy. 

'  5.  7c^(F(a?+y)^,  8c*d^(a^4-y)*  and  9c^d^{x+yf. 

Ans.  504c^d^{x+yy^ . 

a»  —ft* 

7.  Multiply 

8.  Multiply  5a^— 2a^6Tff44a*6T^  by  d^--4ah^+2b^. 
Am,  5a"— 22a^6^+12a^6^--6a^6^— 4a^6"^+8a^6^. 

9.  Multiply  a:^— 4a?^+2  by  a?— of^. 

6  8  1 

Am.  ar^— re*— 4a?^-f-6a?— 2a?T. 


10.  Multiply  ar-j-ar^y^+2/^  ^7  ^ — ^^+y*« 
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186.  To  Deduce  a  Rule  fbr  divlcdon,  vrhen  either  the 
dividend  or  the  divisor  contains  quantities  having 
firactional  exponents. 

In  diyision,  as  has  already  been  stated,  it  is  required 
to  find  a  quantity  which,  multiplied  by  one  of  two  giyen 
quantities,  will  produce  the  other. 

I.  Law  of  Exponents. 

As  before,  we  assume  that  all  fractional  exponents  of 
each  letter  have  been  transformed  so  as  to  have  a  common 
denominator.  Since  the  exponent  of  any  letter  in  the 
quotient,  must,  on  being  added  to  the  exponent  of  the 
same  letter  in  the  divisor,  give  the  exponent  of  that  letter 
in  the  dividend,  the  exponent  of  any  letter  in  the  quotient 
must  be  the  difference  between  the  exponent  of  the  same 
letter  in  the  dividend  and  the  exponent  of  that  letter  in 
the  divisor.  Hence  the  law  of  exponents  in  division  is  the 
same,  whether  the  exponents  be  entire  or  fractional. 

n.  Laws  of  Signs  and  Coefficients. 

Division  being  the  converse  of  multiplicatiou,  the  laws 
of  coefGLcients  and  signs  will  evidently  not  be  changed  on 
account  of  the  entrance  into  dividend  or  divisor  of  quanti- 
ties with  fractional  exponents. 

From  the  foregoing  considerations  we  deduce  the  follow- 
ing 

Rule. — Divide  the  dividend  by  the  divisor  in  precisely  the 
same  manner  as  when  the  exponents  in  the  dividend  and  di- 
visor  are  all  integral 

187.  Scholium. — ^Fbom  this  pisoussion  and  the  demon- 
strations IN  Chapteb  n.,  Section  IV.,  it  will  be  seen  that 

THE  BULE8  THEREIN  GIVEN,  FOB  THE  DIVISION  OF  POLYNOMIALS, 
ABE  APPUOABLE  WITHOUT  MODIFICATION,  WHEN  ANT  OB  ALL  OF 
THE  TEBMS  OF  THE  POLYNOMIALS  CONTAIN  LETTEBS  WITH  FRAC- 
TIONAL  EXPONENTS. 
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EXAMFLBS. 

1.  Diyide  lBiahl(af+y)^  by  71ah^x+y)^. 

1  ^^  1 

Ans.  2a^b  «  («+y)^. 

2.  Divide  BQahh  by  12  ahh^.  Ans.  8aH*c*. 
8..  Divide  92{X'{^)i(o+d)^  by  46  (x+y)\c+d)^. 

4.  Divide  ±x^'S^x^+^'^-^x^—^x^+^^  by 

6  10  2         3  20  4        ^ 

131  1^1411 

x^ — ^^  •  -4w«.  --j?^ — -.a;»-^_-af^. 

0  2  o  4 

5.  Divide  of  +  2a^  +x^y^+x^y^+  2xy'+x^y^+i^  by 

1  1 

x+x^y^'\^.  Ans.  a^+xy-^^. 

6.  Divide  a'^—ftT  by  a^—6T. 

Ans.  if+ah^+a*b+ahi+aV+ah^+b\ 

7.  Divide  100a*— 440aTjfc^+235a-»ifc-'— SOa^ifc'  by  5a»— 
2a*ife*.  ^rw.  20a^— 80aT«^ifcTV+i5;fcT 

8.  Divide  4Sx^—16a^x^Sia^x^+105d^  by  2a:^— Sa^^, 

^n«.  24a:^— 2a^«'^— 35a*. 
n.  Negative  Exponents. 

188.  To  Deduoe  Rules  for  the  multipUoation  of  quan- 
tities affeoted  by  negative  exponents. 

The  laws  of  coefficients  and  signs  being  evidently  not 
changed  by  the  differences  in  the  exponents,  the  only  law 
that  must  be  explained  here  in  detail  is  the  law  of  exponents. 

Let  it  be  required,  then,  to  multiply  a~"  by  a-*;  0-*^=—  (88), 

a"* 

a-»==i.    Hence,  a-^Xflr*=— X--=— r-;  -4r=«^"'^* 

=ar*-*.    Here  we  see  that  the  exponent  of  a  in  the  prod- 
uct is  the  sum  of  the  exponents  of  a  in  the  two  factors 
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given.  Since  the  letters  emidojed  may  represent  any 
quantities  whatever,  the  exponent  of  the  product  of  any 
quantitj  having  a  negative  exponent,  and  this  quantity 
with  another  negative  exponent,  is  always  the  sum  of  the 
exponents  in  the  two  factors.  In  a  similar  manner  we  can 
show  that  a"*Xfl*  is  a"***;  i  «.,  if  the  exponent  of  a  quan- 
tity is  positive  in  one  factor  and  negative  in  the  other,  the 
exponent  of  this  quantity  in  the  product  will  still  be  the 
algebraic  sum  of  the  exponents  of  the  quantity  in  the  two 
factors.  Hence  the  law  of  exponents  in  multiplication  holds 
good  for  the  multiplication  of  quantities  having  negative 
exponents  as  well  as  for  the  multiplication  of  those  having 
positive  exponents.  Hence  the  rules  already  deduced  in 
multiplication  require  no  chauge  in  being  applied  to  factors 
containing  quantities  with  negative  exponents. 

189.  To  Deduce  Rules  fiir  the  division  of  quantities 
having  negative  exponents. 

Since  division  is  the  converse  of  multiplication,  and  since 
even  when  one  or  both  of  the  factors  contain  quantities 
with  negative  exponents,  the  exponent  of  any  letter  in  the 
product  (or  dividend)  is  the  sum  of  the  exponents  of  the 
same  letter  in  the  multiplicand  (or  divisor)  and  the  multi- 
plier (or  quotient);  the  Law  of  Exponents  in  division  is  the 
same  when  the  dividend  or  divisor,  or  both,  contain  quanti* 
ties  with  negative  exponents,  as  when  they  contain  only 
quantities  with  positive  exponents.  The  laws  of  coefi&cients 
and  signs  being  evidently  the  same  whether  the  quantities 
have  positive  or  negative  exponents,  we  see  that  the  rules 
for  division.  Articles  70--89,  are  equally  applicable,  whether 
the  dividend  or  divisor,  or  both,  contain  only  terms  with 
positive  or  with  negative  exponents,  or  contain  tenns  in* 
volving  both  positive  and  negative  exponents. 

Examples. 

1.  Multiply  4aV*c*— 3a»6"^cf^by3aV^+7a"^6f 

Ana.  4c* (3a^6'^+7a"^6^)  —3d-* {^a^b"^^  +7 a^ 6"^) . 
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2.  Multiply  ar^+3a"ar^— 10a««arP  by  aV+5a"»*'a?«*^p— 

3.  Diyide  x^y^+2+x'^y^  hj  x^-i-y^.    Ana.  x^+yi. 

4.  DiTide  a^ — '/hj  x^+a^'^+x^y'\'Xy^+x^y^+y'^. 

Verify. 

5.  Divide  ar»— 2a?"^4.1  by  a:"*— 2a?~*+l. . 


Am.   a?"ff+2ary-f3a?"^+2a?"Tr+l. 

8  1 

^byar"^ — AaT^-j 


6.  Divide  a:"^--4a?'^+6ar»— a?""'— 2ar»  by  ar"^— 4ar^+2. 


7.  Find  the  highest  common  divisor  of 

3a:-5«_  lOa?-»«  +  15ar«+  8,  and  ar-*-— 2ar-*«— .6ar-8«+ 
4ar-2«»4.13ar-«+6.  ^rw.  ar-8"»+3aj-2«-f3ar^+l. 

8.  Find  the  lowest  common  multiple  of 
aj-»"+llar^— 6a5-*»— 6,  ar-»«— 9ar-2«4-26ar^— 24,  and  ar-3«— 
8ar*»+19ar-»— 12.         uirw.  (ar-_i)(aj-«— 2Xar--— 3)(ar-»-4) 

It  will  be  observed  that,  in  these  examples,  the  terms  Mgh- 
est  and  lowest  are  to  be  considered  as  applying  to  the  ex- 
ponents, without  regard  to  their  signs.  This  is  the  case 
whenever  we  have  expressions  of  which  the  terms  contain 
quantities  with  negative  exponents. 

180.  Impoxtant  Gtezieral  Soholiuxxu — 29ie  ndes  for 
muUipUeation  and  division  are  applicable  without  ant  beskb- 
VATiON,  whether  the  quantities  considered  have  exponents  posi- 
tive or  negative,  entire  or  fractional.  Hence  aU  principles,  in 
so  far  as  they  depend  on  these  rules  for  demonstration,  are  true, 
whether  the  exponents  be  positive  or  negative,  entire  or  frao- 
iional. 


OHAPTEB   V. 
mvoixmos  asd  evoldtiok. 


SECTION  I. 

INVOLUTION. 

181.  We  haye  found  (8)  that  when  a  product  is  formed 
by  multiplying  together  two  or  more  equal  f  actors,  this  pro- 
duct is  called  a  Power  of  any  one  of  the  equal  factors, 
each  factor  being  a  Root  of  the  Po'wer.  The  process  of 
multiplication  is  then  called  Involutioii.  We  are  said  to 
raise  any  one  of  the  equal  factors  to  the  power  resulting. 
See  Article  8. 

182.  Involution,  then,  is  the  process  of  raising  a  quan- 
tity to  a  certain  power,  i.  e.,  of  taking  the  given  quantity  a 
certain  number  of  times  as  a  factor. 

188.  The  Degree  of  a  power  is  the  number  of  equal  fac« 
tors  taken,  i,  e.,  the  number  of  times  the  given  quantity  is 
taken  as  a  factor. 

The  degree  of  a  power  gives  the  power  its  name.  Thus 
a  power  formed  by  the  multiplication  together  of  two  equal 
factors,  is  of  the  second  degree^  and  is  the  second  power  of 
either  factor.  If  a  quantity  be  taken  three  times  as  a 
factor,  we  have  the  third  power  or  cube  of  the  quantity;  if 
four  times,  the  power  is  of  the  fourth  degree,  or  is  the 
fourth  power  of  the  quantity;  and  so  on. 

184.  An  Exponent  is  a  small  symbol  written  above  and 
a  little  to  the  right  of  a  quantity;  it  indicates: 

1°.  If  po8Uii)e  and  entire. 

The  number  of  times  the  quantity  is  to  be  taken  as  a 
factor.    Thus  a*  indicates  that  a  is  to  be  taken  twice  as  a 
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factor.  We  Bhoald  carefully  note  the  difference  in  mean- 
ing between  a  Go^gficieni  and  an  Ea^ponent.  A  coefficieni 
indicates  conimued  addUion;  an  exponent,  continued  multiplir 
cation.    Thus,  Sa=a+a+a,  while  (if==a ,a.a. 

2P.  If  positive  and  fractioncLl. 

If  the  exponent  be  a  positive  fraction,  the  numerator  of 
which  is  1,  it  indicates  that  the  quantity  affected  with  it  is  to 
be  divided  into  as  many  equal  factors  as  there  are  units  in 
the  denominator  of  the  exponent,  and  that  one  of  these  fac- 
tors is  to  be  taken  or  considered.  If  the  numerator  of  the 
fraction  be  greater  than  1,  the  exponent  indicates  that  the 
quantity  affected  therewith  is  to  be  divided  into  as  many 
equal  factors  as  there  are  units  in  the  denominator,  and  as 
many  of  these  factors  are  to  be  taken  as  there  are  units  in 

the  numerator.     Thus  a^  indicates  that  a  is  to  be  divided 

8 

into  three  equal  factors,  one  of  which  is  to  be  taken;  a^  in- 
dicates that  a  is  to  be  divided  into  five  equal  factors,  the 
product  of  three  of  which  is  to  be  taken. 

3^.  If  negative. 

A  quantity  having  a  negative  exponent  is  the  same  as  the 
reciprocal  of  the  quantity,  with  a  numerically  equal  positive 

exponent.    Thus  a"»=  — ;arTr  ==  _. 

Note. — As  exponents  do  nofc  always  indicate  that  the  quantities  af- 
fected by  them  are  to  be  raised  to  powers  merely,  it  is  not  always 
exactly  correct  to  speak  of  raising  a  quantity  to  the  power  indicated  by 
a  given  exponent.  At  the  same  time  as  this  form  of  expression  has 
passed  into  general  use,  and  as  it  is  not  likely  to  mislead  the  careful 
student  we  shall  use  it  here,  in  the  belief  that  it  is  better  ecBteria  paribut 
to  use  intelligently  an  expression  sanctioned  by  long  usage,  than  to  cre- 
ate confusion  by  attempting  to  replace  it. 

When  no  exponent  is  written,  1  is  understood. 

INVOLUTION  OF  MONOMIALS. 
195.  To  Deduce  a  Rule  for  ralsiiig  a  Monomial  to 
any  required  po-wer. 
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P.  When  the  expomsnt  of  the  requized  power  is 
positive  and  integral. 

Let  it  be  required  to  raise  SaVc*  to  the  fourth  power. 
By  definition,  this  power  is  the  product  obtained  by  taking 
8a'6V  four  times  as  a  factor,  %.  e.,  by  multiplying  it  by  itself 
three  times,  thus: 

8a%Vx3aWc*x3aVc*x3aVc*=  3.3.3.3a»aVaVy6»6VcVc*, 
or  by  (62)  81aW*.  This  result  might  evidently  have  been 
obtained  at  once,  by  raising  the  coefiScient  3  to  the  fourth 
power  for  the  new  coefi&cient,  and  after  this  writing  the 
literal  part  of  the  given  monomial,  giving  to  each  letter  an 
exponent  equal  to  the  exponent  of  that  letter  in  the  orig- 
inal monomial,  multiplied  by  the  exponent  of  the  required 
power.  If  now  we  should  multiply  3a'6'c*  by  itself  four 
times,  that  is,  raise  it  to  the  fifth  power,  we  should  have 
(62)  243a^'*&"c'^,  which,  we  see  at  once,  might  have  been  ob- 
tained directly  in  the  way  just  pointed  out. 

To  show  that  this  method  of  forming  a  power  of  a 
monomial  is  general  in  its  apflicahUiiy^  suppose  this 
method  applicable  to  the  formation  of  a  power,  the  expo- 
nent of  which  is  m.  Then  the  mih  power  of  3aWc*  will  be 
3"»a«"»6»"c*"».  If  now  we  multiply  3"»a2*6»"*c*"'  by  3a'6V, 
we  obtain  (62)  3«+ia««+«68«+8c*«+*,  which  is  equal  to 

gm+l^B(m-M>53(mtl)^4(mtl)^ 

On  comparing  the  result  with  the  given  quantity,  we  see 
that  the  coefiScient  of  the  result  is  the  {m'\'l)ih  power  of 
the  given  coefiScient,  that  each  letter  of  the  given  mono- 
mial enters  the  result;  that  the  exponent  of  every  letter  in 
the  result  equals  the  exponent  of  the  same  letter  iu  the 
original  quantity  multiplied  by  the  exponent  of  the  power, 
m-f-1-  Hence,  if  the  mih  power  of  a  monomial  be  formed 
by  the  law  given  above,  the  (m-fl)//i  power  will  be  formed 
by  the  same  law.  In  other  words,  if  any  power  of  a  mono- 
mial be  formed  in  accordance  with  this  law,  the  next  higher 
power  will  also  be  formed  in  accordance  therewith.  Hence 
as  tliis  law  holds  good  for  the  fifth  power,  it  holds  good  als3 
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for  the  sixUi,  aad  therefore  for  the  seYenth,  and  so  on,  i.  e.^ 
it  is  general. 

2^.  The  ezpoDent  of  the  required  poixrer  is  a  poai- 
ti ve  fraotloc 

Let  £-  represent  this  exponent,  p  and  q  being  both  posi- 

t  ye  and  integral,  and  let  it  be  required  to  raise  ab^cf  to  the 

power  ^.    This  means  that  aHf^  is  to.  be  separated  into  q 

equal  factors,  of  which  p  are  to  be  taken,  and  multiplied 
together.  We  may  evidently  separate  ab^cf  into  q  equal 
factors  by  taking  a,  &^  and  (f,  separating  each  of  them  into 
q  equal  factors  and  taking  the  product  of  the  results.  One 
of  the  equal  factors  into  which  a  is  separated  is  represented 

1 
thus:  aq ;  one  of  those  into  which  b^  is  separated,  is  repre- 

m 

sented  thus:  bq;  and  one  of  those  into  which  (f  is  sepa- 

r  1    m   r 

rated  is  represented  thus:  ci.  Hencea26ici  represents 
one  of  the  q  factors  into  which  (ib^cT  is  divided.  Taking  the 
product  of  p  of  these  is  the  same  as  raising  any  one  to  the 

1    m   r 

pih  power;  hence  if  we  raise  aqbqcq  to  the  pth  power  we 

p  1  m    r 

shall  obtain  {db^<f)q,     Raising  aqbqCq  to  the  pth  power, 

p  mp  rp 

by  IP,  since  p  is  positive  and  entire,  we  obtain  aqbqCq, 
which  evidently  conforms  to  the  law  of  formation  indicated 
in  1^,  and  might  have  been  obtained  directly  by  the  method 
there  laid  down. 

As  every  positive  fraction  may  be  reduced  to  the  form- 
in  which  bothjp  and  q  are  positive  integers,  this  discussion 
covers  eveiy  case  in  which  the  exponent  of  the  required 
power  is  a  positive  fraction. 

8^.  The  expoDent  of  the  required  power  is  negative, 
and  either  entire  or  firaotional. 
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Let  it  be  required  to  find  (oft-V)-*.    By  (88). 

This  result  might  evidently  have  been  obtained  directly 
in  the  manner  indicated  in  1^,  as  it  conforms  to  the  law 
there  given. 

From  the  preceding  discussion  we  deduce  the  following 
general  / 

Rule. — Penform  on  the  numerical  coefficieni  (he  operationa 
indicated  by  the  exponent  of  the  required  power;  after  the 
remU  write  the  literal  part,  ffiving  to  each  letter  an  exponent 
equal  to  the  original  exponent  mvltiplied  by  the  exponent  of  (he 
required  power. 

196.  Corollary  I.— A  Fraction  may  be  raised  to  any 
power,  by  the  following 

Rule. — Raise  the  numerator  to  the  required  power  for  a  new 
numerator  and  the  denominalor  to  the  same  power ^  for  a  new 
denominator. 

For,  let  it  be  required  to  find  (rr^  ,  •--  representing  any 

fraction  whatever,  and  m  any  exponent,  positive  or  nega- 
tive, entire  or  fractional.    By  (86) 

Ji  =  a6-*  and  (a6-»)«  =  a*6-«  (194)  or  ^. 

197.  Corollary  11.— A  Mixed  Quantity  may  be 
raised  to  any  power  by  the  fojlo^wlng 

BuLE. — Reduce  the  mixed  quantity  to  an  equivalent  fraction; 
raiee  this  fraction  to  the  required  power ^  and  reduce,  if  de- 
sired,  the  result  to  a  mixed  quantity. 

The  truth  of  this  proposition  is  evident  from  the  fact 
that  the  required  change  of  form  does  not  alter  the  value 
of  the  mixed  quantity. 

198.  Law  of  Signs  in  Involution. — ^All  powers  of  pos- 
itive quantities  are  positive;  bvsn  pouters  of  negative  quann 
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tUiea  are  poBUwe^  and  odd  powers  of  negative  quaniiH/ee  are 
negaHve. 

For  (62)  the  oontiniied  product  of  any  number  of  potd- 
tiTO  qiiantitieB  is  positiTe;  again,  the  product  of  any  two 
negative  quantities  being  positiye,  the  continued  product 
of  any  number  of  times  two  negative  quantities  is  positive. 
Thus,  if  2n  negative  quantities  are  to  be  multiplied  to- 
gether, as  the  product  of  any  two  is  positive,  the  product  of 
n  times  two  will  be  the  continued  product  of  n  positive  fac- 
tors, and  therefore  positive.  Finally,  the  product  of  an  odd 
number  of  negative  quantities  is  always  obtained  by  multi- 
plying the  product  of  an  even  number  of  negative  quan- 
tities (which  has  just  been  shown  to  be  positive)  by  a  nega- 
tive quantity,  and  is  therefore  negative. 

Examples. 
1. 

(9a^6V)=?(2a"^'^ci)*=?    \sah'^[x+yrie'f\'=7 

2. 
\&airy'l(c+d)%f\'=  ^    \ ±16a"*6c(a?+y+0)"7u^««r=  ^ 

8. 
5±r8a?"t(c4^)f«>««|=?    5ipo6c(a?-f2/+«)-^l^««j"  =  ? 

4. 

f  its  -»        ^P 

\±a6(«'-.«*-fy)'    (d+c)  ^to'ih)  •  J  =? 

5. 


|^g^l=^     \a-d^r+sfA^=,     la+cH^Y^, 


INVOLUTION  OF  BINOMIALS. 

189.  From  the  definitioa  of  Involution  it  follows  that  a 
binomial  may  be  raised  to  any  power  by  multiplying  it  by 
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itself  the  reqaired  number  of  times.  The  process  of  IiiyoIt-^ 
ing  binomials  is,  however,  very  much  shortened  by  the  em^ 
ployment  of  the  Binomial  Fomnila. 

200.  Tiie  Binomial  Fozmula  is  a  formula,  bj  the  use  of 
which  a  binomial  may  be  raised  to  any  power  without  the 
actual  performance  of  the  indicated  continued  midtipUca- 
tion.  This  formula  was  discovered  and  announced,  but  not 
proved,  by  Sir  Isaac  Newton. 

201.  To  Deduoe  the  Binomial  Formula. 

1^.  The  exponent  of  the  required  power  is  positive- 
and  integral. 

The  following  powers  of  op+y  are  formed  by  actual  mul^ 
tiplication: 

(x+yy=x*+4a^y+6xV+4ari^+y'. 
{x+yy=a^+5x*y+10af'y'+10xh/'+5xy'+j^. 

An  examination  of  these  powers  reveals  the  fact  that  they^ 
all  conform  to  the  following  laws,  viz: 

I.  liaw  of  exponents. — The  exponent  of  the  leading 
letter  is,  in  the  first  term,  equal  to  the  exponent  of  the  re- 
quired power,  and  diminishes  by  1  in  each  term  toward  the 
right,  becoming  0  in  the  last  term;  the  exponent  of  the 
other  letter  is  0  in  the  first  term,  and  increases  by  1  in 
each  term  toward  the  right,  becoming,  in  the  last  term,, 
equal  to  the  exponent  of  the  required  power. 

n.  Ijavr  of  Coeffioients. — The  coefficient  of  the  first 
term  is  unity;  the  coefficient  of  any  term  after  the  first  may 
be  formed  by  multiplying  the  coefficient  of  the  preceding 
tenn  by  the  exponent  of  the  leading  letter  in  that  term,  and 
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dividing  that  product  bj  the  number  of  terms  precedizig 
the  one  of  which  the  coe£Bcient  is  required. 

From  the  nature  of  the  case,  we  see  that  the  same  laws 
will  probably  hold  good  in  the  formation  of  any  power 
whatever.  To  prove  that  they  must  hold  good  for  the  for- 
mation of  any  power,  it  will  be  sufficient  to  show  that  if 
they  hold  good  for  any  power  they  must  hold  good  for  the 
next  higher  power.  Assume  them  true  for  the  niih  power. 
Then 


w+y   =x+y 


V-'j/»+ 


wi — 1  _  ,  •  ,     m — ^1  m — 2  _  .  .  , 


(aH-y)-"= 


+1 


sTy+ni 


m—1 


2 
+m 


«*~i3/*-f-n». 


m — ^1  m — 2 


-h» 


2         8 
m — ^1 


a!"^+ 


m — ^1       m — 1/m — 2  ,  ^\ 

m  m — 1 


m — 1  m — 2  .     m — ^1 
m— s s — hm 


2        3 
m — 1/m — 2+3\-      m — ^1  tn+l 


2 


(m+l). 


2      8 


BnbBtitntiDg  in  the  produot  of  {x+yy  and  (x+y), 
(»+y)P*'==ar+'+(m+l>B-!H-{»»+l)^*''^ 

+(m+i)!!g^>«-y+. .  .-hr+»  (8) 

which  evidently  conforms  to  the  laws  I.,  IT.    Hence,  as 
the  (m+l)th  power  is  the  next  power  higher  than  the  mih: 

Proposition  I.— ^^  laws  J.,  IT.,  hdd  good  for  (he  far- 
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motion  of  any  power,  they  must  hold  good  for  the  formation  of 
the  next  higher  power. 

As  they  hold  good  for  the  powers  from  the  first  to  the 
fifth  inclusive,  they  must  hold  good  for  the  sixth,  and, 
therefore  for  the  seventh,  the  eighth,  and  so  on  for  all, 
powers  with  positive  integral  exponents. 

2^.  The  exponent  of  the  required  poiT^er  is  a  posi-. 
tive  firaotion. 

As  any  algebraic  expression  in  which  the  sjrmbol  repre*. 
senting  any  quantity  occurs  is  a  function  of  that  quantity, 
a  polynomial  formed  according  to  laws  I.,  II.,  m  being 
the  coeflScient  letter,  is  a  function  of  m,  and  may  be  de-. 
noted  by/(m);  similarly,  if  w  be  the  coeflBcient  letter,  the 
polynomial  may  be  denoted  by  f{n).  In  what  follows,  the 
functional  symbol,  /,  will  always  have  this  meaning,  viz., 
that  the  polynomial  denoted  is  formed  according  to  laws 
I.,  II.,  the  symbol  in  the  parenthesis  indicating  the  co- 
efficient of  the  second  term,  and  the  quantity,  therefore,^ 
from  which  all  the  succeeding  coefficients  are  derived.  It 
is  clear  that/(m)./(n)=/(m+w),if  m  and  n  be  positive 
integers,  since  in  this  case  /(m)=(l-|-a;)~,  and  /(n)= 
(l+cc)",  so  that/(m)./(n)=(l+a;)'».(l+a;)''=(l+ a;)'»+»= 
/(m+^)-  Now  the  form  of  the  product  of /(m)  and  f{n) 
cannot  be  affected  by  changes  in  m  and  n,  although  its 
value  may  be  altered.    Hence/(m) ,f{n)  is  always  f{m+n).. 

This  may  be  rendered  clearer  by  direct  multiplication:; 
thus: 

Suppose  that 

/(m)=l+ma;+MV+M' V+ (1) 

/(n)=l+na;+NV+N'V+ (2) 

m  and  n  being  any  quantities  whatever,  and  M',  M'',  ..... 
N',  N",  ....  coefficients  formed  by  law  II.,  p.  123. 

Multiplying  (1)  by  (2),  member  by  member,  we  obtain,. 


f{m).f{n)=l+m\x+W 

+n'  +N' 
+mn 


+N" 

+M'n 

-t-N'm 


^+ (8) 
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2 


2 


M'+N'+i»n=^~^+"'"^+mn, 


m*+2mTi+n* — {m+n) 

~  2 

(m+w)* — {m-^n) 

2~ 

(m+n)  (m+n — 1) 

■~  2 

Again, 
3i-4.N''+M'n+mN' 

m — 1  m — 2  ,    n — 1  n — 2  ,     m — 1     ,  n(n — 1) 

2        3^2        322 
m'+2m— 3m'     n'— 3n'+2n     3m'n— 3mn  ,  3n*m^ — '^mn 

~"  6  "•"         "6  ^  6  '       ^ 

m'— 3m'+3mVi— 6mn+2m+3mn*+2n— 3n'+n» 

""  6 

__(m'+2mn+n*— 3m— 3n+2Xm+n) 

—  6 

{m-\-n — 2)(m+ri — l)(m+n) 

(m-{-n)(m-\-n — l)(m+n — 2) 

^  1:2:3 

In  a  similar  manner  we  could  show  that  the  coefficient  of 

.  .    (m+n)(m+ri — IXm+n — 2){m+n— 3)         ,  . 

M^iA^ — '--^ — ■ T~-~r — ■ -,  and   so   on   for 

L2.3.4 

iCvery  coefficient.     Hence  the  product,  or/(m)./(n),  will  be 
•of  the  form, 

<m+n)(m+n— lXm+n^2)  .  ^. 

1.2.3  "^ ^   ^' 

The  law  of  exponents  is  evidently  the  same  as  in  (1^)  and, 
AS  just  shown,  the  law  of  coefficients  is  also  the  same.  The 
product  t  tken^  wiU  be  0/ the  same  form  as  eUherfactor,  (m+n) 
occurring  wherever  m  occurs  in  the  first  or  n  in  the  second^ 
.4.  e.,  the  product  toiU  &«/(in+n), 
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Then 

/(m)=/(n),  and/(m)./(n)=f(m)^r(m+m)=/(2fll). 
If  7i=2m, 

/(m) .  /(n)=/(m)  ./(2m)=/(m) .  |y(m)]*=[/(m)]»; 
hence,  a8/(m)./(»)=/(m+n), 

|/(m)]'=/(m+2m)=/(3m). 
Li  a  similar  way  we  may  show  that 
[/(m)]*=/(4m); 
[/(m)r=/(5m); 

and  that,  in  general,  whatever  the  value  of  m, 

[/(m)]'=/(?m)  (i) 

provided,  only,  that  g  be  a  positive  integer. 

Now  let  m=-,  r  and  g  being  both  positive  integers. 
Equation  (i)  becomes 

[/0]W(j->>rw  (ii) 

Since,  however,  r  is  a  positive  integer,  and  we  have  estab- 
lished the  binomial  formula  for  powers  with  positive  in- 
tegral exponents, /(r)=(l+a;)*'.    Hence,  from  (ii), 


(!+»)'=[/©]'  C") 


Extracting  the  qth  root  of  each  member, 


(i+.)5=/(r), 
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that  iSy  with  the  meaning  already  assigned  our  symbols, 

(1  +a:)i=l+^x+|>+|i;»+ (6) 

Since  in  (6)  z  may  represent  any  quantity  whatever, 

leta  =  ^, 
whence  r 

l+i,=l+l?=5±2?. .  .(i-Hr)-;=(£±liLl 

Then 

r 

or,  multiplying  each  of  these  equals  by  2«, 

(.+y)5=z5+r.rV+|^-"y'+|-;^'"y»+ (7) 

fL,  f!L^  etc.,  being  the  coeflScients  of  the  binomial  formula. 
Q'  Q 

Hence  the  binomial  formula  is  true  when  the  exponent  of 
the  required  power  is  fractional. 

30,  The  given  exponent  is  negative,  and  either  en- 
tire or  fractional. 

In  the  equation  /(m)./(ri)=:/(m+n),  let  n=— m;  then, 
/(m)./(n)=/(m)./(— m)=/(m— m)=/(0)=l. 

Hence,  y(_^)=    1    .  (iv) 

Now  /(m)=<l+a;)«,  whether  m  be  integral  or  fractional; 
whence      ^(_^)^_l__(i+,)-«. . . .  (v) 

that  is,  with  the  meaning  that  we  have  assigned  to  the 
fanctional  symbol /(     ), 

_^(_^1)(_^2) 

1.  2.  S  '^^' 
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In  this  equation  place  a;= -,and  multiply  both  members 

z 

by  2"*".    There  results, 

(,+y)->n=g-^+(-m)^-«>-V+  -m(^^l) ,-«^y.^,, ,  , 

In  other  words,  the  binomial  formula  is  true  for  all  pow- 
ers of  which  the  exponents  are  negative.  The  truth  of 
the  theorem  is,  therefore,  fully  established. 

202.  Corollary  I. — The  term  of  the  binomial  formula  (hat 
has  t  terms  before  it,  is  called  the  Greneral  Term,  and  is 

m(m~l)  (m— 2)  (m-3) (^-<+l),,,^^ 

1.2.3.4 t       ^^' 

For,  it  will  be  seen  that  the  last  factor  in  the  denom- 
inator of  each  coefficient  equals  the  number  of  preceding 
terms,  and  the  last  factor  of  the  numerator  is  always  m 
diminished  by  a  quantity  less  by  1  than  the  last  factor  of 
the  denominator;  the  exponent  of  x  is  always  m  diminished 
by  the  number  of  preceding  terms,  and  the  exponent  of  y 
is  always  the  number  of  preceding  terms.  Hence,  when  / 
is  the  number  of  preceding  terms  we  have  the  foregoing 
form.  This  is  called  the  general  term,  for  the  reason  that 
by  substituting  1,  2,  3,  etc.,  for  t,  any  term  of  the  formula, 
after  the  first,  may  be  obtained. 

Thus,  to  get  the  sixth  term  we  place  t=5,  the  number  of 
terms  before  the  sixth,  and  obtain 

m  (m—1 )  (m--2)  (m~3)  (m— 4)^^^^^ 

TOTO  ^^2r. 

Similarly,  to  get  the  tenth  term  we  place  <=9,  whence  m — 
tn\-l=m — ^9-f-l=m — 8  and  we  obtain 

m(m-l)(m~2) (m~8) 

1.2.3.4.5.6.7.8.9  ^* 

In  the  development  of  x-\-y,  or  any  other  in  which  the 
exponent  of  each  term  of  the  given  binomial  is  1,  the  sum 
of  the  exponents  of  these  terms  in  any  term  of  the  formula, 
is  equal  to  the  exponent  of  the  required  power.  ^ 

9 
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208.  Number  of  Terms. 

The  number  of  terms  in  the  second  member  of  the  binomial 
formula  is  m-fl  when  m  is  positive  and  integral,  and  is  in- 
finite when  m  is  negative  or  fractional. 

For,  it  takes  m  subtractions  to  reduce  m  to  zero,  if  we 
diminish  it  by  1  at  each  subtraction.  Now,  we  diminish 
ihe  exponent  wi  by  1  in  the  second  term,  by  2  in  the  third, 
and  so  on.  Hence,  when  we  have  subtracted  m  from  it,  the 
number  of  terms  in  which  the  subtraction  has  taken  place, 
1.  e.,  the  number  of  terms  after  the  first,  will  be  m,  and 
therefore  the  whole  number  of  terms  will  be  m-j-1. 

If,  however,  m  be  negative,  it  is  evident  that  by  subtract- 
ing 1  for  each  successive  term,  we  increase  m  numerically. 
Hence,  as  we  go  on  subtracting,  the  result  increases  numer- 
ically (decreasing  algebraically),  and  will  therefore  never  be 
zero.  Hence  we  shall  never  get  to  the  last  term,  i.  <?.,  the 
number  of  terms  is  infinite.  If,  again,  m  be  fractional,  the 
•successive  subtraction  of  1  will  at  some  point  give  a  nega- 
tive result;  we  shall  therefore  never  reach  the  last  term; 
i.  e. ,  the  number  of  terms  is  infinite. 

204.  Ck>rollary  n. — The  coefficients  of  any  two  terms  of 
the  development  of  (a?+i/)"*  equally  distant  from  the  extremes^ 
.(i.  e. ,  the  first  and  last  terms  respectively)  are  equal. 

(1.)  {x-\-y)'''^=zar+mar-^+7n!!!!L^  -hr= 

As  x-\-y  =  y-\-Xy  (a:+3/)"'=(3/+^)"*>  the  second  members  of 
(1)  and  (2)  must  be  the  same,  as  each  is  the  expression  for 
the  mth  power  of  x--\-y.  Hence  the  first  term  of  (1)  is  the 
last  term  of  (2),  the  second  term  of  (1)  the  next  to  the  last 
in  (2),  and  so  on.  The  term  of  (1)  having  r  terms  after  it 
is  the  same  as  the  term  of  (2)  having  r  terms  before  it.  We 
see,  however,  that  the  corresponding  coefiScients  of  (1)  and 
i2)  are  equal;  the  coefficient  of  the  second  term  of  (1)  equals 
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the  coefficient  of  the  second  term  of  (2),  and  so  on.  Then 
the  coefficient  of  that  term  of  (1)  that  has  r  terms  before  it 
equals  the  coefficient  of  that  term  of  (2)  that  has  r  terms  be- 
fore it.  Hence  the  coefficient  of  that  term  of  (2)  that  has 
r  terms  before  it  equals  the  coefficient  of  that  term  of  (2) 
that  has  r  terms  after  it,  and  so  with  (1).  Hence  the  co- 
efficients of  those  terms  of  (1)  and  (2)  equally  distant  from 
the  extremes  are  equal. 

As  X  and  t/,  in  the  binomial  formula,  may  represent  any 
quantities  whatever,  we  deduce,  for  the  involution  of  bino- 
mials, the  following 

BuLE. — SubsiUuie  the  first  term  of  the  given  binomial  for  x, 
the  second  term  for  y,  and  the  exponent  of  the  required  power 
for  m,  in  the  formula: 

The  second  member  of  the  formula  wiU  then  be  the  required 
power  of  the  given  binomiaL 

Examples. 
Expand  the  following  by  the  binomial  formula: 

1.  (1+x)-,  {1+xf,  (1+x)*. 

2.  (x+y)^,  {x^)\  (x^)i. 

8.  (a^-i/^y,  (^+3/')*,  (a^+J/-)-,  (a^+!/"r*. 

4.  (2a^iy,  {2a'-j)\  {a'+bx'f. 

Ans.  128a?^--448a:»+672a;'--^60a?*+280aj^— 84a*+14a?— 1, 

32a"— 40a»6+20a«6'— 5a*6^+|-aV— ^, 
b  ^      b'          If  ^      ^           ^^ 
'*+2S^- 8?^+16S^— 
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Ana.   (J'—Ba^^^+lOah^— 10 Jb^  +5ah^—b^'^ , 
1        3         5         35 
1+2  ^+8^+16^+128^*+ 

6.  (a-}-y)»,(a'— 6vrt(a>— 42/')  * 

7.  (a^+a*)-*.  K+a;')-*.  (H-a;')-^. 

.  a*  ^  ■  1-8  .  -  1-3-5  „  ,  .  1.3.5.7  „  _. 
Ans.  ^•-2-^+0«^--2i:6«'^+2Z6:8*  '^^ 
_4      1      8        1  4     1*        1.4  7     »         1 4  7 10     » 

^^       6.a^       6.11.aj»    .    6.11.16a;^' 


5  ^  5.10      6.10.15  "^  5.10.15.20      

205.  Involution  of  Polsrnomials. 
To  Deduce  a  Rule  for  raising  a  polsmomial  to  any 
power. 

Since  x  and  y  in  the  binomial  formula  represent  any 
quantities  whatever,  we  may  let  x  represent  one  term  or 
the  sum  of  several  terms  of  any  given  polynomial,  and  y  the 
sum  of  the  remaining  terms.  The  given  polynomial  will 
then  be  represented  by  x-^y,  and  we  may  obtain  its  nth 
power  by  raising  a?-f-y  to  the  nth  power  by  the  binomial 
formula,  and  then  substituting,  in  the  result,  for  x  and  y 
their  assumed  values.  As  we  have  proved  the  binomial 
formula  true  for  every  value  of  n,  we  can  raise  a  polynomial 
to  any  power  of  which  the  exponent  is  either  integral  or 
fractional  by  the  method  here  indicated.  In  other  words, 
since  n  represents  any  quantity,  all  powers  of  any  polynomial 
are  formed  according  to  the  same  general  law. 

From  the  foregoing  considerations  we  deduce  the  follow* 
ing 
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BuLE — Bepresent  the  sum  of  several  terms  of  the  given  poly- 
nomial  by  x,  and  the  sum  of  the  remaining  terms  by  y.  Ex- 
pand x+y  to  the  required  power  by  (he  binomial  formula. 
Substitute  in  the  resuUfor  x  and  y  their  assumed  values. 

206.  Soholium. — ^Wlien  the  exponent  of  the  required  power  is  a 
poeitiYe  int^er,  very  little  is  saved  by  the  application  of  the  role;  when 
this  exponent  is  negative  or  fractional,  however,  the  method  here  laid 
down — or  the  application  of  the  resulting  formals  (8eeexampleB)-^is  the 
simplest. 

Examples. 
Expand  the  following  expressions: 
1.  (a+b+c)\  {a+b+c)\  (a+b+c+d+e+. . .)'. 
Ans.    a^+V+c''j'2ab+2ac-{-2bc 

a»+6»+c'+3a»6+3a»c+36'c+3a6«+3ac'4-36c'+6a6o 


-\-2ab-\-2ac+2ad+2ae+., 

+26c+26(f+ 
4-2cd+2ce+... 

+ 


+2a{b+€+d+,..) 

yz=A  +26(c+(f+e+.  ..) 

+2c((f+e+/+...) 

1+ 


2.  (a+b+c+d+^, .  ,)\(2-x^+'^)\  (1-xi+xy. 
Ans.      f  a»-f*»+c»+(P+e»+ . . . 
+3a'6+3aV4-3a»d4-... 

+36»c+36y+36'e+... 

+dc'd+3c'e+... 

+etc. 

+3a5»+3ac»+3a(P+... 

+36c«+36(P+36e»+... 

+3c(f+3ce'+... 

+etc. 

+6a5c+6a6(i+...+6ac(H-.   . 

+ebcd+ebce+ . . .  +66(f&4-. . . 

L  +6c(Ze+6cc7/4-. . .  +ecef+, . . 

4— 4a?^+3a:— a?^-4-j;  1— 2a?^+3a?— 2a?*+«* 
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3.  (2a?'^+^+2a?*)s(3a?«— 2a?«*i+a^*a)«^(2ar»— l+2a?»^ 

I      qq  I 

Am.  4ar'+2aj"'+r£+2x»-f-4ar 

4 

9x»«— I2a:*"*'4-10a;*"*" — 4a;*"**  +;»••♦* 
8aj-»"— 12a?-«"-f30ar-»— 25-f-30ai"— 12»«M-8aj»» 

4.  (14-5ar+7a:'+9a;»+. . .)',  (3+7a!+lla;'+14!B')' 
(Sar*— 2a:+l  -fSar'+a;-')' 

5.  (l+ia;+L^+4a;>)*  (a+to+ca:*-Ha^)* 

3        5         7 

6.  The  foregoing  examples  famish  general  formulsB  for 
inyolving  polynomials.  Give,  in  common  language,  the  ex- 
pression for  the  square  of  a  polynomial;  for  the  cube  of  a 
polynomial. 

. )'  may  be  written 

+2{a+b)c+c!' 
+2{a+b+c)d+cP 
+2{a+h+c+d)e+e' 
^  +etc.,  etc. 


7.  (a+b+c+d+e+. 


Again: 

(a+b+c+d+e+ )•= 

V 


+Qa'b+Sab'+V 

+3(o+6)'c+3(a  +b)c'+d' 

+3(a-f6+c)'d-f3(a+6-|-c)<P-Hf 

+3(o+6-f-c+d)»e+3(a-H»-|-c+d!)e*+e' 

+etc.,  +®tC' 

)*= 


{a+b+o+d+e+.... 
a* 

■Ha'b-i  6a»6»-|-4a&'+6* 
44(a-f6)'c+6(a+6)V-|-4(a-f6)c'+c* 
-f4(a+6-|-e)'d-f6(a+6+c)'(P-f4(a+&-fo)<f+<? 
_  +etc.,  +etc. 

■What  is  the  expression  for  {a-\^-+o-i-d-\-e-\-. .  .)•  for  all 
Talues  of  n  ? 
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SECTION  n. 

EVOLUTION,  OR  EXTRACTION  OF 
ROOTS. 

207.  Evolution  is  the  process  of  extracting  any  root  of 
a  given  quantity,  i.  e.,  of  dividing  the  given  quantity  into 
any  number  of  equal  factors.  It  is  the  converse  of  Involu* 
tion. 

208.  The  Degree  of  the  root  is  indicated  by  the  number 
of  equal  factors,  which  gives  also,  the  name  to  the  root. 
Thus  7  is  the  square  root  or  second  root  of  49,  the  cube 
root  or  third  root  of  343,  and  the  fourth  root  of  2401. 
Square  roots  are  of  the  second  degree,  cube  roots  of  the 
third,  fourth  roots  of  tiie  fourth  degree,  nth  roots  of  the  nth 
degree,  and  so  on. 

209.  A  Perfeot  Po^nrer  of  any  degree  is  one  that  can  be 
divided  into  the  number  of  equal  factors  required. 

A  literal  quantity  is  said  to  be  a  perfect  power  of  any 
degree  when  the  exponent  of  each  letter  is  exactly  divisible 
by  the  number  indicating  the  degree. 

210.  An  Imperfect  Po'wer  of  any  degree  is  a  quantity 
that  cannot  be  divided  into  the  required  number  of  equal 
&ctors. 

211.  The  same  quantity  may  be  a  perfect  power  of  one 
degree  and  an  imperfect  power  of  another.  Thus  27  is  an 
imperfect  power  of  the  second  degree,  but  a  perfect  power  of 
the  third.  It  cannot  be  divided  into  two  equal  factors,  but 
may  be  divided  into  three.  64  is  a  perfect  power  of  the 
third  degree  (4  being  the  root),  and  also  of  the  sixth  degree 
(2  being  the  root.) 
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9,19.  The  sign  of  Evolution  is  the  character  |/.  The 
degree  of  the  root  required  is  indicated  by  a  symbol  placed 
within  the  opening  of  the  sign.  This  symbol  is  called  the 
Index.     If  no  Index  be  expressed,  2  is  understood. 

EVOLUTION  OF  MONOMIALS. 

213.  To  Deduce  a  Rule  for  extracting  any  root  of  a 
Monomial. 

I.  I«a^B«r  of  Ck>efficients  and  Exponents. 

Let  it  be  required  to  extract  the  mih  root  of  3^'"a"*6*''*c*^"*. 
This  means  that  we  are  required  to  find  a  quantity  which, 
raised  to  the  power  wi,  will  produce  the  given  quantity. 
From  (195)  we  know  that  the  coefficient  of  the  root  must 
be  such  that,  raised  to  the  power  rw,  it  will  produce  3^*. 
We  also  know  that  each  letter  in  the  root  will  be  found  in 
the  power,  and  that  the  exponent  of  any  letter  in  the  mih 
power  of  the  root  (i.  e. ,  in  the  given  quantity)  will  equal 
the  exponent  of  the  same  letter  in  the  root,  multiplied  by 
m.  Hence  we  see  that  the  coefficient  of  the  root  must  be 
3^  or  9;  that  the  exponent  of  a  in  the  root  must  be  1,  of  6, 
6,  and  of  c,  5.  Hence  the  required  root  is  dabV,  Review- 
ing our  work  we  see  that  the  root  may  be  obtained  at  once 
by  extracting  the  required  root  of  the  coefficient  for  the 
new  coefficient,  and  after  this  writing  the  letters  found  in 
the  given  quantity,  giving  to  each  letter  an  exponent  equal 
to  its  original  exponent  divided  by  the  index  of  the  root. 

n.  Lav7  of  Signs. 

From  (198)  we  see  that  even  powers  of  all  quantities  are 
positive,  whether  the  original  quantities  be  positive  or  neg- 
ative. Hence,  if  the  index  of  the  required  root  be  even, 
and  the  given  quantity  positive,  the  root  may  be  either 
positive  or  negative,  and  we  prefix  the  double  sign.  If 
the  index  be  even  and  the  given  quantity  negative,  the  root 
cannot  be  extracted,  for  no  quantity  raised  to  an  even  power 
will  rive  a  neqfative  result. 
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Finally,  if  the  index  be  odd,  the  root  will  (198)  be  posi- 
tiye  or  negative,  according  as  the  given  quantity  is  positive 
or  negative. 

Our  reasoning  being  perfectly  general,  we  deduce  from 
the  foregoing  considerations  the 

EuLE. — Extract  the  required  root  of  the  coefficient  for  a  new 
coefficient.  After  thiSy  write  all  the  letters  entering  the  given 
quantity,  giving  to  each  an  exponent  equal  to  its  exponent  in  the 
given  quantity,  divided  by  the  index  of  the  root. 

If  the  index  he  odd,  prefix  to  the  root  the  sign  of  the  given 
quantity.  If  the  index  he  even  and  the  given  quantity  positive, 
prefix  to  the  root  the  double  sign.  If  the  index  he  even  and  the 
quantity  negative,  the  root  cannot  he  extracted. 

214.  The  nth  root  of  an  entire  imperfect  nth  power  cannot 
he  expressed  in  exact  parts  of  1. 

Let  X  represent  any  entire  or  integral  imperfect  nth  power. 
Then  i/x  cannot  be  exactly  expressed  in  parts  of  1.  It 
cannot  be  expressed  in  entire  quantities,  for  if  it  could  be 
so  expressed,  x  would  be  a  perfect  nth  power.  Hence  if 
-^/x  can  be  exactly  expressed  it  must  be  in  the  form  of  a 

fraction.     Suppose,  then,  |ya?=--,  the  fraction  -—  being  in 

b  h 

its  simplest  form .     Since  y^x  and  —  are  equal,  the  results  of 

taking  them  the  same  number  of  times  as  factors  must  be 

a^ 
equal.    Hence  p'x  taken  n  times  as  a  factor  equals  j~.    Since 

l/x  is  one  of  the  n  equal  factors  into  which  x  is  divided,  if 
we  take  the  quantity  n  times  as  a  factor  we  must  obtain  x. 

a^ 
Hence ^=—.     Since  a  and  h  have  no  common  factors  o^ 

and  6*  have  no  common  factors,  i.  e. ,  --  is  an  irreducible 

fraction.     Hence  we  have  an  entire  quantity  equal  to  an 
irreducible  fraction,  which  is  absurd.   Hence  y^x  cannot  be 
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equal  to  -r-.     Since  f/x  cannot  be  expressed  exactly  either 

in  entire  quantities  or  in  a  fractional  form,  it  cannot  be  ex- 
pressed exactly  in  parts  of  1. 

5215.  Ck>rollary  I. — ^Any  root  of  a  Fraction  may  be 
extracted  by  the  following 

BuLE. — Extract  the  indicated  root  of  the  numerator,  for  a 
new  numerator,  and  the  indicated  root  of  the  denominator,  for 
a  new  denominator. 

This  follows  directly  from  (213);  for,  let  yll.  be  required ; 


ilj  =  i/a^'  =  alb^l{ 


|=fl6-\   .-.  'yjf  =  i/ab-'  =  aib  ^(218), 

J    1,-1      an     v^o" 
and  an 0  n=— -= — — -• 

Or,  we  may  deduce  this  rule  from  (195),  thus: — Since 

from  definition  ^/— must  be  a  fraction,  which  raised  to  the 
\  b 

a 
nth  power,  will  produce  -r-*  the  nth  power  of  the  numerator 

of  this  root-fraction  must  (195)  be  a,  and  the  nth  power  of 
the  denominator  must  be  b.  From  the  definition  of  power 
and  root,  a  quantity,  which  raised  to  the  nth  power,  pro- 
duces a  given  quantity,  must  be  the  nth  root  thereof;  hence 
the  required  numerator  must  be  Va",  and  the  required  de- 
nominator i/h",  so  that  yj-r=—=z' 
^  ^      yb 

216.  Corollary  n. — Since  a  mixed  quantttt  m^y  always 
he  transformed  into  a  fraction  we  have,  for  the  llvolutioii  of 
Mixed  Quantities,  the  following 

BuLE. — Transform  the  given  quantity  into  an   equivalent 
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fraciwn  ;  extract  the  required  root  of  this  fraciiony  and  trans-- 
form  the  result  into  a  mixed  quantity. 

211.  From  (213)  it  follows  that 

1^.  Th£  nth  root  of  the  product  of  several  qwantiHes  equals 
the  product  of  the  nth  roots  of  the  quantities. 
And  from  (215)  that 

2°.  The  nth  root  of  any  quotient  equals  the  nth  root  of  the 
dividend,  divided  by  the  nth  root  of  the  divisor. 

Examples. 
1.  l/36a«6«c^  =  ?     f'32?^(6+3)^V^=? 


2.  i/a^'ix+yy^^-'^d^se^  ?         y/4096a:"(c+d)y«  =  ? 

4.    ^— 1131a«(a?+i/)  S(c+d)"s-=?  ^729(a?44/)'"rd"c^»=? 

EVOLUTION  OF  POLYNOMIALS. 

5213.  To  Deduce  a  'Rule  for  the  extraction  of  any 
root  of  a  polsrnomial. 

I.  Extraction  ofthe  square  root  of  polsrnomials. 

Let  P  be  any  polynomial,  arranged  according  to  the  de- 
scending powers  of  some  letter.  Since  the  square  of  a 
polynomial  is  obtained  by  multiplying  the  polynomial  by 
itself,  the  first  term  of  this  square  arranged  according  to 
the  descending  powers  of  any  letter  is  (67)  obtained  vjith- 
:  out  reduction,  by  squaring  the  first  term  of  the  polynomial, 
arranged  according  to  the  descending  powers  of  the  same 
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letter.     Hence,  F  bezng  abbanged  as  stated,  the  bquabb 

BOOT  or  ITS  FIBST  TEBM  WILL  BE  THE  FIBST  TEBH  OF  THE  SQUABE 

BOOT.  Bepresent  this  term,  whatever  it  may  be,  by  r,  and 
the  following  terms  of  the  root,  arranged  according  to  the 
descending  powers  of  the  leading  letter  of  P,  by  r\  r^\  i^" ^ 

and  BO  on.     Let  8=/+/'+/''+ Then 

Having  obtained  r,  let  us  subtract  its  square  from  P,  so  as 
to  simplify  our  search  for  the  remaining  terms  of  the  root. 
We  thus  obtain 

p_r'=Ri=2r(r'  +/'+/''+. .  .)+(r'+/'+r"'+. . . .)« 

Since  r'  has  a  higher  power  of  the  leading  letter  than  any 
following  term  in  the  root,  and  r  has  a  higher  power  of 
this  letter  than  any  other  term  of  the  root,  2rr^  will  contain 
a  higher  power  of  the  leading  letter  than  any  other  term 
of  the  product  2r(r'-|-r"-f-. . .).  For  a  reason  already 
given  r''  will  contain  a  higher  power  of  the  leading  letter 
than  any  other  term  of  (/+^'-|-^"+-  •  •)*•  But  since  r 
contains  a  higher  power  of  the  leading  letter  than  r',  2rr' 
contains  a  higher  power  of  this  letter  than  /*=rV.  The 
term  2rr^  then  contains  a  higher  power  of  the  leading  let- 
ter than  any  other  term  of  the  remainder  Ri,  and  will  tiiere- 
fore  not  reduce  with  any  other  term.  Hence,  2r/  appears, 
vrUhotU  reduction,  as  the  first  term  of  our  first  remainder, 
which  is  arranged  as  was  the  polynomial  P.  By  inspection, 
we  see  that  if  2rr'  be  divided  by  2r,  the  quotient,  r^,  will  be 
the  next  term  of  the  root.     Hence 

If  the  FIBST  TEBH  OF  THE  FIBST  BEMAIMDEB  BE  DIVIDED  BT 
TWICE  THE  FIBST  TEBM  OF  THE  BOOT,  THE  QUOTIEliT  WILL  BE  THE 
SECOND  TEBM  OF  THE  BOOT. 

Having  now  obtained  r-\-r^,  let  us  subtract  the  square  of 
this  part  of  the  root  from  P,  so  as  to  simplify  our  search 
lor  the  remaining  terms  of  the  root. 
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To  do  this,  place  r+r^=t  and  y^'-H""+. . .  .=8'.  Then 
P=(<-f8')^^+2fe'4-«".     Subtracting  from  this  <»,  we  have. 

P— <>=R^2fe'+8'». 

By  reasoning  on  this  remainder  as  upon  the  first,  we  may 
show  that  2rf'^  will  contain  a  higher  power  of  the  leading 
letter  than  any  other  term  of  B,.  It  will  therefore  not  re-^ 
dace  with  any  other  term,  and  will  appear  voUhout  reduce 
tion  as  the  first  term  of  the  arranged  remainder  B,.  By 
inspection  we  see  that  2rr''  divided  by  2r  gives  as  a  quo- 
tient r'^  the  next  term  of  the  root.     Hence 

If  the  fibst  tebm  of  the  second  BEMAiin>£B  BE  DrvmED  Br 

TWICE  THE  FIBST  TEBM  OF  THE  BOOT  THE  QUOTIEKT  WILL  BE  THE, 
THIBD  TEBM  OF  THE  BOOT. 

Placing  r4^4-r''=r  and  r^''-fr"''+. . .  .==«", 

Subtracting  /'*  for  a  reason  already  given, 

P_^»=^R,=:,2/V'+8''»=2(r-fr'+r^')(^"+-  •  -  •)+«'''• 
=2r/''-|-2rT''"  +  .... 
Beasoning  as  before,  we  may  show  that  2ry  appears, 
without  reduction,  as  the  first  term   of  the  arranged  re-> 
mainder  Bs,  and  therefore  that 
If  the  fibst  tebm  of  the  thibd  bemaindeb  be  pivided  bt 

TWICE  THE  FIBST  TEBM  OF  THE  BOOT,  THE  QUOTIENT  WILL  BE  THE 
FOUBTH  TEBM  OF  THE  BOOT. 

From  the  nature  of  the  reasoning  we  shall  see,  on  con- 
tinuing this  method  of  operating,  that 

If  the  FIBST  TEBM  OF  ANY  BEMAINDEB  BE  DIVIDBD  BY  TWICE  THE 
FmST  TEBM  OF  THE  BOOT,  THE  QUOTIENT  WILL  BE  A  NEW  TEBM  OF 
THE  BOOT. 

Since  i=r-+^,  «'=nr«+2rr'+r''=r»-H2r-|V)r',  and  P— <» 
=B,=P— y*— 2(r+r^)r';  P— V'—Bi.  Hence  P— <»=B2= 
Bi — (2r-j-f*')r'.  Hence  the  second  remainder,  instead  of  be- 
ing obtained  by  subtracting  ^'=(r+r^)'  from  P,  may  be  ob- 
tained by  subtracting  (2r+r')/  from  the  first  remainder. 
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Similarly,  the  third  remainder  may  be  found  by  subtracting 
{2^-(-r^')r''  from  the  second  remainder,  and  so  on  for  all  the 
remainders. 

If  (67)  we  had  arranged  P  according  to  the  ascending 
powers  of  some  letter,  a  similar  course  of  reasoning  would 
evidently  have  led  to  the  same  conclusion. 

From  the  foregoing  considerations  we  deduce  the 

BuLE. — Arrange  the  given  polynomial  according  io  the  a^ 
.cending  or  descending  powers  of  som e  letter.  Extract  the  square 
root  of  the  first  term  for  the  first  term  of  the  root.  Subtract  the 
jsquare  of  the  first  term  of  the  root  from  the  given  polynomial. 
JHvide  the  first  term  of  this  remainder  by  twice  the  first  term 
of  the  root.  Add  the  quotient  to  the  root  and  to  the  divisor. 
Multiply  the  augmented  divisor  by  the  second  term  of  the  root 
^nd  subtract  the  product  from  the  first  revnainder. 

Divide  the  first  term  of  the  second  remainder  by  twice  the  first 
term  of  the  root,  for  the  third  term  of  the  root.  Multiply  tvnce 
Xhe  root  before  found,  plus  the  third  term,  by  the  third  term, 
and  subtract  the  result  from,  the  second  remainder. 

Proceed  in  a  similar  manner  until  a  remainder  of  zero  is 
^obtained,  or  until  the  first  term  of  some  remainder  is  not  ex- 
actly divisible  by  the  divisor.  In  the  first  case  the  polynomial 
is  a  perfect  square;  in  the  second  it  is  an  imperfect  square, 
.und  its  square  root  cannot  be  obtained  exactly. 

219.  Scholitun. — ^This  rule  may  be  applied  to  numbers  by  consid- 
-ering  r,  r',  etc.,  as  indicating  different  orders  of  units.  The  principal 
difficulty  is  in  finding  the  terms  r^,  etc.,  which  will  no  longer  be  sep- 
jarate  and  distinct.  We  find  them  by  pointing  off  periods  of  figures  from 
the  right.  Thus  if  the  number  contain  six  places,  it  is  between  1000000 
.  and  10000.  Its  root  then  is  between  1000  and  100,  t.  e. ,  must  be  ex- 
pressed by  three  figures.  Let  r  represent  the  hundreds,  r'  the  tens,  and 
r''  the  units  of  the  root,  r'  cannot  be  less  than  100.  Hence  the  two 
figures  on  the  right  have  nothing  to  do  with  r^,  and  we  point  them  off. 
r^  cannot  be  less  than  10000,  whence  the  last  four  figures  on  the  right 
.Jiave  nothing  to  do  with  r\  and  we  point  off  two  more,  making  four, 
Jrom  the  right  of  the  number,  r'  must  be  in  the  two  figures  on  the 
.left  of  the  number,  and  this  is  the  best  that  we  can  do  towards  sepa- 


EVOLUTION.  143 

rating  it  from  the  other  terms.  We  take,  then,  r  as  the  square  root  of 
the  greatest  perfect  sqaare  in  these  two  left  hand  figures,  and  subtract 
r*  from  the  namber.  To  get  2rr^  we  remember  that  r  is  hundreds  and 
r^  tens,  and  hence  2t/  cannot  be  less  than  1000,  whence  the  last  three 
figures  on  the  right  of  the  remainder  can  have  nothing  to  do  with  2rr^, 
and  we  leave  them  out  of  consideration,  and  divide  that  part  to  the  left 
of  them  by  2r  to  get  r',  and  so  on,  proceeding  in  a  manner  analogous  to 
that  laid  down  in  the  rule,  except  that  the  trial  divisor,  instead  of  being 
always  2r,  is  twice  the  part  of  the  root  already  found. 

Examples. 


1.  T/l+2a?-f  3a?^+4ar»+3a:*+2a^+a:»=  ? 


2.  i/l— 4a?+10a;»— 12ar*+9ar*=?  Am.  1— 2a?+3a:». 

3.  i/4aV— 12air»+9a;"+16aV— 24a»aH-16a«=  ? 

Am.  2aar'— 3a?-Ha'. 

4.  i/30aV— 70aV+49aV— 42a»a:+9aH26aV=  ? 

Ans.  Baa^ — 7a'a?+3a. 


5.  i/9a?*— 42jr»+61a^— 28a;+4=:  ?         Am.  da^—7x+2. 

220.   6.  Extract  the  square  root  of  2iOa/V+^92sfiy+ 

64a^+160a?y»-|y+12a:y»+60ay. 

64a^+192ar^y+240a?y+160a?2/'+60a?V+12a:y*+2/' 

16a^+12a;^y|  192ar*2/+240a?y 
l92a^y+lUxV 
16af^+2ix'y+6xy'\     dGxY+lG0af^y'+60x'y* 
'  96a?V+144a^j/-f36arV* 

16a?+2^a^+12xy^+y'\    16oif'y'+24x^*+12xr^+f 

ieaf'i^+2^y*^12xi^+l/' 

Arranging  according  to  the  descending  powers  of  x,  the 
square  root  of  the  first  term  is  Sa^,  which  is  therefore  the 
first  term  of  the  square  root.     Subtracting  (Sai^Y  from  the 
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given  polynomial,  and  dividing  the  first  term  of  the  remain- 
der by  2(8a^)  we  find,  as  the  quotient,  and  therefore  the 
second  term  of  the  root,  12a^,  Multiplying  2(Sa^)+12x^ 
by  12ar*t/  and  subtracting  the  product  from  the  first  remainder, 
we  obtain,  as  the  first  term  of  the  second  remainder,  96a^, 
which,  divided  by  2{Sa^),  gives  6an^  as  the  third  term  of  the 
root.  Multiplying  2{8af+12a!^y)-i'6an^  by  6xy^  and  sub- 
tracting the  product  from  the  second  remainder,  we  obtain 
IGa^t/"  as  the  first  term  of  the  third  remainder.  Dividing 
16a^1^  by  2{8a^)y  we  obtain  j/"  as  the  fourth  term  of  the  root, 
and  multiplying  and  subtracting  as  before,  we  obtain  a  re- 
mainder of  zero.  Hence  Sa^+12arh/-\-6xy*+7^  is  the  required 
square  root;  if  squared,  it  will  give  the  original  polynomial. 
— Sa^ — 12ai^l^ — 6a??/' — y",  if  squared,  will  also  give  the^ 
original  polynomial;  hence  we  have  as  the  square  root, 
±(8a:'+12a:V+6a?2/'+t/').  As  the  double  sign  should  really 
precede  all  roots  of  an  even  degree,  it  will  hereafter  be  un- 
derstood before  such  roots,  no  sign  being  written. 

7.  J(46'— 12a6+lla» 5" +  4^2)=?  Ans.  2b-^a+-^. 

Ana.  l-|-2aj^ a:»+2a^. 
9.  ■i/(l+4a7+10a:»+12a^+9a?*)=?  Am.  l+2x+3x'.. 

10.  -/(a*  +2a6a?-l-(6*-f  2ac+cV)a?»+2(6c+adla;»+26da?*-f 
2cda^'i'Cl^af^)=^  Ans.  a+hx+cx'+daf^ 


1/4      JL  ,  Jl.        6  9  X 

^^-  \W~  a»6»+  a'b'~  a'b''^  aW"^ 


Ans. 


/4a'      4ac  6V  Vc\ 

,       2  a  36V  ,   96*c» 
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13.  J(2+3a?^+a?+l+3a?*+2a?+2+8a?*4-2a?)=? 

Am.  3+5a:^-j-3a?. 

'      128        

16.  ^^^^—1^^+^^^ 

^  4 

l/SM=yH^?+^i?=2^^^ 

5221.  Proposition  I. — ^  ^inomiaJts  never  a  perfect  s^uar^. 

For,  its  root  cannot  be  a  monomial,  since  the  square  of  a 
monomial  is  a  monomial.  The  root  cannot  be  a  poly- 
nomial, for  the  square* of  the  simplest  polynomial  (a  bi- 
nomial) has  three  terms. 

Proposition  n. — A  trinomial  is  a  perfect  square  when,  th^ 
tri^iomial  being  arranged  according  to  the  powers  of  some  letter, 
ihe  square  of  the  middle  term  equals  four  times  the  product  of 
the  extremes. 

See  (112).  The  square  root  of  such  a  trinomial  is  the 
sum  or  difference  of  the  square  roots  of  the  extreme  terms. 

Proposition  in. — A  quadrinomial  is  never  a  perfect  square, 
for,  its  square  root  cannot  be  a  monomial  or  a  binomial,, 
for  reasons  indicated  above.  It  cannot  be  a  trinomial,  for 
the  square  of  a  trinomial  has  at  least  five  terms,  and  the 
square  of  any  other  polynomial  must  have  a  greater  num- 
ber of  terms. 

222.  n.~ToI>eduoethe  Rule  for  eactraoting  the  oube^ 
root  of  a  polynomial. 

Let  P  be  any  polymonial,  arranged  according  to  the  de- 
scending powers  of  some  letter.  The  cube  root  of  P  is 
required.  By  (192)  P  is  the  product  obtained  by  taking 
the  cube  root  three  times  as  a  factor.    Hence  the  first  term 
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of  P  (as  arranged),  is  an  irreducible  term  of  the  product, 
and  was  obtained,  without  reduction,  by  multiplying  the  first 
term  of  the  cube  root  (arranged  as  P  has  been)  by  itself 
twice,  i.  e, ,  cubing  it.     Hence 

The  cube  boot  of  the  FmsT  term  of  P  is  the  fibst  tebm  of 

THE  CUBE  BOOT. 

Let  r  represent  this  term,  and  f^,  r'',  r'\  etc.,  the  suc- 
ceeding terms  of  the  root,  whatever  they  may  be,  arranged 
according  to  the  descending  powers  of  the  leading  letter  of 

P.     Letr^+r^'-|-r'"+ =  s.     Then 

P=(r+s)»=:r»+3r*s+3r8'+s». 

Haying  obtained  r,  we  subtract  f*  from  P,  to  simplify  our 
search  for  the  remaining  terms  of  the  root.     Denoting  the 
remainder  by  B^,  we  have, 
P_,J»=R— 3r«8+3rs'+8».  ,    ' 

=  3r*(7^+/'+.  .)+3r(r^4^-+.  .)H(r'+r-'+. .)' 

==3r*/+3r»/^'+ , 

(substituting  for  s  its  value,  r'+r''+r'''+.  •  •  •) 

Since  r  contains  a  higher  power  of  the  leading  letter  than 
any  other  term  of  the  root,  and  r"  a  higher  power  than  any 
other  term  of  s,  the  product  of  3r*  and  f'  will  contain  a 
higher  power  of  the  leading  letter  than  any  other  term  of 

the  product  3r*(r^-f  f"-|-y^"'-f- )>  a^d  will  not  reduce  with 

any  such  term.  For  the  same  reason  3rr^^  will  contain  a 
higher  power  of  the  leading  letter  than  any  other  term  of 

the  product  3r(r'+/'-j-^"+ )',  and  will  not  reduce  with 

any  such  term.  Again,  since  r'  contains  a  higher  power  of 
the  leading  letter  than  any  other  term  of  s,=7-'-|-^""l"  •  •  •  •  > 
r^'  will  contain  the  highest  power  of  this  letter  in  (t^-H^'+ 
7-"'  + )',  and  will  not  reduce  with  any  other  term  of  s*. 

Now  3rr'*=3rr'7*'  contains  a  higher  power  of  the  leading 
letter  than  r'' =  7^. /*'./*',  since  r  contains  a  higher  power 
of  this  letter  than  r^;  the  factor  r^.r^=y-"  is  common  to 
these  two  terms,  and  there  remains  the  factor  3r  of  the 
first,  containing  a  higher  power  of  the  leading  letter  than 
the  factor  r^  of  the  second,  whence  3rr"  contains  a  higher 
power  of  the  leading  letter  than  /*".     Finally  3r^/=3rrr', 


EVOLUTION.  147 

contains  a  higher  power  of  the  leading  letter  than  3rr"= 
^rt^r^y  since  r  contains  a  higher  power  of  this  letter  than  r^, 

Sr^r^y  then,  contains  a  higher  power  of  the  leading  letter 
than  any  other  term  of  the  remainder  B^,  and  will  therefore 
not  reduce  with  any  other  term.  Hence  Sr*/*'  appears, 
without  reduction,  as  the  first  term  of  our  first  remainder, 
arranged  according  to  the  descending  powers  of  the  leading 
letter  of  P.  An  inspection  of  this  term  shows  that,  if  it 
he  divided  by  3r^,  the  quotient,  r^,  will  be  the  next  term  of 
the  root.     Hence, 

If  the  first  term  of  the  first  rkmatwder  be  pivided  bt 

THREE  TIMES  THE  SQUARE  OF  THE  FIRST  TERM  OF  THE  ROOT  TUB 
QUOTIENT  WILL  BE  THE  SECOND  TERM  OF  THE  ROOT. 

Let  US  now  subtract  {r+r^f  from  P,  for  a  reason  already 

indicated.     To  do  this,  place  r~\-r^=t;  r^'+r^"4- ==.s'. 

Then  the  root  will  be  indicated  by  ^s',  and 
-F={t+^f=f'{-^esf  +3te'»+8'', 
from  which,  subtracting  ^,  B,=P— <'=3/V+3te"+ar»,  or, 
substituting  the  values  of  t  and  b\ 

Bi=P— ^=3(r-HK)V+^"+. .  .)+3(r+r^)(r"+r'''+. . .)» 
-Kr-'+r ''  +  ....)», 
=3r»r''+3r*r^"+.... 
Eeasoning  upon  this  remainder  as  upon  the  preceding,  we 
can  show  that  Zr^r"  will  contain  a  higher  power  of  the  lead- 
ing letter  than  any  other  term  of  the  second  remainder,  and 
■  will  therefore  appear,  without  reduction,  as  the  first  term  of 
the  arranged  second  remainder.     If  3r*r"  be  divided  by  3?^ 
the  quotient  will  be  7^\  the  third  term  of  the  root.     Hence, 

If  THE  FIRST  TERM  OF  THE  SECOND  REMAINDER  BE  DIVIDED  BT 
THREE  TIMES  THE  SQUARE  OF  THE  FIRST  TERM  OF  THE  ROOT,  THE 
QUOTIENT  WILL  BE  THE  THIRD  TERM  OF  THE  ROOT. 

Placing  r4-r-'+/'=r,  and  r"'-|-r^-[- ==w, 

'P={t'+uf=f^+SfhL+St^u*+u^;  subtracting  <'',  for  a  reason 

already  given, 

R8==P— ^"=3r'u+3ru«+u», 

==3(^4-/+r^')2(/''4.r»^+.  .  .)+3(r+r'-l-/')/r'"+ 

r-+....)^+(r'-H-^^"+...)'. 
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Upon  this  remainder  we  may  reason  as  before,  and  show 
that  Sr^r^"'  appears,  uriihovU  redwctwn,  as  the  first  term  of  the 
arranged  third  remainder.  3r'r""-^^r'=t*''',  the  fourth  term 
of  the  root.    Hence, 

If  the  fibst  tebm  of  the  thibd  bemaikdsb  be  dftided  bt 

THBEE  TIMES  THE  SQUABE  OF  THE  FIBST  TEBM  OF  THE  BOOT,  THE 
QUOTIEin?  WILL  BE  THE  FOUBTH  TEBM  OF  THE  BOOT. 

From  (201-5)  it  follows  that  we  could  go  on  in  a  similar 
way,  and  show  that 

If  the  fibst  tebm  of  ant  BEMAIMDEB  be  divided  BY  THBBB 
TIMES  THE  SQUABE  OF  THE  FIBST  TEBM  OF  THE  BOOT,  THE  QUOTOEHT 
WILL  BE  THE  NEW  TEBM  OF  THE  BOOT. 

If  (67)  P  had  been  arranged  according  to  the  ascending 
powers  of  any  letter,  we  might  eyidently,  reasoning  in  a 
similar  manner,  have  arrived  at  the  same  conclusion. 

From  the  foregoing  considerations  we  deduce  the 

Rule. — Arrange  the  given  polynomial  according  to  the  as- 
cending or  descending  powers  of  some  letter.  The  cube  root  of 
the  first  term  is  the  first  term  of  the  cvbe  root. 

Subtract  the  cube  of  the  first  term  of  the  root  from  the  given 
polynomial.  Divide  the  first  term  of  the  remainder  by  three 
times  the  square  of  the  first  term  of  the  root.  The  quotient  wiU 
be  the  second  term  of  the  root. 

Cube  the  sum  of  the  terms  of  the  root  now  founds  and  sub- 
tract this  cube  from  the  given  polynomial.  Divide  the  first  term 
of  the  remainder  thus  obtained  by  three  times  the  square  of  the 
first  term  of  the  root.  The  quotient  ivill  be  the  third  term  of 
the  root. 

Subtract  from  the  given  polynomial  the  cube  of  that  part  of 
the  root  newfound.  Divide  the  first  term  of  the  resvMng  re- 
mainder by  three  times  the  square  of  the  first  term  of  the  root. 
The  quotient  vnU  be  the  fourth  term  of  the  root.  GonHnue  this 
process  xintil  a  remainder  of  zero  is  obtained^  or  {if  from  the 
nature  of  the  case,  no  su^h  remainder  wiU  ever  resuU)^  as  far 
OS  desired. 
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223),  Soholiuxn  L — If  a  remamder  of  zero  resaltSy  the  given  polyno- 
niial  is  a  perfect  cube.  If  a  remainder  of  zero  cannot  be  obtained  the 
polynomial  is  an  imperfect  cube. 

224.  Scholium  H. — The  preceding  discussion  may  be  appUed  to 
nmnbers  by  letting,  r,  r',  r'',  etc.  represent  the  figores  indicating  the 
diflFerent  orders  of  units.  Thus,  if  r  represent  hundreds,  i^  represents 
tens  and  /'  units.  Then  P  represents  the  cube  of  a  number,  consisting 
of  hundreds,  tens,  and  units.  The  terms  r*,  3rV  etc.,  will  not,  in  the 
case  of  numbers,  be  distinct,  as  in  the  case  just  discussed.  We  must, 
therefore,  pick  out  the  cube  of  the  hundreds,  of  the  tens,  and  so  on,  in 
some  special  way.  As  the  cube  of  100  is  1000000,  the  cube  of  the 
number  of  hundreds  in  the  required  root  cannot  be  less  than  1000000* 
Hence  the  six  figures  on  the  right  of  the  number  can  have  nothing  to  do 
with  this  cube,  and  we  point  them  off,  to  separate  them  from  the  figures 
in  which  the  cube  of  the  hundreds  must  occur.  This  is  the  best  that 
we  can  do  toward  separating  the  cube  of  the  hundreds  from  the  other 
parts  of  the  number,  and  we  take  the  cube  root  of  the  greatest  perfect 
cube  in  this  left  hand  part,  as  the  number  of  hundreds  in  the  root. 
Subtracting  this  perfect  cube  from  the  number,  we  must  seek  the  tens. 
The  cube  of  the  tens,  the  lowest  number  we  have  to  deal  with  in  the 
second  step,  cannot  be  less  than  1000.-  Hence  the  three  figures  on  the 
right  of  the  number  can  have  nothing  to  do  with  it,  and  we  point  them 
off.  As  3rV  cannot  be  less  than  100000,  the  two  right  hand  figures  of 
the  middle  period  can  have  nothing  to  do  with  it,  and  we  leave  them 
out  of  consideration.  Leaving  out  these,  and  those  previously  pointed 
off,  then,  we  proceed  to  divide  the  rest  of  the  remainder  by  3r',  to  get 
/,  the  number  of  tens,  having  obtained  which,  we  cube  the  root  found, 
and  so  continue  in  a  manner  analogous  to  that  laid  down  in  the  rule,  ex- 
cept that  the  trial  divisor,  instead  of  being  always  3r',  is  three  times 
the  square  of  the  part  of  the  root  already  found. 

225.  Scholium  m.— Since  E^P-4»=P—(r»+3rV+3rr^+r^) 

=P--r»~3rV— 3r/»-V» 
=P— r>— (3r«/+ 3^^'+ r^) 
And  since  Rj=P — r*, 

Il,=:Rj— (3rV+3r/»+7*^) 

=Ri— (3(r>+r'0r'+r«) 
=IljH:(3r»-l-37r')  +  r^;^. 


«       1 .     6ft' 
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Hence  the  second  remainder  might  have  been  foond  by  adding  to  the 
divisor  three  times  the  product  of  the  two  terms  of  the  root  found,  plus 
the  square  of  the  second  term,  multiplying  this  sum  by  the  second  term, 
and  subtracting  the  result  from  the  first  remainder;  similarly  with 
the  other  remainders. 

SxAMPLES. 

1 .  Extract  the  cube  root  of  8a' — 4a'6+ ---r  — --  6* 

^32„_,1256»  9«      36a»      27 

+  a"*  +2l6?- 

^3           27  ^9a       86a'^216a» 
8^ 

-  4a'6+^a6'+ (1) 

8a'-4a«6+|a6'-^ (2a-^bf 

^6'-|6'+ (2) 

^3^      27  ^9  g      36a'^216a'    ^        3^6a^ 
0  (3) 

Arranging,  with  reference  to  the  powers  of  a,  and  extract- 
ing the  cube  root  of  the  first  term,  we  obtain  2a  as  the  first 
term  of  the  required  root.  Cubing  this,  and  subtracting 
the  result  from  the  given  polynomial,  we  obtain  — ia*b  as 
the  first  term  of  the  first  remainder  (1).     Dividing  this  by 

d{2ay=12a^,  we  obtain  ~  as  the  second  term  of  the  root. 
Subtracting  (2a — ^  j  from  the  original  polynomial  we  ob- 
tain 10a&'  as  the  first  term  of  the  second  remainder  (2), 

10a6'-Hl2a'=---  ,  which  is  therefore  the  third  term  of  the 
6  a' 

root.  Subtracting  from  the  given  polynomial  the  cube  of 
the  root  now  found,  we  obtain  a  remainder  of  0.     Hence 

2a —  -  -I is  the  required  root. 

3^6a  ^ 

The  given  polymonial  is  a  mixed  quantity,  and  the  root 

might  also  have  been  obtained,  as  indicated  in  (216),  but 
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the  general  rule  (222)  is  evidently  the  simpler  here.  The 
student  must  determine  for  himself  which  of  the  methods 
is  better  in  any  particular  case;  the  rule  (222)  will,  however, 
be  found  the  more  useful. 


Ana.  l+2a?-.a;»+2a^. 
3.  Extract  the  cube  root  of 

27a?^    3a?      3a?^      ^      y^     y^       y        y^       y^        y" 
27a?^ 


^+^+ (1) 

3a?       3a?^ 


27a?^     3a? 


4:y^     20 


3a?^ 

2  1  1  8/1  1\' 

Sy       4i/^     2i/*     ^      3a?^  ,  3a?     a:^      /2t/^  ,        a?^ 


3 


(2) 


8y     1  4y^  ^  21/^ 

8 

3" 

17 

9ar^  ,  6ar  ,  19ar* 

12a!'^ 

(3) 

27*^     3x       Bx^ 

—         1  "■"            1 

3 

y^    y'       y 

y' 

0.  (4) 

Sx^  y^     y"^ 
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4.  ,V(27a?— 8a?^— 36+36a?^-fl2ar*— 54a?^+9ar*»+27a?*-f 
X  -•— 6ar"^)  =  ?  Ana.    Sx^—2x^+ar\ 

5.  ^(l+3a?-.5«»+aiJ*— ^)=  ?  Ans.    l+x—x". 

226.  Pxopoeitloii  I. — A  Binomial  can  never  he  a  perfefi 
cube. 

Its  cube  root  cannot  be  a  monomial,  for  the  cube  of  a 
monomial  is  a  monomial.  It  cannot  be  a  polynomial,  for 
the  cube  of  the  simplest  polynomial,  viz. : — a  binomial,  has 
at  least  four  terms. 

Proposition  11. — A  Trinomial  can  never  he  a  perfect  cube. 

Proposition  m. — A  Quadrinomial  is  a  perfect  cube  when, 
(arranged  wUh  respect  to  some  letter)^  the  first  and  last  terms 
are  perfect  cubes,  and  the  second  and  third  are,  respectively, 
three  times  the  square  of  the  cube  root  of  each  of  these  into  the 
cube  root  of  the  other, 

227.  m.— To  Deduce  a  Rule  for  the  esi^raction  of 
the  nth  root  of  polynomials. 

Let  P  represent  the  given  polynomial,  arranged  according 
to  the  descending  powers  of  any  letter,  and  r,  r\  r^\  etc., 
the  successive  terms  of  the  root,  virhatever  form  these  terms 

may  have.     Suppose  the  root  (r4-^+^"+ )  arranged 

according  to  the  descending  powers  of  the  leading  letter  of 
P.  Then  r  contains  a  higher  power  of  the  leading  letter 
than  r',  r'  than  r\  and  so  on.     Let  s=7*'+/'+r^"+. . .  . 

Then  P=(r+8)"=r*4-w^~^s+ -f-s".     Since  r  contains  a 

higher  power  of  the  leading  letter  than  any  other  term 
of  the  root;  r^,  the  first  term  of  the  continued  product 

(r+/-fr''+....Xr4-r' +/'+....) ,   will  contain  a 

higher  power  of  the  leading  letter  than  any  other  term  of 
this  product,  and  will  therefore  not  reduce  with  any  other. 
Since,  then,  the  first  term  of  the  given  arranged  polynomial 


i 
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was  obtained,  without  redwctwn,  by  taking  the  nth  power  of 
the  first  term  of  the  root, 
If  we  extbagt  the  nth  boot  of  the  fibst  tebbi  of  the 

ABBANOED  POLYNOMIAL,  WE  SHALL  OBTAIN  THE  FIBST  TEBM  OF  THE 
BEQITIBED  BOOT. 

Thus  extracting  the  nth  root  of  r^  we  see  that  we  have  r, 
the  £u:st  term  of  the  root.  We  subtract,  then,  from  the 
given  polynomial,  the  nth  power  of  r,  in  order  to  simplify 
our  search  for  the  other  terms  of  the  root,  which  terms  can 
have  nothing  to  do  with  the  formation  of  r^,  as  already  ex- 
plained. Let  El  represent  the  remainder  obtained  by  sub- 
tracting r*  from  P.     Then 

n— 1 

=nr»-V+rir«-V''+ 

We  can  show,  by  reasoning  precisely  similar  to  that  em- 
ployed in  (222)  that  nr^-W  will  be  that  term  of  the  remain- 
der that  contains  the  highest  power  of  the  leading  letter. 
It  will  therefore  not  reduce  with  any  other  term  and  will  be 
found,  unreduced,  as  the  first  term  of  our  arranged  remain- 
der. Dividing  nt'^^f^  by  wr*"*  we  obtain  r^,  the  second  term 
of  the  root.     Hence, 

If  we  divide  the  fibst  TEBM  of  OUB  ABBANGED  BEMAINDEB  BY 

n  times  the  {n — l)th  poweb  of  the  fibst  tebm  of  the  boot, 

we  shall  obtain  the  second  TEBM  OF  THE  BOOT. 

Now  let  r-\-r\  the  sum  of  the  terms  of  the  root  already 
found,  be  represented  by  a,  and  let »'  represent  the  sum  of 
those  terms  yet  to  be  found.    P  will  now  equal  (a-|-^)'*= 

a«-|.-na'»^i8'+ 4-8'».     Subtracting  a*  from  P,  we  obtain, 

for  the  second  remainder, 

R3=incr»-is'4- -\^'\ 

=n7^-W'\'nr^^r'''+ -f 8'^ 

On  this  remainder  we  may  reason  as  already  explained, 
and  prove  ih&tnr'^^r'  will  appear,  vrithout  reduction,  &a  the 
first  term  of  the  arranged  remainder,  from  which,  by  divid- 
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ing  by  nf^^,  we  may  obtain  /',  the  third  term  of  the  root. 
In  a  similar  manner  we  may  show  that 

The  fibst  term  of  any  remainder,  obtained  as  here  indi- 
cated, WILL,  UPON  division   BY  n  TIMES  THE  (n l)th  POWER  OF 

THE  FIRST  TERM  OF  THE  ROOT,  GIVE  A  NEW  TERM  OF  THE  ROOT. 

As  the  letters  employed  may  represent  any  quantities 
whatever,  we  deduce,  for  the  extraction  of  the  nth  root  of 
any  polynomial,  the  following 

Rule. — Arrange  the  polynomial  according  to  the  descending 
or  ascending  powers  of  some  letter,  and  take  the  nth  root  of 
the  first  term  for  the  first  term  of  the  nth  root.  Subtract  the 
nth  power  of  this  term  of  the  r^oot  from  the  given  polynomial. 

Divide  the  first  ten^i  of  the  remainder  by  n  times  the 
(n — l)th  power  of  the  first  term  of  the  root.  The  quotient 
will  he  the  second  term  of  the  root.  Subtract  the  nth  power  oj 
that  part  of  the  root  iiow  found  from  the  given  polynomial. 

Continue  this  process,  using  at  each  step  the  same  divisor  ai 
before,  until  a  remainder  of  zero  is  obtained,  or,  {iffr(mi  the 
nature  of  the  case,  no  suoh  remainder  can  be  obtained),  as  far 
as  is  desired. 

Scholium  I. — If  a  remainder  of  zero  is  obtained,  the  polynomial  is 
a  perfect  nth  power,  of  which  the  nth  root  is  the  sum  of  the  terms 
fonnd. 

If  from  the  nature  of  the  case,  a  remainder  of  zero  never  can  be  ob- 
tained, the  polynomial  is  an  imperfect  nth  power,  and  an  approximate 
root  is  found  by  continuing  the  indicated  operation  to  any  desired  point. 

Scholium  II. — We  see  from  the  nature  of  the  reasoning  that  the 
polynomial  might  have  been  arranged  according  to  the  ascending  powers 
of  any  letter,  and  the  root  found  as  indicated  in  the  rule. 

Bcholium  IH. — By  considering  r,  /,  /',  etc.,  as  representing  figures 
expressing  units  of  different  orders,  we  may  apply  the  principles  just 
discussed  to  numbers.  The  extraction  of  the  nth  root  of  numbers  is^ 
however,  so  important  an  operation  that  its  discussion  is  reserved  for  a 
subsequent  article. 

Scholium  IV.— From  Arts.  201-5  we  see  that  the  nth  root  of  the 
given  poljmomial  may  also  be  obtained  by  the  binomial  formula^  the 

exponent  of  the  given  polynomial  being  — . 
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228.  CJoroUary. — The  first  term  of  the  first  remainder 
found  in  the  process  of  extracting  any  root  of  a  polynomial  is 
always  the  same  as  the  second  term  of  the  given  polynomial, 

229.  Proposition  I. — A  Binomial  is  never  a  perfect  power. 
For  any  power  of  a  monomial  is  a  monomial,  and  the  nth 

power  of  the  simplest  polynomial  (a  binomial)  must  (203)* 
have  at  least  n-|-l  terms. 

Proposition  n. — In  order  that  a  polynomial  should  be  a 
perfect  power  of  any  degree,  it  must  have  at  least  as  m^ny 
terms  as  there  are  units  in  the  exponetU  of  the  power,  plus  1. 

For,  the  nth  power  of  a  monomial  is  always  a  monomial, 
and  the  nth  power  of  the  simplest  polynomial  has  (203)  n+1 
terms;  hence  a  polynomial  of  n  terms  or  less  cannot  be  a 
perfect  nth  power. 

If  it  be  required  to  extract  the  nth  root  of  a  polynomial 
that  is  an  imperfect  nth  power,  though  the  root  can  never 
be  obtained  exactly,  it  may  be  obtained  to  within  any  de- 
sired degree  of  approximation  by  performing  the  operations 
indicated  in  the  foregoing  rules  until  a  sufficient  number  of 
terms  of  the  root  has  been  obtained. 

Examples. 

1.  Extract  the  fifth  root  of 
32j*»+240a:*2/'-|720aYi-1080a?y+810a^+2432/"  |2^+3^ 

32a;^^ 

240a^2/'+720a;*i^+ (1) 

32a?^o+240a;'l/'+720a^y*+1080a?V+810ary+243y° 

0 (2> 

The  polynomial  being  already  arranged  according  to  the 
descending  powers  of  x,  the  fifth  root  of  the  first  term, 
v/32a;"=2i»',  is  the  first  term  of  the  root,  and  2^Wy^  is  the 
first  term  of  the  first  remainder.  Hence  240a5*t/'-^5(2a;')*=32/* 
is  the  second  term  of  the  root,  and  as  (^af-^-^y^f  equals  the 
given  polynomial,  the  second  remainder  is  0,  and  2a?-]^y^ 
is  the  required  root. 
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2.  ^1— 6a*+15a*— 20a+15a*— 6a^+a*=?   ^ns.  1— a* 

4.  . 

Am.  2a?^— 3c•*a:^+4o•^ 

5.  Extract  the  fifth  root  of  jr»+15a?-"— 6ar"+90a?-"— 
60a:-^°+280a:-«— 70ar  «+  49ar*—  550ar-'+  495— 613a:»+  275a?* 
'-'d0af^+15af'-^x'\  Eoot  a:-*+3-^»». 

1°  Eemainder,  15a?~"— 

<a7-*+3)*=.x-^+15a:-"+90a:-"+270a:-«+405a?-*+243. 

2^  Remainder,  — 5aj"^" — 

{a;~*+3 — ar*)^==given  polynomial. 

6.  {/  (l28a»*—  1344a"6^a?T^+  6048a"6^a?^— 15120a''6^a?^  + 

8     8  10    10  13    IS  \ 

22680a»6^a;T^—20412a*6^a?^+10206a'6^a?^— 21876V)  =  ? 

-4ris.  2a'— 36T^a?*. 

J(^126*+4a6-*+9a6^— 6a»6+a»6"*)=? 

^n«.  a? ;  2a-*— 3a*6*+a^&-*. 

a; 

8.  ri— =?  ^n*.  1-3- 9~  81-243--   ■ 

,  /35  1  21 

9-   >/(  2-^y +168«y  +  j28»'+  -g  aV + TOas"!/*  + 128/4- 

224ar2/'+lA)=?    v/i=?=? 


rc*      a?^2/      ^^2/^      a?^!/*      2/* 
The  solution  of  examples  like  the  last,  in  which  the  in- 
dex of  the  required  root  is  composite,  is  often  simplified  by 
the  application  of  the  principle 
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280.   The  mth  root  of  the  qth  root  of  a  quantity  equals  the 
mqth  root  of  the  quantity. 


Thus,  if  a  represent  any  quantity,  \|/a=  i/a.  For, 
^ii=a\  and  \a~i=ahk  (213)  =="^0. 

Or,  denote  \fV^a,  whatever  the  value  of  it  may  be,  by 

r;  then  '\\^a=^r.     Since  like  powers  of  equals  are  equal, 

\\\/a)  =r^;  the  mth  power  of  the  mthrootof  a  quantity, 
however,  equals  the  quantity  itself;  whence 

\\V^a)  =f/^  and  Va=f^, 
Baising  each  of  these  equals  to  the^  qth  power,  we  have. 
a=7^«.     Since  a=r^,  i/a  =  i/r™«,  as  like  roots  of  equals. 


must  be  equal.     Hence,  "|/^a=r=  \  v^a .     Q.  E.  D. 

To  apply  this,  if  the  mqth  root  of  any  quantity  is  re-, 
quired,  we  extract  first  the  mth  root,  and  then  the  qth  root, 
of  the  result.     Thus 

lV656i=:\\V6561  =\i/81=:i/9==  3. 

V/I6a*— 96a»a?+216aV— 216flar'+81a?*  =  |/y(16a*— 96a»a?+- 

216aV— 216aa:»+81a:*)  =  i/4a'— 12aa7+9a^=2^^— 3a?. 

v/a«+6a'^6+15a*6'+20a'6»+15aV+6a&^+6« 

=  ^a»+3a'6-}-3a6*+6^=a+6. 

It  is  usual,  though  not  necessary,  to  extract  the  roots  of 
lower  degrees  first,  that  the  extraction  of  the  roots  of  tha 
higher  degrees,  which  is  the  more  di£Soult  operation,  may 
be  performed  on  simpler  quantities. 
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APPROXIMATE  ROOTS. 

5231.  The  binomial  formula  famishes  a  method  of  finding, 
ko  any  desired  degree  of  accuracy,  the  roots  of  polynomials 
that  are  imperfect  powers  of  the  degree  indicated.    Thus,  if 

i^a+b  is  required,  we  may  place  v^a+6=(a+6)'»  and  de- 
velop by  the  formula,  finding  as  many  terms  of  the  expansion 
"as  may  be  necessary  or  expedient  in  the  particular  case.  Sim- 

Uarly  \j equals  (a* — c*)"",   v/a+6-H?  =  (a4-6+c)ii, 

^a' — <r 

p^{a+b+€+dy==(a+b+c+dyi ,  etc. 

232.  Approximate  Roots  of  Fraotions. — ^If  both  terms 
of  a  fraction  the  nth  root  of  which  is  to  be  extracted  are 
perfect  nth  powers,  the  application  of  the  rule  (215)  gives 
the  exact  nth  root  at  once.  If,  however,  either  or  both 
terms  be  imperfect  nth  powers,  the  nth  root  of  the  fraction 
cannot  be  obtained  exactly,  for  by  (214)  the  nth  root  of  the 
imperfect  powers  in  the  numerator  and  denominator  can- 
not be  expressed  in  exact  parts  of  1.  As  the  numerator  or 
denominator  of  the  nth  root  cannot  be  exactly  expressed,  the 
nth  root  cannot  be  exactly  expressed.  We  can  in  this  case 
■approximate  as  closely  as  we  please  to  the  true  root;  in 
other  words,  we  may  obtain  a  quantity  that  differs  from  the 
true  root  by  as  small  a  quantity  as  we  please. 

233.  I.— To  Deduce  a  Rule  for  extracting  the  nth 
root  of  a  firaction  to  -within  less  than  the  firactional 
unit. 

a 
Let  -r  be  the  given  fraction      If,  now,  b  were  a  perfect 

nth  power,  we  should  be  able  to  extract  its  nth  root.  As  we 
<!!an  add  or  subtract  fractious  only  when  they  have  a  com- 
mon denominator,  we  can  determine  the  degree  of  approx- 
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imation  in  our  result  only  if  its  denominator  be  6,  as  it  is  to 
differ  from  the  true  root  by  less  than  -r-. 

We  can  make  the  denominator  a  perfect  nth  power  by 
multiplying  it  by  6*^^  We  must  also  multiply  the  numer- 
ator by  6*^^  so  that  the  value  of  the  fraction  may  not  be 

changed.     Multiplying,  we  obtain   -j^'    Let  r*  be  the 

oft*-* 
greatest  perfect  nth  power  in  ab^^.     Then  —tt-  will  be 

r^  (r+1)* 

greater  than  j-  and  less  than  — j- — ,  and  the  nih  root  of 

■      will  be  greater  than  the  nth  root  of  j-  and  less  than 

/y_i_l\*  (ab^      r  r4-l 

thenZ/irootof^— ^.    Hence '^-^>-^  and  <-^.    The 

difference,  then,  between  \/? —  and  either  -r  or  — r—  will 

r-|-l  T      /•-f-1       r 

be  less  than  the  difference  between  —r-  and  t** 


6  b'        b         b 

i  a6""* 

=-T--  Hence  the  difference  between  the  true  nth  root  of  -r — 

r       r-f-1  .  1  r       *^+l 

and  -r-  or  —r—  is  less  than  -r.     In  other  words,  -r  or  — r— 

a6*~^     a  1 

is  the  nth  root  of     .■—■-,  to  within  less  than  -r.     As  a,  6 

and  n  may  represent  any  quantities  whatever,  we  deduce 
the  following 

Rule. — Multiply  the  numerator  of  the  given  fractym  by  the 
(n — l)th  power  of  the  denominator.  Extract  (he  nth  root  of 
the  product  and  divide  this  root  by  the  denominator  of  the  given 
fraction. 

The  rule  of  Article  223  enables  us  to  extract  the  nth  root 
of  an  entire  quantity  to  within  less  than  1,  the  unit  of  en- 
tire or  integral  quantities,  and  the  rule  of  Article  283  ena- 
bles us  to  extract  the  nth  root  of  a  fraction  to  within  less 
than  the  unit  of  the  fraction.     We  pass  now  to  the 
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233»— IL  General  Caae.— JTo  Deduu  a  JRule  for  extracting  the  nth 
root  of  any  quantity  to  Vfithin  lesa  than  any  given  JratMon.     Let  Q  rep- 

r 
resent  the  given  quantity,  and  —  the  fraction  indicating  the  degree  of 

approximation.  — = — •    Let  v  represent  the  valne  of  the  fraction  — ;; 

r 
r      1 
then  — = — ,  and  we  are  required  to  extract  the  n£h  root  of  Q  to  within^ 

1  On      Qt^ 

1^   Q=-i:  = .     K  r»  equals  the  greatest  perfect  yi^  power  inQv" 

Qw*  ^        (*+!)* 

—  lies  between  •—  and  — ——•        (Since  Qi;»>  r»     and     <(r+l)»)- 

Hence  the  fUh  root  of  —  is  greater  than  then^  rootof  —  and  lees  than. 

(r+l)»  Q»»  y 

the  n<A  root  of  — — — "    Hence  the  n^A  root  of  — —  lies  between  —  and 

r+1                                                                               Q^           r       H-1 
-^— ,  that  is,  the  difference  between  the  nih  root  of and  —  or 

is  less  than  the  difference  between and  —   This  difference  ( ) 

V  V  \    V  Vl 

1                               r       r+l                                                  Q^ 
is  — •    Hence,  either  —  or differs  from  the  true  root  of by  less 

(\       r\                   .          r       r+1 
— =— |.     Hence  either  —  or is  the  root  required.     Since 

our  reasoning  is  perfectly  general,  we  deduce  the 

Rule. — Multiply  the  given  quantity  by  the  nth  power  of  the  value  of  the 
reciprocal  qf  the  given  fraction,  Eostract  the  nth  root  qf  the  product  to 
within  1,  and  divide  the  result  by  the  redproeai  of  the  givenfraction. 

Scholium. — ^The  rule  assuires  that  the  denominator  of  the  given 
quantity  is  1,  t.  e.,  the  quantity  is  in  the  form  of  an  integer.  If  the 
given  quantity  is  a  fraction,  it  may  be  reduced  to  this  integral  form  by 
transferring  all  the  factors  of  the  denominator  to  the  numerator;  thus 
X  E« 

—  =  sDjT"^,  -J-  =  E'M,  and  so  on. 

EVOLUTION  OP  NUMBEBS. 

284.  To  Deduoe  a  Rule  for  extraotdng  any  zoot  of  a 
given  number. 
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Let  m  be  the  index  of  the  required  root. 

Let  us  form  a  table  of  the  TrUh  powers  of  the  first  ten 
123456789  10 
numbers  thus:  1**  2»»  3*^  4"»  5"»  6"*  7«  8"»  9*  10«.  Every 
power  of  1  is  1;  hence  1"*=:1.  Any  power  of  10  is  1  fol- 
lowed by  as  many  zeroes  as  there  are  units  in  the  exponent 
of  the  power.  Thus  1 0*=100, 10^=1000,  and  so  on.  Hence 
10^  will  be  1  followed  by  m  zeroes;  it  will  be  expressed, 
then,  by  m-f-l  figures.  All  the  numbers  from  1"*  up  to  9~ 
inclusive,  will  therefore  be  expressed  by  less  than  m^-1  fig- 
ures, for  1  followed  by  m  zeroes  is  the  smallest  number  ex- 
pressed by  m+1  figures.  If,  then,  we  are  required  to  find 
the  mih  root  of  a  number  expressed  by  less  than  wi+l  fig- 
ures, we  look  in  the  lower  line  of  the  above  table.  If  the 
number  given  occurs  in  this  line,  it  will  be  a  perfect  mth 
power,  and  its  mth  root  will  be  the  number  immediately 
above  it,  the  corresponding  number  in  the  upper  line.  If 
the  given  number  does  not  occur  in  the  lower  line  of  the 
table,  it  is  an  imperfect  mth  power  and  falls  between  two 
numbers  in  the  lower  line,  its  mth  root  falling  between  the 
two  corresponding  numbers  in  the  upper  line,  either  of 
which  will  be  the  mth  root  to  within  less  than  1.  If  the 
number  be  greater  than  1  followed  by  m  zeroes,  it  will  not 
be  found  in  the  above  table,  and  its  root  will  exceed  10; 
i.  e,,  will  contain  tens  and  units.  If,  now,  we  let  t  repre- 
sent the  tens  in  the  root,  and  u  the  units,  the  root  will 
be  i+u,  and  the  mth  power  of  this  root,  i.  e.,  the  given 
number,  will  he  (t-^-u)^;  or,  by  the  binomial  formula, 
{t^u)^=t'^-\-mt^''^u-\- -f  ^''*=N  (the  given  number  be- 
ing represented  by  N).  Since  the  mth  power  of  one  ten, 
the  smallest  number  of  tens  that  can  occur,  is  1  followed  by 
m  zeroes,  t^,  the  mth  power  of  the  tens  of  N,  will  be  at  least 
1  followed  by  m  zeroes;  i.  e.,  it  will  certainly  have  m  zeroes 
for  the  m  right-hand  figures.  Hence  we  point  off  the  first 
m  figures  on  the  right  of  the  given  number,  as  having 
nothing  to  do  with  the  mth  power  of  the  tens,  which  must 
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1)6  found  in  the  figures  to  the  left  of  the  point.  Let  us  sup- 
pose, for  simplicity,  that  there  are  not  more  than  m  figures 
to  the  left  of  the  point,  so  that  the  mth  root  of  the  greatest 
perfect  mth  power  in  these  figures  may  be  less  than  10.  The 
mth  jroot,  then,  of  the  greatest  perfect  mth  power  in  these 
figures  is  the  number  of  tens  in  the  root.  Having  thus  ob- 
tained ^,  we  subtract  its  mlh  power  from  N  to  simplify  our 
tsearch  for  the  rest  of  the  root.     We  thus  obtain 

m — 1 
N— <"•=rw<^^^^+-m— g— ^"•u«  + +w« 

If  now  we  can  pick  out  the  part  mi'^hi,  it  is  obvious  that 
we  may,  by  dividing  it  by  m^**"*,  obtain  u,  the  units  of  the 
root.  "We  do  not  know  how  to  separate  mf^^u  completely 
from  the  other  terms,  but  we  do  the  best  that  we  can  in 
this  direction.  Since  one  ten,  the  first  power  of  10,  has 
one  zero  on  the  right,  the  (m — l)th  power  of  10  will  have 
m — 1  zeroes  on  the  right.  Hence  tr^^  must  have  m — 1 
zeroes  as  the  right-hand  figures,  and  therefore  the  m — 1 
figures  on  the  right  of  our  remainder  cannot  have  anything 
to  do  with  mi'^^u.  This  term  will  then  be  found  in  the 
part  of  the  remainder  obtained  from  the  first  left-hand 
period,  with  one  figure  from  the  next  or  right-hand  period. 
We  shall  call  this  remainder,  leaving  out  of  consideration 
the  m — 1  figures  on  the  right,  the  trial  dividend.  As  the 
square  of  the  units  may  be  expressed  by  two  figures,  and 
C^"'  will  be  at  least  1  followed  by  m — 2  zeroes,  it  is  pos- 

sible  that  a  part  of  the  term  m — -  f*~*u'  may  be  found  in 

the  trial  dividend,  and  for  similar  reasons  part  of  the  next 
term  may  be  found  in  the  trial  dividend.  The  trial  divi- 
dend, then,  contains  the  whole  of  the  term  m4^^u,  and 
may  contain,  in  addition,  parts  of  other  terms.  The  sep- 
aration of  what  we  have  called  the  trial  dividend  is,  how- 
ever, the  best  that  we  can  do  toward  segregating  mi'^^u. 
Had  we  separated  it  wholly  from  the  other  terms,  the  division 
of  it  by  mt^"^  would  give  u,  but  as  we  have  not  separated 
it  wholly  from  the  other  terms,  but  as  nearly  so  as  possible, 
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the  division  of  our  trial  dividend  by  mf"^  will  give  u  either 
exactly,  or  nearly  bo.  As  the  trial  dividend  must  always 
contain  cU  least  mf^hi,  the  quotient  obtained  by  dividing , 
it  by  mP^"^  must  be  at  least  as  large  as  u;  and  as  parts  of 
other  terms  may  occur  in  the  trial  dividend,  the  quotient 
figure  may  be  too  large.  If  now  we  raise  the  root  found 
to  the  mih  power,  and  find  this  result  greater  than  N, 
we  know  that  the  quotient  figure  just  spoken  of  is  too 
large.  Hence,  we  diminish  the  number  of  units  in  the 
root  until  the  mth  power  of  the  root  found  does  not  exceed 
the  given  number.  If  the  mth  power  of  the  root  is  then 
precisely  equal  to  the  given  number,  N  is  a  perfect  m{h 
power,  and  the  root  found  is  its  mth  root.  If  the  mth 
power  of  the  root  found  is  less  than  N,  the  given  number 
is  an  imperfect  mth  power,  and  the  root  found  is  correct  to 
within  less  than  1.  For,  as  just  explained,  the  units 
figure  cannot  be  too  small,  and  if  we  increase  it  by  1,  the 
mih  power  of  the  resulting  number  will  be  greater  than  N. 
Hence  N  lies  between  the  mih  power  of  the  root  found  and 
the  m(h  power  of  the  number  greater  by  1  than  this  root, 
I.  e. ,  the  root  found  differs  from  the  true  mth  root  of  N  by 
less  than  1. 

If,  after  pointing  off  the  m  right-hand  figures,  the  part  on 
the  left  should  contain  more  than  m  figures,  the  number  of 
tens,  t.  e,,  the  mth  root  of  the  greatest  perfect  mih  power 
therein,  would  be  expressed  by  more  than  one  figure,  that 
is,  the  root  would  contain  hundreds.  To  get  the  number 
of  tens  we  should  then  be  obliged  to  reason  on  this  left-hand 
part  as  we  have  here  reasoned  on  N,  pointing  off  m  figures 
to  the  right,  and  so  on. 

In  general,  as  the  mth  power  of  10  is  1  followed  by  m 
ciphers,  the  mth  power  of  100  1  followed  by  2m  ciphers, 
the  mih  power  of  1000  1  followed  by  3m  ciphers,  and  so  on, 
the  mth  power  of  any  number  between  10  and  100  cannot 
have  more  than  2m  figures,  the  mth  power  of  any  number 
between  100  and  1000  {i.  e. ,  expressed  by  3  figures)  cannot 
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have  more  than  3m  figures,  and  so  on.  Hence,  dividing 
any  number  into  periods  of  m  figures  each,  beginning  at 
the  right,  the  number  of  periods  (counting  the  extreme  left- 
hand  portion  as  a  period,  even  if  it  contain  less  than  m 
figures),  will  equal  the  number  of  orders  of  units  in  the 
root. 

From  the  foregoing  considerations  we  deduce,  for  the  ex- 
traction of  the  mth  root  of  a  number,  the  following 

EuLE. — Separate  the  number  into  periods  of  m  figures  each, 
beginning  at  the  right.  The  left-hand  period  may  contain  less 
than  m  figures.  Extract  the  mth  root  of  the  greatest  perfect 
mth  power  in  the  left-hand  period,  for  the  first  figure  of  the 
root.  Subtract  this  perfect  rath  power  from  the  left-hand  pe- 
riod, and  bring  down  the  first  figure  of  the  second  period. 
Divide  this  result  by  m  times  the  (m — VjQx  power  of  the  firit 
figure  of  the  root.  The  quotient  wiU  be  the  next  figure  of  the 
root,  or  something  greater. 

Find  the  mth  power  of  thai  part  of  the  root  now  obtained. 
If  this  be  greater  than  the  first  two  left-hand  periods,  diminish 
the  figure  last  found  until  ihemthpowerofthe  part  of  the  root 
found  does  not  eooceed  the  two  left-hand  periods. 

Then .  subtract  the  mth  power  of  that  part  of  the  root  now 
found  from  the  two  left-hand  periods,  and  to  the  remainder 
bring  down  the  fir^  figure  of  the  next  period.  Divide  this  re- 
sult by  na  times  the  (m — ^l)th  power  of  thai  part  of  the  root 
already  found,  and  continue  the  operations  above  indicated 
untU  aU  the  periods  have  been  operated  upon. 

Examples. 

1.  Extract  the  7th  root  of  19891027786401117. 
198"9102778"6401117    1213 
128  7.(2)*=448 

709 (1)1°  trial  dividend. 

1801088541 .(21)^ 

1880142376 (2)2°  trial  dividend. 

7.(21)«=7x85766121=60036284T 
19891027786401117 (213)^ 
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Pointing  off,  from  the  right,  periods  of  7  figures  each,  we  find  the 
greatest  perfect  7th  power  in  the  left-hand  period  to  be  128;  as  |/l28=2, 
2  is  the  first  figure  of  the  root.  Subtracting  2^  from  the  first  period, 
and  to  the  result  annexing  9,  the  first  figure  of  the  second  period,  we 
have  709  as  the  first  trial  dividend.  709 -r  448  gives  1  as  the  second  fig- 
ure of  the  root,  and  subtracting  (21)^  from  the  first  two  perit>ds,  we 
obtain  188014237,  to  which  annexing  the  first  figure  of  the  third  period 
we  have  1880142376  as  the  second  trial  dividend,  which,  divided  by 
7(21)*= 600362847,  gives  3  as  the  third  figure  of  the  root.  As  (213)' 
equals  the  given  number,  the  last  remainder  is  0,  and  213  is  the  root 
required. 

2.  v/l231171548132409344=?  Ana.   384. 

3.  v^36936242722357=?    v^655000000000000=? 

4.  #^8124237632727=?     i?" 27000000000000000000000=? 

5.  #^19683000000000000=?    #^279726264000=? 


6.  v/3462826991689=? 

285.  Scholium  I. — The  extraction  of  the  square  root  of 
numbers  is  a  special  case,  falling  under  (234).  Here  m=2 
and  m — 1=1.  Instead,  however,  of  subtracting  at  eacL 
step  in  the  process  the  square  of  the  whole  root  already 
found,  it  is  usually  considered  easier  to  subtract  from  the 
remainder  that  part  of  the  square  of  the  tens  plus  the  units 
not  already  subtracted,  viz. ,  twice  the  product  of  the  tens 
by  the  units,  plus  the  square  of  the  units,  on  the  principle 
indicated  in  (218). 

We  thus  have  the  following 

EuLE. — Separate  the  given  number  into  periods  of  two  figures 
each,  beginning  at  the  right;  the  extreme  left-hand  period  may 
contain  but  one  figure. 

Extract  the  square  root  of  the  greatest  perfect  square  in  the 
left-hand  period  for  the  first  figure  of  the  root.  Subtract  this 
perfect  square  from  the  left-hand  period,  and  bring  down  (he 
next  period. 
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Divide  this  resuU  {not  considering  the  last  figure),  by  ttoice 
the  root  already  found.  Annex  the  quotient  to  the  root  and  to 
the  divisor.  Multiply  the  augmented  divisor  by  the  second 
figure  of  the  root  and  svJbtract  the  product  from  ths  first  re- 
mainder. If  the  product  should  he  greater  than  the  first 
remainder,  diminish  the  number  of  units  in  the  root  until  this 
product  is  no  longer  greater  than  the  first  remainder,  and  then 
subtract.     Bring  down  the  next  period. 

With  tvrice  the  root  already  found  as  a  trial  divisor,  proceed 
as  before  until  all  the  periods  have  been  operated  upon, 

236.  The  number  of  digits  in  tlie  square  root  of  a  number  being  2ii-f-l, 
c^fter  n+l  Jiave  been  obtained  by  (235)  t?ie  other  n  may  be  found  by  simple 
division. 

For,  N  being  the  given  number,  r  the  part  of  the  root  found- by  (235> 
and  X  the  part  expressed  by  the  last  n  digits, 

N=(r+x)»=r»+2nB+x^  •.  N~r^b=2ra+a;»  and  ^~^  =g+~;  since  if 

2r  2r 

equals  be  divided  by  the  same  quantity,  the  quotients  will  be  equaL 
By  supposition  r  is  the  part  of  the  root  to  the  left  of  the  last  n  figures, 
and  as  it  contains  n-f-1  digits  it  cannot  be  less  than  10^";  x  contains  only 
n  digits,  and  therefore  7^  cannot  contain  more  than  2n  digits,  and  must 

2 

be  less  than  10*»,     Hence  a;*<2r  and  —  must  be  &  proper  fr action,  i.  e., 

2r 
must  be  less  than  1.     As  the  indicated  division  gives  x  and  the  remainder 

X  . 

,-(^lf  this  division  gives  x,  the  latter  part  of  the  root,  to  within  1. 

2r 

Examples. 

Extract  the  square  root  of  the  following  numbers* 

277729;  4222140484;  44105040144;  3518743761;  100020001; 

3737373414351721;  186711476424322756;  54782211136; 

32239684. 

237.  Scholium  II.— If  we  are  required  to  extract  the 
cube  root  of  a  number,  w=3,  m — 1=2,  and  the  rule  of 
Art.  234  becomes  the  following 

EuLE. — Separate  the  number  into  periods  of  three  figures 
each,  beginning  at  the  right.  The  left-hand  period  may  con^ 
tain  less  than  three  figures,     Eoctract  the  cube  root  of  tha 


1 
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grecUeat  perfect  cube  in  the  left-hand  period^  for  the  first  figure 
of  the  root. 

Subtract  this  perfect  cube  from  the  left-hand  period,  and 
bring  down  the  first  figure  of  the  second  period.  Divide  this 
result  by  three  times  the  square  of  the  part  of  the  root  already 
found.  The  quotient  will  be  the  next  figure  of  the  root,  or 
something  greater. 

Find  the  cube  of  that  part  of  the  root  now  obtained.  If 
this  be  greater  than  the  first  two  left-hand  periods  of  the  given 
number  diminish  the  quotient  last  found  until  the  cube  of  the 
part  of  the  root  obtained  does  not  exceed  the  two  left-hand 
periods. 

Subtract  the  cube  of  that  part  of  the  root  now  found  from 
the  two  left-hand  periods  and  to  the  remainder  bring  down  the 
first  figure  of  the  next  period.  Divide  this  result  by  three 
times  the  square  of  that  part  of  the  root  already  found,  and 
proceed  as  before,  continuing  the  operation  until  all  the  periods 
have  been  operated  upon. 

238.  The  number  qf  digits  in  the  ctibe  root  of  a  number  being  2n-f-2,  atid 
n-|-2  having  been  obtained  by  (237),  the  other  n  may  be  obtained  by  du 
vision  only. 

For,  N  being  the  given  number,  c,  the  part  of  the  root  expressed  by  the 
first  w+2  figures,  and  x  the  other  part,  N=(c+x)'=c'+3<;^+3ca;'-|-a;".  *. 

S—e             x*       X 
N — c'=:3c*a+3«B'+x'  and        ^  =a;-| +  — ;  since  equals,  divided  by 

the  same  quantity,  give  equal  quotients.  Now  x<  10*  since  x  contains 
less  than  n-f-1  digits,  and  e  is  at  least  lO^"*^! .     Hence,  sc'  being  less  than 

'    c       102«+i      c       10 
Further,  ar'<103»,  since  x<10»,  and  c*  is  at  least  as  large  as  10*»+« 

jc'  10®* 

since  c  is  at  least  as  great  as  lO^n+i.    Therefore  — 3  < j^^^ 

3c      3  X 10 

10®"  1  ^'  <.      ^ 


3xl0*»+2      3xld«+2  •••  3aa     3xl0»"*"*' 
,28.  , 

-  +  —-<—.  +  - — -— — ,  and  is  therefore  1 
'  3c*     10      3xl0»+2* 

Hence  as  the  division  indicated  above  gives  x,  the  part  of  the  root  ex- 


28.  , 

consequently h:r-3<T7:  +  :: — ,^  ^a>  ^^^  is  therefore  less  than  1. 

^         "^    c    '  3c*     10      3xl0»+2* 
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presBed  by  the  lart  n  figures,  with  a  remainder  less  than  —+  ^^» 

this  division  gives  the  part  of  the  root  mentioned  to  within  1. 

Examples. 
Extract  the  cube  root  of  the  following  numbers:  39651821; 
44361864;  238501021853375;  33199964344;  403583419; 
115501303;  337153536;  34012224000000;  183056926752. 

239.  Scholium  III. — To  apply  principles  concerning  the 
nth  root  of  quantities  to  a  root  having  any  given  numerical 
index,  simply  substitute  this  index  for  n  in  the  statement  or 
demonstration  of  these  principles, 

240.  To  Deduce  a  Rule  for  extracting  any  root  of  a 
Numerical  Fraction. 

Since  the  reasoning  of  Art.  215  is  perfectly  general,  it 
applies  to  the  case  of  numerical  quantities.  Hence,  to  ex- 
tract any  root  of  a  numerical  fraction,  we  have  the  fol- 
lowing 

Rule. — Extract  the  required  root  of  the  numerator  for  the 
new  numerator,  and  the  required  root  of  the  denominator  for 
the  new  denominator. 

Examples. 


16384 
1801088541"" 


6/4096  _,    9/  512  _     3/ 39651821  _      W 
\  15625      •   \  19683""     \  163667323""     \; 

241.  Ck>rollary — To  extract  the  square  root  of  a  numerical 
fraction  extract  the  square  root  of  the  termjs  for  the  terms  of 
the  new  fraction.  To  extract  the  cube  root  of  a  numerical 
fraction  extract  the  cube  root  of  the  terms,  and  so  on. 

Examples. 

J!!!_,     ^@89_,      ^/3§_o     ^»/M_, 
\676~'      \784~'      \841~'      \1331~' 

»/926r     ,  ./i9683 
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242.  The  rule  of  (240)  gives  us  tbe  exact  root  only 
when  the  numerator  and  denominator  of  the  given  fraction 
are  both  perfect  powers  of  the  given  degree.  If  the  terms 
are  not  perfect  powers  of  the  indicated  degree,  we  may 
approximate  to  the  true  root  to  any  desired  degree  of 
accuracy  by  the  principles  of  Arts.  233-3*.  Hence  the 
following  rules: 

I.  To  extract  the  square  root  of  any  Numerioal 
Fraction  to  Tvithin  less  than  the  fractional  unit. 

Multiply  the  numerator  by  the  denominator^  extranet  the 
square  root  of  the  product  to  within  1,  and  divide  this  result 
by  the  denominator, 

n.  To  extract  the  cube  root  of  any  Numerical  Frac- 
tion to  ivithin  less  than  the  fractional  unit. 

Multiply  the  numerator  by  the  square  of  the  denominator, 
JSxtract  the  cube  root  of  the  product  to  within  1,  and  divide  by 
the  denominator, 

m.  In  general,  the  rules  of  Articles  233  and  234  apply 
verbatim  to  numerical  qwmtiiies. 

Examples. 

1.  Extract  the  square  root  of  -=-  to  within  -=-•    Ans,  -— . 

^  7  7  7 

Find 

2.  ^7  to  within  •=-;  ^8  to  within  -q-;  ^7  to  within  -5-. 

Am.  2y;  2|;   4. 

3 .  ^B  to  within  — ;  -^—10  to  within — =-;  ^Z.  to  within  v"- 

Ans,   l-g-;— 2y;  1. 

4.  -^8  to  within  j^;  -^27  to  within  ^qq;  -\/473  to  within  gQ 

Ans.  1.26;  1.74;  7^. 
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s/li  1         »/~  1 


DECIMALS. 

243.  To  Deduce  a  Rule  for  extraoting  any  root  of 
a  Decimal  Fraction. 

Since  the  number  of  zeroes  in  the  denominator  of  a  deci- 
mal fraction  is  always  equal  to  the  number  of  decimal 
places  in  the  numerator  as  written,  and  since  any  power  of 
10  is  1  followed  by  as  many  zeroes  as  there  are  units  in  the 
exponent  of  the  power,  we  can  always  tell  at  a  glance 
whether  the  denominator  of  a  given  decimal  is  a  perfect 
power  of  the  indicated  degree,  or  not.  We  will  take  up 
the  discussion  as  follows: 

I.  Both  terms  are  perfect  po'ivers  of  the  degree  indi- 
cated. 

Expressing  the  denominator,  we  can  apply  directly  the 
rule  of  Article  215.  The  result  will  be  the  nth  root  of  the 
numerator  divided  by  the  nth  root  of  the  denominator. 
Since  the  nth  power  of  10  is  1  followed  by  n  zeroes,  the  nth 
root  of  1  followed  by  any  number  of  zeroes,  is  1  foDowed 

by  —th  as  many  zeroes.     If  we  write  the  nth  root  of  the 

fraction,  obtained  as  just  described,  as  a  decimal,  the  num- 
ber of  decimal  places  will  equal  the  number  of  zeroes  in  the 

new  denominator,  i,  e. ,  —th  as  many  as  there  were  in  the 

original  denominator.  The  number  in  the  original  denomi- 
nator equals,  the  number  of  decimal  places  in  the  decimal 
as  originally  written.     Hence  the  number  of  decimal  places 

in  the  root  is  --th  of  that  in  the  given  decimal. 


To  ILLUSTRATB.     1?^.729=?    ^'729= Y/^gg=Tg=.9.     Herethede- 

gree  of  the  root  is  3.     n=:3,  —=---,  and  the  number  of  decimal  places 

n      3 
in  the  root  is  one  third  the  number  in  the  given  fraction. 
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From  the  foregoing  considerations  we  deduce  the  fol- 
lowing 

BxTLE. — Extract  the  required  root  of  the  given  decimal  as 
if  U  were  an  irUeger.  Point  off  in  the  root  the  number  of 
decimal  places  in  the  given  fraction  divided  by  the  number 
of  units  in  the  index  of  the  required  root, 

Examples. 

1^.024389  =  ?   ^.019683=?    i>'.004096  =  ?   i/.000729=^ 
V^.0000000243=?    v^.0000128=?    f^. 0000000000000266=? 
V^.000093385106978409^?    ^.000009261=? 
#".000000000000221445126  =  ? 


^.000000000000221446126=\fj 


221446126 


J 1000000000000000000000 

606  ^, 

=jQQQQQQQ=  .0000606;   or  #" 221446126=606,  and  point- 

(21\ 
r= — \  decimal  places  we  have  .0000606  Ans. 

n.  The  numerator  is  an  imperfect  poller  of  the 
degree  indicated;  the  denominator  is  a  perfect  power 
of  that  degree. 

In  this  case,  if  we  extract  the  required  root  of  the  nu- 
merator to  within  1,  and  divide  the  result  by  the  required 
root  of  the  denominator,  this  result  will,  by  principles 
already  discussed,  be  the  required  root  of  the  fraction  to 
within  1  divided  by  the  required  root  of  the  denominator. 
Dividing  the  required  root  of  the  numerator  by  the  re- 
quired root  of  the  denominator,  is,  however,  the  same  as 
pointing  off  as  many  decimal  places  from  the  right  of  the 
root  as  there  are  zeroes  in  the  root  of  the  denominator. 
This  number  of  zeroes  will,  as  already  explained,  always 
equal  the  number  of  places  in  the  given  decimal,  divided 
by  the  index  of  the  required  root. 

To  hxustrate:  ^.692=-^/ = — ,  to  within  less  than 

\1000    10 
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—    Heren=3,  — .== —     We    could    evidently   have    ob- 
10  n     3 

tained  this  result  by  extracting  the  cube  root  of  692  (as 
an  integer),  to  within  1,  and  pointing  off  in  the  result  one- 
third  as  many  decimal  places  as  there  are  places  in  .692. 
From  the  foregoing  coDsiderations  we  deduce  the 

EuLE. — Extract  the  required  root  of  the  decimal  to  vnthin  1, 
as  if  U  were  integral.  Point  off  in  the  root  a  number  of 
decimal  places  equal  to  the  number  in  the  given  decimal,  di- 
vided by  the  index  of  the  root;  the  result  vrUl  be  the  required 
root  to  vnthin  1  divided  by  the  indicated  root  of  the  denomi- 
nator. 

Examples. 

^.653272=?  ^".52763415=?  ^.152673=?  y^. 000000231=? 

If  the  approximation  to  the  degree  indicated  in  the  rule 
is  not  sufficiently  close,  we  may  annex  O's  to  the  numera- 
tor, provided  we  annex  the  same  number  to  the  denomina- 
tor, and  provided,  also,  that  the  number  of  O's  annexed  is 
a  multiple  of  the  index  of  the  root.  This  operation,  while 
not  affecting  the  value  of  the  fraction,  still  keeps  the  de- 
nominator a  perfect  power  of  the  degree  indicated,  and 
therefore  does  not  affect  the  applicability  of  the  rule. 

Thus  let  v^. 000000024389  be  required,  to  within  .0001;  the  applica- 
tion of  the  ruk  to  the  fraction  as  proposed  -would  give  the  root  only  to 

.  ,.  ^  24389        _         24389000000000000 

^^'1000000000000      1000000000000000000000000 '  ® 

sixth  root  of  the  numerator  is  538  to  within  1;  the  sixth  root  of  the 

denominator  is  10000.      Hence  the  6th  root  of  the  fraction  is  tt™Jv  = 

,  0538,  to  within  ^w™  =  .  0001.     This  result  might  evidently  have  been 

obtained  at  once  by  annexing  O's  to  the  numerator,  and  proceeding  as 
before  indicated. 

m.  The  denominator  is  an  imperfect  po'wer  of  the 
degree  indicated. 

In  this  case,  if  we  can  transform  the  fraction  so  as  to 
make  the  denominator  a  perfect  power  of  the  indicated 
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degree,  we  can  obtain  the  indicated  root  by  I  or  II.  Any 
power  of  10  being  1  followed  by  as  many  zeroes  as  there 
are  units  in  the  exponent  of  the  power,  any  power  of  100 
will  be  1  followed  by  twice  as  many  zeroes,  any  power  of 
1000  will  be  1  followed  by  thrice  as  many  zeroes,  and  so  on. 
Hence  if  we  can  make  the  number  of  zeroes  in  the  denom- 
inator a  multiple  of  the  index  of  the  required  root,  the  de^ 
nominator  will  be  a  perfect  power  of  the  degree  indicated, 
and  the  rules  of  I,  n  may  be  followed.  We  can  annex 
zeroes  to  the  denominator,  if  wd  annex  the  same  number  to 
the  numerator.  The  denominator  not  being  written,  we 
determine  the  number  of  zeroes  that  would  enter  it  if  it  were 
written  by  the  number  of  figures  in  the  numerator.  If, 
then,  we  annex  to  the  numerator,  i,  e,,  to  the  decimal  as 
written,  as  many  zeroes  as  are  necessary  to  make  the  whole 
number  of  decimal  places  a  multiple  of  the  index  of  the 
root,  we  may  apply  the  rules  of  I  or  IE. 

To  ILLUSTRATE:  1^.00173  =  ^/--— -.     100000  is  not  a  perfect  cube, 
.     \100000  1730    y^    

1000000'^ 


a/    1730  12     ^^'^'^'^'^^      I 

denominator  is  a  perfect  cube.    -Wtqqqqqq  =  Tqa*  *^  within  — .    Hence 

^.00173=0.12,  to  within  0.01.  This  result  might  evidently  have  been, 
obtained  by  annexing  to  .00173  one  zero,  making  .001730,  then  extract- 
ing the  cube  root  as  if  the  number  were  integral,  and  pointing  off  in  the 
result  one  third  as  many  places  as  there  are  decimal  places  in  the  trans- 
formed dedmaL 

It  will  be  seen  that  the  number  of  decimal  places  in  the  result  indi- 
cates the  degree  of  approximation.  (Thus  in  the  example,  the  root  is. 
true  to  within  .01).  Hence,  in  annexing  zeroes,  we  may  annex  a  suffi- 
cient number  to  make  the  approximation  as  close  as  we  please. 

From  the  foregoing  considerations  we  deduce  the 

BuLE. — ^To  extract  the  nth  root  of  a  Decimal. 

Annex  08  many  zeroes  as  may  he  necessary  to  render  the- 
uihole  number  of  decimal  places  a  multiple  of  n.  If  a  certain 
number  of  places  be  required  in  the  root,  annex  zeroes  untU  the 
whole  number  of  decimal  places  is  n  times  the  number  required: 
in  the  root. 
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Extract  the  required  root  of  (he  decimal  aa  if  the  decimal 
were  an  integer.  Point  off,  in  the  root,  a  number  of  decimal 
places  equal  to  the  number  in  the  prepared  decimal,  divided  by 
the  index  of  the  root. 

244.  Scliolliiin. — The  rule  just  given  evidently  appUea  to  the  extract 
tion  of  any  root  of  ant  decimal  whatever,  to  within  any  given  limit, 

245.  Ck>TOllary. — To  extract  any  zoot  of  a  Ck>ininon 
Praotion  to  any  number  of  decimal  places,  i,  e, ,  when  the 
degree  of  approximcUion  is  indicated  by  a  decimal,  we  have, 
from  the  principles  now  discussed,  the  following 

BxTLE. — Beduce  the  common  fraction  to  a  decimal,  continuing 
■the  division  until  the  number  of  decimal  places  is  n  times  the 
number  required  in  the  root,  of  which  n  is  the  index.  Extract 
the  root  as  in  the  case  of  integers,  and  point  off  in  the  root  the 
required  number  of  decimal  places, 

EVOLUTION  OF  MIXED  NTJMBEBS. 

246.  To  Deduce  a  Rule  for  extracting  any  root  of 
a  Mixed  Number. 

Since  the  reasoning  of  Article  5216  is  perfectly  general, 
it  applies  directly  to  the  case  of  mixed  numbers.  Hence 
-we  may  reduce  the  given  number  to  an  equivalent  fraction, 
and  then  extract  the  root,  either  exact  or  approximate,,  of 
this  fraction,  by  the  rules  for  the  evolution  of  fractions. 
Hence  the  following 

EuLE. — Reduce  the  mixed  number  to  an  equivalent  fraction. 
Extract  the  required  root  of  this  fraction  by  the  rules  for  evolu- 
tion of  fractions.     Beduce  the  resvll  to  a  mixed  number. 

* 

247.  CoroUary. — To  extract  the  nth  root  of  a  number 
partly  integral  and  partly  a  decimal  fraction,  we  have  the 

BuLE. — Annex  zeroes  until  the  whole  number  of  decimal 
places  is  n  times  the  number  required  in  the  root.  Extract  the 
nth  root  as  if  the  number  thus  obtained  were  integral.  Point 
off  in  the  root  Ihe  required  number  of  decimal  places. 
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Examples. 
1.  Find  .^02  to  within  .00001 
.020000000000000|27144 
8 


12^120. .  .P  JHcd  Dividend 

19683..  =(27y 

2187^3170. .  .20  Trial  Dividend 

19902511..  =(27iy 

220323^974890. .  .3°  Trial  Dividend 

19990770344...  =(2714y 

22197388  J92296660 . . .  .4^  Tried  Dividend. 
19999610601984. . .  .=(27144)» 
Annexing  zeroes  until  the  whole  number  of  decimal  places  is  6x3=^Iai 
tnd  extracting  the  cube  root  of  the  resulting  number  we  obtain  27144 
as  this  cube  root  to  within  1.     The  cube  root  of  the  transformed  de- 

27144 
nominator  being  100000,  the  cube  root  of  the  fraction  is  ^^^^  =  . 27144. 

100000  jg 

which  result  might  have  been  obtained  at  once  by  pointing  off  *r-=5 

3 
decimal  places,  in  accordance  with  the  rule. 

2.  ^J566=?  i/!4=?  ^:i=?  ^:27=?  |/:o66=? 

Ans.  .82179;  .63246;  .46416;  .64633;  .07071. 

3.  (/:00133=?    1^.000006869=?    v/.002198 

Ans.  .3317;  .267;  3.6. 

4.  |/6451699.37=?    ^32.8119=?    i^l405.3212=? 

_  Ans.  2540.0196;  3.2014;  11.201. 

'•  Vh'  4zl  ^-'  ^'' 

^-  v^25.32=?    v^.005=?    v/.0000007=? 

248.  Though  the  extracting  of  roots  of  numbers  approx- 
imately has  already  been  touched  upon,  a  general  review  of 
the  subject  will  not  be  out  of  place  here.  It  is  to  be  noted 
that  the  demonstrations  of  the  principles  concerning  ap- 
proximate roots  haying  been  perfectly  general,  the  rules  of 
Article  5233-8'^  ^PP^J*  verbatim,  to  the  case  of  numbers.  The 
following  special  rule  is  a  direct  consequence  of  those  rules. 
To  extract  the  nth  root  of  an  integer  (that  is  an  imperfect 
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power  of  the  indicated  degree),  to  any  required  number  of 
decimal  places: 

BuLE. — Annex  zeroes  uniU  the  whole  number  annexed  is  n 
times  the  number  of  decimal  places  required  in  the  root  Ex- 
tract the  nth  root  of  the  resulting  number  to  within  1,  and  point 
off  in  the  root  the  required  number  of  decimal  places, 

248.  The  binomial  formula  also  furnishes  a  means  of 
extracting  the  nth  root  of  an  imperfect  nth  power  to  any 
required  degree  of  accuracy.  As  x  and  y  in  thd  formula 
may  represent  any  quantities  whateyer,  we  may  divide  the 
given  number  into  any  two  parts,  and  let  x  represent  one 
part  and  y  the  other,  and  then  make  the  requisite  substitu- 
tions in  the  expansion  of  (^+y)n,  n  being  the  index  of  the 
required  root.  In  practice  it  is  found  most  convenient  to 
let  X  represent  the  perfect  power  of  the  nth  degree  nearest 
to  the  given  number;  then,  as  x-}^  equals  the  given  num- 
ber, y  represents  the  difference  between  this  perfect  power 
and  the  given  number.  Thus  35==36-f( — 1).  Hence,  to 
obtain  the  square  root  of  35  we  should  substitute  for  x,  36, 
for  y,  — 1,  and  for  n,  2,  in  the  development.  To  get  the 
seventh  root  of  126,  we  may  place  a:=128;  then  as  x+y= 

126,  y  must  be  the  di£Eerence  between  126  and  128,  or  — 2; 

1 
the  expression  for  the  root  would  therefore  be  (128 — 2)f  • 

The  operation  here  indicated  is  expressed  in  the  following 

1 
EuiiE. — SubstUviefor  JL  in  the  development  of  (x.'\-y)n^  the 

perfect  power  of  the  degree  indicated,  thai  is  nearest  to  the  given 

number.    Subtract  this  from  the  given  number,  and  substituie 

the  result  for  y]   substitute  for  n  (he  index  of  the  required 

root,     Garry  oui  the  development  to  as  many  terms  as  m^y  be 

desirable  and  perform  the  operations  indicated. 

Examples. 

1.  ,y6=(8— 2F=2— — —  i ^ 

V^    K      ^_  6_    72      2592  _ 

%  ^125=?  ^3  =  ?  ^4  =  ?  v^27  =  ?  1^8  =  ?  iVl8=f 


OHAPTEB  VI. 
RADICALS. 

DEFINITIONS. 

250.  A  Radical  is  the  indicated  root  of  an  imperfect 
power  of  the  degree  indicated. 

Thus,  v^4,  |/63,  v^m-|-n,  are  radicals. 

251.  A  Rational  Quantity  is  a  quantity  in  the  expres- 
sion of  which  no  radical  occurs. 

252.  When  a  quantity  is  preceded  by  the  sign  of  EyoIu- 
tion,  three  cases  may  arise. 

1°.  The  indicated  root  may  be  extracted,  i,  c,  the  quantity 
to  which  the  radical  sign  is  prefixed,  is  a  perfect  power  of 
the  degree  indicated.  Such  an  indicated  root  of  a  perfect 
power  of  the  degree  indicated,  is  called  a  Rational  Quan- 
tity in  a  Radical  Form.      

Thus,  i/25,  ^^729,  l/a«,  v^a'+Sa^ft+Saft'-H^',  are  rational 
quantities  in  radical  form. 

2°.  The  indicated  root  cannot  be  extracted.  The  giyen  ex- 
pression is  then  a  true  Radical. 

Thus,  i/2,  i/a*+3a'6+3a6^-f6»,  i/a\  y^d,  are  radicals. 

3®.  The  indicated  operation  may  be  partly,  but  not  entirely, 
performed;  i,  e, ,  we  may  be  able  to  extract  the  indicated 
root  of  a  part  only  of  the  given  expression.  Such  expres- 
sions, partly  rational,  partly  radical,  are  generally  classed  as 
Irrational  expressions.     They  are  sometimes  called  Surds. 

Thus,  a+|/6,  3— v^7,  5+2|/21-f7v/3-|-a,  are  irrational 
expressions  being  equivalent  to  i/?+l/6>  ®to. 

258.  A  Polynomial  Surd  is  a  polynomial,  every  term 
of  which  is  a  radical,  as  |/a-f  i/a'6+v^7-4-i/5.   • 

•  264.  Polynomial  Surds  are  subdivided  into  Binomial, 
Residual,  Trinomial,  etc.,  surds,  as  they  take  the  form  of 
Binomials,  Besiduals,  etc. 
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255.  The  Degree  of  a  radical  is  the  degree  of  the  indi- 
cated root.  

Thus,  \/a,  \/l,  i/m+y»,  are  of  the  second  degree. 

•y/c,  i/a+b,  i/5m-{-2x,  are  of  the  fifth  degree. 
y^2,  y^ar,  y^a-}-^,  are  of  the  nUh  degree. 

256.  The  Index  of  a  radical  is  the  index  of  the  root  re- 
quired. When  no  index  is  written,  the  index  2  is  under- 
stood. 

The  fractional  exponents  by  which,  as  already  stated, 
evolution  may  be  indicated,  may  be  considered  as  resulting 
from  the  application  of  the  rules  for  evolution.  Thus,  to 
obtain  y^a  we  divide  the  exponent  (1)  of  a  by  4;  to  obtain 
the  nth  root  we  divide  the  exponent  by  n,  and  so  on,  whence, 

y^a=cr,  -^0=0,* ,  etc. 

257.  The  Ck>efficient  of  a  radical  is  a  symbol  placed 
before  the  radical  to  indicate  the  number  of  times  it  is  to  be 
taken.    If  no  coefficient  be  written,  1  is  understood. 

258.  A  radical  is  in  its  Simplest  Form  when  the  quan- 
tity under  the  radical  sign  is  integral,  and  contains  no  factor 
that  is  a  perfect  power  of  the  degree  indicated.         ^ 

Thus,  1^3  is  in  its  simplest  form ;  so,  also,  ^5,  i/a,  v^a-f-6. 

But  v^8=4X2,  i/a"6+a»*i=a«(&+«),  \4='^=^>^("6)'' 
are  not  in  their  simplest  form. 

259.  The  Transformation  of  a  radical  is  the  process  of 
<jhaiiging  its  form  without  altering  its  value. 

26Q.  Similar  Radioals  are  such,  as,  being  in  their  sim- 
plest form,  have  the  same  index,  and  the  same  quantity 
under  the  radical  sign.     Radicals  not  conforming  to  these 
conditions  are  said  to  be  Dissimilar. 
Thus,  i/a,  2i/a,  Sp/a,  ci/a,  are  similar. 

^a,  2^a,  3^a,  d^a,  are  similar.       

^a,  |/a,  are  dissimilar;   so,  also,  Va+b,  i/c+3. 
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It  will  be  seen  that,  using  the  word  coefficient  in  its 
proper  or  most  general  sense,  Similar  Badicals  are  Similar 
Terms;  thus,  i/abc,  3|/a6c,  7|/a6c,  may  be  written, 
111        111        111 
d^b^c*,  Sa^b^c^,  laJb^c^, 

so  that  we  have,  in  these  terms,  the  same  letters  with  the 
9ame  exponents.     Again,  take  ai/x,  by^x,  c^/x.     Here,  a,  6, 

and  c,  are  the  coefficients,  and  \/x=x^  is  the  common  unit 
of  the  terms;  ay^xy,  b\/xy,  l\/xy,  may  be  written, 

ax^y*,   bx^y'^f   /ar*2/*, 
so  that  the  terms  have  the  common  unit  x^y"^,  which  is 
taken,  in  each  case,  the  number  of  times  indicated  by  the 
corresponding  coefficient. 

261.  An  Imaginary  Quantity  is  the  indicated  even 
root  of  a  negative  quantity. 

Thus,  |/ — a,  {/ — X,  v^ — xyz,  \/ — Z*,  \/ — a*,  are  imaginary. 

These  quantities  are  called  imaginary  for  the  reason  that  they  do  not, 
cannot  exist,  since  aU  even  powers  of  positive  quantities  are  positive, 
and  all  even  powers  of  negative  quantities  are  positive,  as  shown  in 
(198).  Hence  there  is  no  quantity  which,  raised  to  a  power  of  an 
even  degree,  will  produce  a  negative  result,  and  a  negative  quantity  can 
have  therefore  no  root  of  an  even  degree. 

A  polynomial  will  be  imaginary  if  any  of  its  terms  be  imaginary. 

262.  A  Real  Quantity  is  a  quantity  that  is  not  imagi- 
nary. 

263.  To  Rationalize  an  irrational  expression  is  to  per- 
form such  operations  upon  the  quantities  therein,  as  will 
cause  the  radical  signs  to  disappear. 


SECTION  I. 
RADICALS  OF  THE  SECOND  DEGREE. 
(A.)    TRANSFORMATIONS. 
264.  I.  To  Deduce  a  Rule  for  reducing  a  Radical  to 
its  Simplest  Form. 
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Let  X  *%/ represent  any  radical  of  the  second  degree 

•    c 

that  is  to  be  reduced  to  its  simplest  form. 

Since  the  quantity  under  the  radical  sign  in  the  result  is 

to  be  integral, must  be  so  transformed  that  the  denom- 

*  4a6'c 

inator  shall  be  a  perfect  square;  thus:  --j-*     The  radical  is 

nowa?-^— — ,  or,  factoring  the  quantity  under  the  sign, 

ac .  —J.  =zX^—i/aCi  since  (217)  the  square  root  of  a  pro- 
duct equals  the  product  of  the  square  roots  of  the  factors, 

lib'     2b      „         ^    I46*    .-        2b  y        2bx  y-^     ,  .  , 
\/— -=— .     Hence  x^\      ^ ac=x -^y  axi= — v  oc,  which 
^  c*       c  ^  cr  c  c 

is  in  its  simplest  form.  Had  the  denominator  not  been 
made  a  perfect  square,  c  would  not  have  been  in  the  square 
root  of  the  perfect  square;  it  would  therefore  have  been  left 
under  the  sign,  and  a  fraction  would  have  occurred  under 
the  sign,  after  we  had  extracted  the  square  root  of  the  high- 
est perfect  square,  so  that  the  resulting  radical  would  not 
have  been  in  its  simplest  form. 

If  c=l,  the  quantity  originally  under  the  radical  sign  is 
itself  integral. 

As  the  letters  here  employed  may  represent  any  quanti- 
ties whatever,  we  deduce  the  following 

RuiiE. — Transform  the  quantity  under  the  radical  sign  so  as 
to  make  the  denominator  a  perfect  square.  Separate  the  resuU 
into  two  factors;  one  the  highest  perfect  square  in  the  quantity, 
the  other  containing  no  perfect  square  as  a  factor. 

Extract  the  square  root  of  the  first  factor;  multiply  (his  re- 
BuU  by  the  given  coefficient,  and  annex  the  radical  sign,  under 
which  place  the  second  of  the  factors  just  mentioned. 

Examples. 
Eeduce  the  following  radicals  to  their  simplest  form: 
1.  7i/605a«6*a^z»  ==  7|/121<i«6V.6a^  =  Ix^la^^h  ^/6xy 

=  lla^l^z  i/Sxy'. 
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2.  i/588a'b^x+yy;i/bl2a-^b'-^-(f(P; i/484m*6V; i/44ac*2/^«« 


3       l768aV+y)8V(f_    n6Sa%x+y)^^(*(Pn_ 

I256a\x+yy-c'd'     .^— j-        Il6a\x+y)*^      .^—^ 

-    7?(y+e)»'n  ^^^"^ 
5.  v/196a'6V;  i/90a»6'(ar+y)'j  y'o'— a'a;;  |/192o'6'(ar+2/)'. 

«•  --yS:  ?^K^  s/^2'  ^/4^  W4 

^»w.  f|/2lf|/iO;|i/li;3|/iO;i/i05;13«V«V'7^w^ 
4  o  7 


8. 


265.  n.— To  Deduce  a  Rule  for  introduoing  a  fkotor 
under  the  radical  sign. 

Let  the  given  expression  be  of  the  form  oi/ar,  and  let  it 
be  required  to  introduce  a  under  the  sign. 

Since  a=|/a  |/a=i|/a*,  ai/x=^a^i/x=\/a^x  (217). 
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As  the  letters  here  employed  may  represent  any  quanti- 
ties whatever,  we  deduce  the  following 

BuLE. — Square  the  quantity  to  be  placed  under  the  siguy  and 
multiply  this  square  into  the  quantity  already  under  the  sign, 

EXAMPI^B. 

7i/54=?  9i/57=?  16i/ir=?  3i/62=:?  7i/35=^? 
9i/56=?    I0i/19=?     lli/31=?      5i/7=?     7|/5=? 

7-Jy  =  ?    10^^=?       6i/8  =  ?      3i/7=?      2i/l3=? 

266.  Scholium. — T/iis  transformation  is  used  to  obtain  tfue 
value  of  a  given  radical  to  within  1. 

Thus,  let  it  be  required  to  find  a\/h.  By  (211-8-9)  we  obtain  \/h  to 
within  1.  When,  however,  we  multiply  this  value  by  a,  the  product 
may  differ  from  the  true  value  of  \/h  by  more  than  1.  But  if  we  intro- 
duce a  under  the  radical  sign,  we  obtain  x/ab^  an  expression  the  value 
of  which  we  may  obtain  at  once  (211-8-9)  to  within  1. 

To  ILLUSTRATE,  let  a=10,  6,  13.  We  wish  to  find,  then,  the  value  of 
10|/l3.  Now,  i/l3=3  to  within  less  than  1,  and  if  we  multiply  this 
by  10,  we  obtain  30.    3  differs  from  the  true  root  by  more  than  -,  hence 

10  times  3  differs  from  the  true  root  by  more  than  10  times  o » <)^  o* 

=  6.  But  10v/l3=l/l300=36  to  within  1.  Hence  the  true  value  of 
this  radical  is  36,  to  within  1,  and  not  30;  the  error  by  taking  30  being 
even  greater  than  that  pointed  out,  vis.  5. 

Similarly,  5|/2=:5xl=5  by  simply  performing  the  operations  as  indi- 
cated.   But  61/2=1/50=7,  to  within  less  than  1. 

(B.)    OPEBATIONS  ON  JIADICALS. 
L   ADDITION. 

267.  To  Deduce  a  Rule  for  adding  Radicals. 
I.  Similar  Radicals. 

Since  the  coefiScients,  in  each  of  the  given  quantitieSy  show 
how  often  the  common  radical  part  is  to  be  tak^n,  additively 
or  Bubtractively,  the  sum  of  the  coefficients  must  show  how 
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often  ibis  common  radical  part  is  to  be  taken  in  tbe  aggre- 
gate of  tbe  given  quantities.  Hence  tbe  sum  of  tbe  given 
quantities  will  consist  of  tbe  common  radical  part  witb  a 
coefficient  equal  to  tbe  algebraic  sum  of  tbe  given  coeffi- 
cients. 

Tbe  addition  of  radicals  may  be  simplified  by  tbe  use  of 
fractional  exponents. 

Tbus,  let  it  be  required  to  add  0|/5  and  ci/b,  a  and  c  be- 
ing positive  or  negative,  entire  or  fractional, 

a^5-fc|/5=a5^+c6^==(a+c)6^=(a-fc)|/'5. 
From  tbe  foregoing  considerations  we  deduce  tbe  fol- 
lowing 

BuLE. — lb  the  algebraic  sum  of  the  coefficients  annex  the 
common  radical  part, 

268.  Scholinin  I. — Since  the  letters  employed  in  algebra  may  rep- 
resent any  quantities  whatever,  we  may  represent  \/h  in  (267)  by  r,  and 
then  the  addition  of  a\/'h  and  c"|/6  falls  under  the  ordinary  rules  of 
addition. 

Examples. 


1.  Find  tbe  sum  of  i/1620a'6,  i/1445a'6+170a6*+56*, 
|/80^,  |/45a*fr— 180a6*-fl806*  and  i/466»-4-20a=^6+60a6l 

Transforming  tbe  radicals,  we  obtain  18al/56,  4taV5b^ 
(17a+6)l/56,  (3a— 66)l/66,  and  (2a+36)l/56.  Tbe  sum  of 
tbe  coefficients  being  44a — 26,  tbe  sum  of  tbe  radicals  is 
(44a— 26)i/56. 

2.  Add  l/i60  and  — 1^54;  also,  l/W  and  Sxl/da. 

Ans.  2|/6;  llxVa. 
la*x      fc^      ,     laVo; 

.       /a*  ,  ax  ,  ac\    .-— 

4.  Add  i/24,  i/54  and  — |/6.  Ans,  4i/6. 

5.  Add  2l/8,  — 7l/l8,  6l/72  and  — 1/60.  Ans,  SV2. 
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6.  Add  xVZc^,  5yVSaa?,  2^27cuxiy  and  2i/l/27a?. 

7.  Add  Va'x—ah/,  T/36a?— 863/  and  Vd{a*x—a^). 

8.  Add  Sl^aSx,  Vm^  and  \/Wx.       Ana.  (5a+6)l/3«. 

9.  Add  8^|.^  51/24,  31/96  and  5-\/:^- 


10.  Add  ^/^'^-2^*+^  and  ^K^+2^+^. 

11.  Add  2^/^,  V-|>  -^i8>  -Vf^  ^<i  a/|- 

7     - 
Jns.  — Ti/2. 

12.  Add  .81  T,  — l/O,  .4V^iO,  6l/l05  and  — 4l/o:2. 

13.  Add  A/-  and\/-.  Jns.  — ^l/aa?. 

^  a  ^  a:  ax 

14.  Add  8\/^,  1/6O,  — -5  V^i5  and  ^g.  Jn«.  41^3: 

15.  Add  l/^^,  l/y^*  and  l/^.      -4n«.  ^"^^"^V^, 

269.  n. — ^Dissimilar  Radicals. — Since  we  cannot  add 
things  unless  they  are  of  the  same  kind,  i.  6.,  have  the 
same  unit,  we  cannot  add  dissimilar  radicals,  for  they  are 
things  of  different  kinds.  Hence,  all  that  we  can  do  is  to 
indicate  the  addition.     Hence,  the 

Bulb. — Connect  the  radical  by  their  given  signs. 

270.  Scholitun  I. — Always  reduce  the  given  radicals  to  their  sknpUti 
form  be/ore  attemjAing  to  decide  wheUier  they  are  similar  or  not. 

271.  SohoUum  n. — We  may  often  be  able  to  simplify 
slightly  the  result  obtained  by  the  rule.  Thus  a\/bc 
-f-in|/arc=a|/6|/c+wi|/iC|/t?=(a|/6+m|/a;)|/c.  This  sim- 
plification is  possible  whenever  the  quantities  under  the 
radical  signs  have  a  common  factor. 
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272.  Soholluin  m. — Using  fradioncd  exponents,  dissimr 
Uar  radicala  give  terms  entirely  or  partly  dissimilar.  In  the 
first  case  no  simplification  is  possible;  in  the  second  tve  may 
dighUy  simplify  our  result.     Ihus: 

ai/h-\-cy/d=ab^+c^ 

J y 11  11  1  11 


1.  Add  V^+V^  Ans.  xVy+yVx. 

2.  Add  VcM),  i/?^,  and  \/Wb 

8.  Add  v/72^,  i/l28?6,  and  l/8^ 

n.  SUBTRACTION. 

273.  To  Deduce  a  Rule  for  subtraotlng  one  radical 
from  another. 

I.  Similar  Radicals. 

Let  zba|/c  and  d:&|/c  be  the  minuend  and  subtrahend 
respectiYelj.  Since  subtraction  is  the  process  of  finding 
a  quantity  which,  added  to  the  subtrahend,  will  produce 
the  minuend,  it  follows,  from  (5267-8),  that 

(1)  +ai/o— (+6|/c)=(a— 6)i/c,  e.  g.  12v/c— 7v^c=        5|/c 
for  (a — 6)|/c+&|/c=a|/c. . .  5v^c-f7|/c=     12|/c 

(2)  +ay^c^-b^c)=(a+b)i/c, 

e.  .g  12i/c— (— 7|/c)=     19|/c 
for  {a'\-b)i/c-^{—bi/c)=ai/c,       ldi/c—ly/c=     12i/c 

(3)  —a^/c—{+bi/c)={—a^^)i/c, 

e.  g.  —12i/c—li/c=  — 19|/c 
for  ( — a — 6)|/c+6|/c=  — ai/c, 

—ldi/c+li/c=     12v/c 

e.  g.  _12v^c— (— 7v^c)=—  S^/c 
for  ( — a+h)i/o — &|/c=  — a\/c,  — 5|/c — 7i/c=  — 12i/c 
Since  the  letters  here  employed  may  represent  any  quan- 
tities whatever,  we  deduce  the  following 
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BuLE. — Change  the  sign  of  the  subtrahend  or  conceive  it  to 
be  changed,  and  proceed  as  in  addition, 

Soholiuxn. — By  placing  i/o=r'«  loe  could  apply  (he 
discussion  of  (48-52)  and  resubstUute  in  the  result.  Again, 
by  employing  fractional  exponents,  we  may  reduce  this  case  ta 
(4a-52). 

274.  n.  Dissimilar  Radicals. 

Since  we  cannot  subtract  a  number  of  things  from  an- 
other number  of  things,  unless  all  the  things  considered  be 
of  the  same  kind,  we  cannot  subtract  a  radical  from  a  dis- 
similar one,  for  these  are  things  of  different  kinds;  the 
coefficients  indicate  the  number  of  times  we  are  to  take 
different  things.  Hence  we  can  merely  indicate  the  opera- 
tion, simplifying  only  by  combining  the  signs  of  operation 
and  quantity,  to  obtain  the  essential  sign  (57). 

Hence  the 

EuLE. — Change  the  sign  of  the  subtrahend  and  annex  the 
result  to  the  minuend. 

SoboUtun. — ^The  principles  of  (269)  may  be  applied  here. 
Examples. 

Hence  yj^  -  ^§^=(j  -  ^ ViB=(^)l/r5=  ^l/i5 

19  127 

2.  301/6— -\/gQ  =  ?      10i/3-V27  =  ?      5t/6— l/54  =  ? 

l/24a— 1/76=?  Ans.  j\/B;  7t/3;  2i/6;  4i/3. 

T  

3.  l/2— -\/j=?      i/l92-i/75  =  ?       1/45— 1/0.8  =  ? 

l/i0a-i/3^=?         Ans.  -^rV^;  3i/8;  2.ei/5;  — 5i/3. 
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4.  6i/667— 3i/i00a=?    9i/l620— 8i/3380=? 
|/i682  — |/i458=?  Am.  9|/7;  — 23i/20;  2i/2. 

l/100a«6— l/36?6=  ?    i/siS^fr— 1/506^=  ? 

6.  l/2a*+8a»6+12a»6*+8a»6+25*— 1/2?— 1/2^*=  ? 
l/l2a^+l/98^4-l/75a^V^8^+V^3^  f 

m.  MULTIPLICATION. 

275.  To  Deduce  a  Rule  for  multiplying  Radioalii^/ 

Let  ai/x  be  the  multiplicand  and  6|/i/  the  multiplier/ 
The  product  of  flj/ar  by  b\/y  may  be  indicated  thus: 

ai/xXbVy;  or,  (61)  a6|/iC|/i/;  i/xi/y=\/xy  (217). 
Hence  a|/a;XV^2/=a^l/a:2/.  Here  we  see  that  the  coeffi-* 
cient  of  the  product  is  the  product  of  the  coefficients,  and 
the  quantity  under  the  radical  sign  of  the  product  is  the 
product  of  the  corresponding  quantities  in  the  factors. 
Since  the  letters  employed  may  represent  any  quantities 
whatever,  we  deduce,  for  multiplying  radicals,  the  following 

BuLE. — MvUiply  the  coefficieni  of  the  multiplicand  by  the 
coefficient  of  the  mvUiplier  for  the  coefficient  of  the  produjct. 
After  this  write  the  radical  sign,  under  which  place  (he  product 
of  the  quantities  under  the  radical  signs  in  the  given  factors. 

Seduce  the  resuU  to  its  simplest  form. 

276»  9o]loUiim  I.~If  we  are  to  take  the  product  of  several  factors 
we  multiply  the  product  of  the  first  two  by  the  third,  this  result  by 
the  fourth,  and  so  on,  that  is: 

lb  the  continued  product  of  the  coefficients,  we  annex  the 
radical  sign,  under  which  we  place  the  continued  product  of 
the  quantities  under  the  radical  signs  in  the  factors. 

ann.  SohoUum  n. — WUh  fractional  exponents  (he  same 

resuU  may  be  reached  as  in  (275).     Thu^:  ai/xXbi/y== 

11  11  1 

axVjy*==abx^y'^==ab{xy)'^?=zabyxy, 
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EXAIIFT.1W. 

1.  Multiply  2 1/27  by  l/3";  t/2  by  x/slx/ThjvfU;  j/9 
by  i/54.  Ang.  18j  v^lO;  7i/2;  9|/6. 

2.  Multiply  l/3  —  |/l—l/T9  by  8  i/^i  —  5]/^  "Kl/^ 

3.  Multiply       2  +1/24-2*/^ 

«>|g+3+6V|-vl2 
—  2i/2  4-  2  —  2|/6H-  2  1/8 
+  t/6 

2 1/2— 2^/2 +5+1/6 —2v/6  +v/6— 2i/"8  +2/8=6+i/2: 

4.  (2+3i/2+i/3)(6— V2+3i/3)=? 

(t/I0--2|/ B+V'SOXl/Ti— i/:2+ 1/:6)  =  ? 

Ans.   121/3—88;  4. 
6.  Multiply  (2i/'ft-3i/5)  by  (41/1-^10) 
(l/2'+i/3)(|/~8— 1/12)  =  ? 

6.  Multiply(5l/T+3|/8")  l^  (2^^_4i/3  +7"Ji— 2) 

7.  (8—1/^X8+1/^)=?    (7— 1/15X7— i/i5)=? 

8.  (9— 3l/rX9-8l/45)=?  Ant.  441—243vT. 

9.  (3a+5i/112a6'a;X76— 8»/252oVa!)=  ? 

10.  (i/o+i/T+l/cXi/'o+v'"6— l/7)=r? 
(8»/5— 41/3X9^5— 2l/3+6i/7)=  ? 

11.  Multiply  ^-^=JjJ^)V^=rby  (cP-6)l/a»+2a'+a. 

4n«.  (o+6)i/a* — a. 
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12.  Multiply  i/?— a'4-l/7— a»+i/?— a+i/7— 1  by 
l^'a+l.  Ana.  a*— 1. 

13.  Multiply  i/2a+i/36+i/7by  2v/a— i/6— 1/35^. 


14.  Multiply  a^+^/a^b^  —  b*^  by  ^ a*'^ —a^  V b*^ -\^ 

Am.  i/^—ft^V^+o^^^*— V?*^ 

IV.  DIVISION. 

278.  To  Deduce  a  Rule  for  the  division  of  Radicals. 

Let  it  be  required  to  divide  a\/x  by  6|/i/.  This  opera- 
tion may  be  indicated  thus: 

V^  =  M^=  ?  J-  (217).     The  coefficient  of  this  quo- 

h/y     ^   1^2/     ^^y 

tient  equals  the  coefficient  of  the  dividend  divided  by  the 
coefficient  of  the  divisor.  The  radical  j)art  of  the  quotient 
equals  the  square  root  of  the  quotient  obtained  by  divid- 
ing the  quantity  under  the  radical  sign  in  the  dividend  by 
the  corresponding  quantity  in  the  divisor.  As  the  letters 
employed  may  represent  any  quantities  whatever,  we  de- 
duce the  following 

Rule. — Divide  the  coefficient  of  the  dividend  by  the  coeffi- 
cient of  the  divisor,  lb  this  quotient  annex  the  radical  sign, 
under  which  place  the  quotient  obtained  by  dividing  the  quantity 
under  the  radical  sign  in  the  dividend  by  the  corresponding 
quantity  in  the  divisor, 

Eeduce  the  result  to  its  simplest  form. 

279.  Scholium. — The  theory  of  fractional  exponents  leads 

to  ike  saTne  result  as  the  application  of  the  rule.     Thus: 

1  1  _ 

•       I  y  i    r  i     o^^      a/x\^      a    \x 
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BXAMPLBS. 

2.  30l/lO-f-5l/8=?    |/?=^-f-(o+a;)=?    

12  -        la—x     1   ^ 

rol/6n5l/9  =  ?  Ans.  3V5'  V^    iV^6. 

Q    l/db'^x — 6*ca? ^     ^    /6c — ba;  ^  fy^l^^ — ^^ o 

4.  Divide  a\/x-Vhx+aVy—Vby  ^1  V^Vy- 

Ans.  a — 1/5, 

5.  Divide  3i/i&— 1/20+1/10-7  by  2i/5. 

^ns.  |l/3-l+|l/^^2i5. 

6.  Divide  1/?— a:*— 4i/^+6a?— 2i/S  by  1/?— 4i/5-+2. 

7.  Divide  n»+(n— l)a?+(n— l)i/?+(n— ly— 1/? 

fcy  n — i/iP.  ^W8.  n+i/x-\-x+\/a^+a!^. 

8.  Divide  — 126^?— 20ai/?44aV^  by  a— 3i/a6— 56. 

9.  Divide  1/? — ^l/^+l/a^ — i/y"  by  i/a? — ^i/y. 

V.    INVOLUTION. 

280.  To  Deduce  a  Rule  for  raising  a  Radical  to  any 
poorer. 

Let  it  be  required  U>  raise  aj/x  to  the  nth  power.     This 
means  that  oi/x  is  to  be.taJken  n  times  as  a  factor,  thus: — 

a\/x.a\/x.ai/x.a:\/x to  n  factors.    By  (2*75)   we 

should  take  the  contiuued  prodiKst  of  the  coefficients  for  a 
new  coefficient  and  to  this  annex  the  radical  sign,  placing 
funder  it  the  .continued  product  *af  ^1  the  quantities  under 
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the  radical  signs  of  the  given  factors.  Now  as  ai/x  occurs 
n  times  as  a  factor,  a  occurs  n  times  and  \/x  occurs  n  times. 
The  continued  product  of  the  coefficients  is,  then,  the  con- 
tinued product  of  a(  oa    )  taken  n  times  as  a  factor 

and  is  therefore  a*".     The  continued  product  of  the  radical 

parts  is  ^/xxxxxxxx to  n  factors,  t.  e,,  af^  (15).     Hence 

the  whole  product  is  a"i/a?.  A  comparison  of  this  result 
with  the  given  quantity  shows  that  the  power  might  have 
been  obtained  by  raising  the  coefficient  to  the  required 
power,  and  after  this  writing  the  radical  sign,  raising  the 
quantity  under  it  to  the  required  power.  The  letters  em- 
ployed representing  any  quantities  whatever,  we  deduce 
the  following 

BuLE. — RaUe  the  ooeffki&nJt  to  the  required  power.  After 
this  place  the  radical  sign,  the  quantity  under  U  having  been 
raised  to  the  required  power. 

Beduce  the  result  to  its  simplest  form. 

281.  Ck>xollary. — If  (he  exponent  of  the  required  power  be 
even,  to  raise  the  given  quantity  to  this  power  we  have  the 

BuLE. — Raise  the  coefficient  to  the  required  power.  After 
this  place  the  quantity  originally  under  the  radical  sign,  the 
quantity  being  raised  to  a  power  the  exponent  of  which  is  one^ 
half  the  exponent  of  the  required  power. 

For,  by  the  rule  (5i80)  (a|/ar)"=an/5^.  If,  now,  n  be 
even,  let  it  be  equal  to  2s,  then  (a|/a?)'*=a*V^**-  ^7 
(Sai)  i/a?«*=af.     Hence  (a\/xy=a^'xl'. 

282.  Sohbliuzn. —  Using  fractional   exponents   we  have 

i  n 

(a|/x)*=(ax^)'»=-(195),  a«x^.     If,  now,  n  be  entire  and  even 

»  n 

x^  is  rational;  if  n  be  odd  x^  is  irrational,  and  the  result, 

n 

a*x^,  is  the  same  (a«^/x*)  as  that  previously  obtained. 
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Examples. 
(8aT/5py=?  (5ari/37)*=?  (7a'6t/l/(S=^)6)»=? 

VL   EVOLUTION. 

288.  To  Deduce  a  Rule  for  extraoting  any  loot  of  a 
Radical. 

Evolution  being  the  converse  of  Involution,  to  extract 
any  root  of  a  radical  is  to  find  a  quantity  which,  raised  to 
the  power  of  which  the  exponent  equals  the  index  of  the 
required  root,  will  produce  the  given  quantity.  By  (280) 
the  coefficient  of  the  quantity  sought,  must,  on  being  raised 
to  the  power  just  mentioned,  produce  the  coefficient  of  the 
given  quantity.  The  quantity  under  the  radical  sign  (in  the 
root  sought),  must  also,  on  being  raised  to  the  power  men- 
tioned, produce  the  quantity  given  under  the  radical  sign. 
Hence  the  coefficient  of  any  root  of  a  radical  will  be  the 
required  root  of  the  given  coefficient.  The  quantity  under 
bhe  radical  sign  in  the  root  will  be  the  required  root  of  the 
g[uantity  given  under  the  radical  sign. 

Thus^^„y'^  =  a|/^ 

From  the  foregoing  considerations  we  deduce  the 

Rule. — Eostract  the  required  root  of  the  given  coeffuneru. 
After  this  place  the  radical  sign,  under  which  vrrite  the  required 
root  of  the  quantity  given  under  the  radical  sign. 

Scholium.— It  will  be  seen  from  the  reasoning  of  195,  213,  280 
and  283,  that  the  applicability  of  the  rules  of  280-3  is  not  affected 
by  the  form  of  the  exponents  or  indices  of  the  required  powers  or 
roots. 

Examples. 
Extract  the  square  root  of  i/oar*;  of  x-\-2\/xy  +y;  of 

I6i/i+32^a?^y^  +  16i/y;   of  i/mV;    of  i/a^'x  —  aa^]    of 
r84i/ia^- 
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2.  Extmct  the  cube  root  of  103173i/2i;  oT  (5a"— Sa^/) 
l/Ba^—^x'y^;  of  xi^x+27ifi/x+dxi/y+21yi/y;  of  (27a'— 
Siax+27x')Va^;  of  i/^—3a\/b+Sbi/a-^\/b\ 

3.  Extract  the  fourth  root  of  626ai/aV;  of  (a^+Sai^y+ 

5284.   Soholiuzn. — Using  fractional  exponents  we  have, 
J7a"i/af»=Va"a?8  J*=raaj«  or  ai/x. 

IMAGINARY  QUANTITIES  OF  THE  SECOND 

DEGREE. 

MONOMIALS. 

285.  Lemma. — Every  imaginary  quantity  of  (he  second 

degree  may  be  redtwed  to  the  form  C|/ — ^I,  o  being  rational  or 

irrational f  but  real. 

Let  i/ — p  be  any  imaginary  quantity  of  the  second 
degree.  Place  i/ — p=r.  Then  i/ — lxp=r.  Squaring 
both  of  these  equals  we  have  — lxp=r^- 

Since  we  extract  the  square  root  of  a  product  by  dividing 
the  exponent  of  each  factor  by  2,  t.  e.,  by  extracting  the 
square  root  of  each  factor,  if  we  extract  the  square  root  of 
both  of  these  equals  we  have  |/ — 1  i/p — r — i/ — p.  Placing 
l/p=c,  we  have  \/ — p=ci/ — 1. 

SJ86.  Corollary  I. — The  product  of  the  square  root  of  a 
positive  quantity  and  the  square  root  of  a  negative  quantity 
equals  the  square  root  of  the  prodvjcl  of  the  quantities.     Thus: 

|/a.i/^^=l/ — ab  for  i/a.i/ — 6=i/ai/6i/ — l=i/ — ab 

287.  Corollary  II. — The  square  root  of  a  quantity  divided 
by  the  square  root  of  a  quantity  urith  a  contrary  sign  equ/ils  the 
square  root  of  the  quotient  of  the  first  quantity  by  the  seconds 

Thus:  ^a^^/=i=^_|;  y^H-»/5=^-f 
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288.  Corollary  JIL.—The  rules  264-5265  for  trans/or- 
malion  may  he  applied,  without  change,  to  imaginary  quavr- 
titles. 

I.    ADDITION. 

289.  To  Deduce  Rules  for  adding  imaginary  quan- 
tities of  the  second  degree. 

I.  Similar  Radicals. 

From  the  nature  of  coefficients  and  the  reasoning  in  (267) 
it  follows  that  if  several  terms  have  a  common  radical  part, 
even  if  this  part  be  imaginary,  the  algebraic  sum  of  the 
coefficients  will  show  how  often  the  radical  part  is  to  be 
taken  (added  or  subtracted,  as  the  case  may  be)  in  the 
aggregate  or  sum  of  these  terms.  Hence  to  add  imaginary- 
quantities  of  the  second  degree  we  apply  the  rule,  Art. 
267,  without  change. 

n.  Dissimilar  Radicals. — From  the  reasoning  before 
given  it  is  clear  that  the  addition  of  these  radicals  can  only 
be  indicated,  by  connecting  the  simplified  radicals  by  their 
proper  signs. 

n.    SUBTRACTION. 

5280.  To  Deduce  a  Rule  fbr  the  subtraction  of  imag- 
inary quantities  of  the  second  degree. 

From  the  nature  of  coefficients  and  the  reasoning  of 
(273-4)  it  follows  that  the  rule  there  deduced  may  be  ap- 
plied, without  modification,  to  imaginary  quantities. 

Examples. 

1.  Add  3-^— g  and  ^\—^'  ^rw.— i/=iO. 

2.  Add6\f— si  and  3\/— |-  Ans.  3^i/=ii. 

3.  Add  i/^=72,  i/=528  and  i/=162.  Ans.  23i/^. 

4.  Add  i/=186,  v'^^^^eOS,  i/— 3920  and  i/=500. 


BADIOALS.  195 

5.  Add  2>/— 3,  i/=60,  |/=Il5  and  >/— | 


6.Add«>/-^.ft>/I|and(r^/II. 


5" 

58  , 

Am.  jp/ — 15. 


Am.  — L.__l_y^_oJc. 


7.Addf>R*^_l    nd?V-J- 


a6c 


8.  Addi>/-|.  V-|aiid-|>/^|. 


^na.  y^V^y-^^^ 


9.  Fiom9ai/ — 6x1;' subtract  5ar|/ — 6a".      4n«.  4aa?|/ 


/2aar' — 3? — ai^x 


2ax — a^ — a'  ^  ar'+2flur+o' 

iax 


^•^3-^1/=^ 


11.  From  i/g' — ia^ — x — 5ar'+|/a:' — Aary* — 4arV — 23?*  snb- 
tracti/  6«t/' — ixy — IOot/"— a>4-v^ — 4a^.  -4w8.  a:i/- 


12.  From  v^— 18aV— 60a*6*— 50a»6^  subtract  j/— SOaV. 

-4n«.  3a'6v''— 2a6. 

m.  MULTIPLICATION. 
28L  The  rule  deduced  in  Article  (275)  depends  on  (217), 
in  which  the  quantities  treated  are  assumed  real.  It  re- 
quires some  modification  when  the  quantities  treated  are 
imaginary.  Thus  i/ — a-\/ — a  can  be  only — a,  from  the 
definition  of  a  root;  while  by  the  rule  (275)  {/ — a'V — a= 
\/a^=doa.  Again,  by  the  rule  V—ay^V — aT=iiiT/aa?, 
whereas  it  must  be  — Vax^  for,  V — a=i/ai/ — 1 ;  1/ — x= 
V^V — 1.    Hence  the  product 

From  the  definition  of  a  root  (1/ — 1)'=  — 1. 
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Hence  v^ax{\/—i)*=v^lix{ — 1)=  —  i/oS,  or,  if  i/axhe 
ordinarily  taken  with  the  double  sign  ib,  this  product  will 
be  q=  Vox, 

5292.  To  Deduce  a  Rule  for  multiplying  together 
imaginaries  of  the  second  degree. 

Let  it  be  required  to  multiply  i/ — x  by  i/ — y.  Trans- 
forming these  radicals,  as  just  indicated,  we  have, 

If  we  have  several  factors,  as  i/ — a,  i^ — 6,  i/— c,  l/ — d, 
V — a?,  we  may  evidently  transform  each  of  them,  as  just 
indicated,  thus  i/ai/— 1,  i/ 6i/^,  \/~cy/'—i^  |/"5|/IIi, 
and  so  on.  The  product  would  then  be  the  product  of  the 
real  factors  i/a,  l/6,  i/c,  etc.,  into  that  power  of  y/'^A.  of 
which  the  exponent  is  the  number  of  imaginary  factors. 
Hence  the  following 

EuLE. — Fhce  each  of  the  imaginary  terms  under  the  form 
l/xi/ — 1.  Multiply  the  real  factors,  by  the  ordinary  rules,  and 
after  the  product  place,  as  a  multiplier,  (hoi  power  ofV--^  of 
which  the  exponent  equals  the  number  of  imaginary  factfyrs. 

Reduce  the  result  to  its  simplest  form, 

SXAHPLES. 

1.  (a+i/6i/=i)(a— i/=6)=?  Ans.  a'+b . 

(2i/a— i/=5)(4l/3— 2i/^)  =  ?     Ans.  14— 8i/=15. 
(6a+4i/^+|/^)(2a— ai/^+6l/^)= ? 

(v/z:5+i/=^+i/^)(i/2r-fi/=6)=? 

8.  (5+8i/=7)(64-3i/^=l0)  =  ? 

Ans.  30+48i/—74-15|/=i0— 24/70;  «*-|y. 
4.  (a:+i/— y— l)(ar— 1/:=^)  =  ? 

{x-V—{x+ay)(x+\/—{x+ay)  =  ?    Ans.  a!^+{x+a)\ 
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298.  The  following  table  of  the  powers  of  i/— 1  will  be 
found  useful  in  applying  the  rule  (f282). 

Table. 

<i/-i)»=(i/=i)«xi/=r=-i/:=r;  (i/:=i)*-^»=-i/i=i 

<i/=T)*=(i/-irx(i/=i)'  _ 

=— IX— 1  =+1;        (i/— l)*"-^*=+l 

The  formation  of  the  first  four  powers  is  evident.  Since 
any  power  of  +1  is  -f-1,  if  n  be  the  exponent  of  any 
power  whatever,  1»=1.  We  see  that  (|/ — 1)*=1.  Hence 
{l/ — 1)*"=1"=1.  (For,  if  any  two  quantities  are  equal, 
the  nth  powers  of  them  are  equal;  (i/—!)^''  is  the  nth 
power  of  (i/ — 1)*,  and  1  is  the  nth  power  of  1).  Since 
(l/ — 1)^''=1,  no  matter  what  power  of  (|/ — 1)  is  multiplied 
*>y  (l^ — 1)*"  the  product  will  be  the  same  as  the  multiplier. 

Hence,  (v^=r)*»x(l/=i)'=l/=i=(|/=l)*"-*-^ 
Similarly,  ( i/:Zi)*«^2==(v/=^*»x  (l/^'=l X  —1=  —1, 

and  (v^— 1)*'*+*  =(l/— l)*"X(l/— iy=lXl=  +1. 

Hence  the  powers  of  v^ — 1  indicated  will  be  as  found  in 
the  table.  By  making  n=0,  1,  2,  3,  4, .... ,  4n+l,  4n+2, 
4n+3,  4n+4,  become  1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11, 12,. . . 
so  that  we  may  find  any  power  of  i/ — 1  from  the  table  by 
substituting  for  4n,  the  greatest  multiple  of  4  in  the  expo- 
nent of  the  power. 

294.  Sohdlmn  L^It  should  be  noted  that  — [/xy,  the  product 
of  l/ — X  and  \/ — y,  by  the  foregoing  rule,  signifies  that  l/xy  is  to  be 
taken  in  a  sense  opposite  to  that  in  which  it  is  ordinarily  taken. 
Though  the  sign  +  is  not  generally  written  before  a  radical,  it  is  al- 
ways understood,  and  the  product  — \^xy  means  — {±zl/xy)=z  ^i/xy, 
and  does  not  mean  that  the  minus  sign  of  the  root  is  the  only  one  that 
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can  be  takezL  The  minns  sign  indicates,  in  other  words,  that  if  in  the 
expression  \/xy  the  positive  Talue  is  to  be  taken  first,  in  the  expression 
— "y/xy  the  negatiw  value  is  to  be  taken  first, 

295.  Scholium  IL — ^It  will  also  be  noted  that  if  the  number  of 
imaginary  factors  is  even,  the  product  is  real;  if  this  number  is  odd, 
the  product  is  imaginary.  When  the  product  is  real,  it  is  positive  if 
the  number  of  factors  is  a  multiple  of  4,  and  negative  if  this  number  is 
not  a  multiple  of  4.  If,  the  product  being  imaginary,  the  number  of 
factors  divided  by  4  leaves  a  remainder  of  1,  it  is  positive,  otherwise  it 
is  negative. 

IV.    DIVISION. 

5296.  To  Deduce  a  Rule  for  the  division  of  Imag- 
inaries. 

The  rule  of  Art.  (278)  depends  on  the  lemma  (217), 
which  is  equally  true  if  the  two  quantities  are  imaginary. 

l/^^ l/i^/ — 1 V^a? h / — fl? 

If  one  only  of  the  quantities  be  imaginary  we  have  (287), 

Hence  the  rule^  (278)  is  equally  applicable  whether  the 
quantities  be  real  or  imaginary. 

Examples. 


1.  25t/— a6=*"»-5i/— 6=?    d72{a—x)i/ a—x-iSi/ (a— a?)'=? 

2.  (i/a+64i/6)--Ja^+4-^/6^=r? 

Am.  a*— 4Ja*6*+166i. 

3.  (a*-l)^(i/=^l)=? 

Ans.  — ^"^ — a'-\'a^-\-y^ — a* — a' — i^ — a^-f-a+l^ — ^ — ^ 

4.  (a'ay+acj/ — xy — axi/ — a+cj/ xyz)-i-{a — i/ — g)=? 

a+V — b     a — v^^^  _ 
a — i/^      a+V — b 
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V.   ESrVOLUTION. 

297.  To  Deduce  a  Rule  for  raising  an  imaginary 
quantity  of  the  second  degree  to  any  power. 

From  the  reasoDing  of  (292)  we  have  the  following 


KuLE. — Place  the  given  radical  under  the  form  i/xi/--iy 

Baise  the  real  factor  to  the  required  power,  and  multiply  this 

by  the  required  power  of  V — ^1,  as  found  in  the  table  (293). 

298.  Soholium. — ^If  the  exponent  of  the  power  be  even,  the  power 
will  be  real;  if  this  exponent  be  odd,  the  power  will  be  imaginary.  In 
the  first  case  the  power  will  be  positive  or  negative,  as  the  exponent  is 
divisible  by  4,  or  not.  In  the  second  case  it  will  be  positive  or  negative 
according  as  the  remainder  left  after  dividing  the  exponent  by  4  is  1 
or  3. 


Ex.  (3t/— 1)"=?    (a+i/— 6)*=?    (ly/—a+x)'  =? 


(4|/_a»)'^=?    (x±.V'-yf='i    {xy±V-ix+y)yr='i 

VI.    EVOLUTION. 

299.  To  Deduce  a  Rule  for  extracting  any  root  of 
an  Imaginary. 

From  what  precedes,  (297),  we  have  the  following 
BuLE. — Place  the  quantity  under  the  form  l^xi/ — 1.     tH/nd 
the  required  root  of  i/x  by  the  ordinary  rules.     After  this 
place  \/ — ^1  having  for  index  twice  the  index  of  the  required 
root, 

Ex.  W^/— 1024=?       *la6-^=^?     ^a6c^— (a+a?)=  ? 

^aVo^=^{^^)  =  ?  ^a-a^^^-{x+y)s='i 

Note. — ^The  principles  now  discussed  with  reference  to  radicals  of 
the  second  degree  hold,  ia  the  case  of  radicals  of  any  degree,  except 
where  the  principle  involved  depends  entirely  on  the  fact  that  the  in- 
dex is  2;  e.  ^.  (281). 
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SECTION  n. 
RADICALS  OF  HIGHER  DEGREES. 

{A.)  TRANSFOEMATIONS. 

300.  I.— To  Deduce  a  Rule  for  reducing  a  Radical 
of  any  degree  to  its  simplest  fbrm. 

Let  a\ be  any  radical  of  the  rUk  degree  that  is  to 

be  reduced  to  its  simplest  form. 

Since  we  desire  the  quantity  under  the  radical  sign  in 

the  result  to  contain  no  fractions,  we  transform  so 

X 

that  the  denominator  may  be  a  perfect  nth  power,  thus, 
^^*'^''     The  radical  then  becomes  a^\^^^.     Factor- 


ing  the  quantity  under  the  radical  sign,  we  have 

Here  we  see  that  the  factor  —  is  the  highest  perfect  vJOi 

power  in -^j — ;  the  other  factor,  dcaf^\  contains  no  per- 

feet  nth  power     By  (217) 


Hence  axldcaf^^'-  =a-x]dcar-^  =^\dcaf^^. 

The  original  radical  then,  a\j-^  =^^/dcaf^^;  which  re- 

^      X  X 

suit  is  in  its  simplest  form.  As  the.  letters  here  employed 
may  represent  any  quantities  whatever,  we  have  the  fol- 
lowing 

Rule. — Transform  the  quantity  under  the  radical  sign  so 
that  the  denominator  may  he  a  perfect  nth  power. 
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Separate  the  resuU  into  two  factors;  one  the  highest  per^ 
fed  nth  power  in  the  quantity,  the  other  containing  no  perfect 
nth  power. 

Extract  the  nth  root  of  the  first  factor  and  multiply  the  re- 
sult by  the  given  coefficient.  Prefix  the  product  to  the  radical 
sign  (with  the  original  index),  under  which  place  the  second  of 
the  two  factors  just  mentioned, 

!EXAliPLE8. 

Reduce  the  following  to  their  simplest  form: 
{>^'^2a^%^ch',       8W.729(a7+t/)V6"cd/';  l%^c^l^{x+yfyz\ 


4 


►•c": 


^(ar+y )  3«(  a  +b)-Pc^d^* 


{x—yy''^(a+byx    ' 

301.  n.— To  Deduce  a  Rule  fbr  introducing  a  flEtctor 
under  a  radical  sign  having  any  index. 

Let  the  given  expression  be  of  the  form  ai/  b,  and  let  it 
be  required  to  pass  a  under  the  radical  sign.  From  the 
definition  of  a  root  it  follows  that  any  quantity  is  the  nth 
power  of  its  own  nih  root.  Hence  a  =  ya^.  The  expres- 
sion a\/  b  is  therefore  equivalent  to  \/c^\/ b,  which  (217) 
is  equal  to  y^a'^b.  Here  we  see  that  the  factor  a  is  found 
under  the  radical  sign,  with  its  exponent  multiplied  by  the 
index  of  the  radical.  As  the  letters  employed  may  repre- 
sent any  quantities  whatever,  we  deduce  the  following 

BuLE. — Baise  ihe^  given  factor  to  the  power  of  which  the  ex- 
ponent equals  the  index  of  the  radical.  Multiply  the  quantity 
already  under  the  sign  by  this  result. 

302.  Scholium. — This  transformation  is  employed  to  o&- 
lain  the  value  of  a  given  radical  to  tvithin  1. 
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Thus,  let  it  be  required  to  obtain  the  value  of  a  y^.  The  ordinaiy 
rules  for  evolution  give  v^  6^  to  within  1,  but  on  multiplying  this  result 
by  a,  we  multiply  the  error,  and  our  final  result  may  be  far  from  the 
truth.  If,  however,  we  place  a^b^j/a^b,  the  ordinary  rules  for 
evolution  give  at  once  iV  a»»6,  and  therefore  the  value  of  the  original 
expression  c^T,  to  within  1. 

To  ILLUSTEATE,  take  lOj/Tdd;  1/^195  =  2  to  within  1.     Then  if  we 

merely  substitute,  10]/^  195= 10x2 =20.   But  10 y' 195  =V^19500000= 

29,  to  within  1.     Hence  we  would  have  committed  an  error  of  about  9 

5, 

by  taking  the  first  result  as  the  value  of  10  vl^^- 

303.  Soholiuxn  II. — Since  we  may  obtain  the  value 
(approximate  or  exact),  of  any  expression  of  the  form  ayb^ 
if  we  have  exponents  of  this  form  we  may  obtain  the  value 
of  the  expression,  and  then  operate  as  if  the  given  expo- 
nent were  rational. 

Examples. 

In  the  following  expressions  the  coefficients  are  to  be  in- 
troduced under  the  radical  signs. 

1.  8ci/l26a6V;  Zamf^ba^;  — 2a«a?v^3r8^;  a*6v^a^-«*6»^c; 


Am.     |/8064a6V;    ^135a*mV2/;    iX— 384a**a;*r«;    v^oftc; 

i/T      3/60^     ^. „ 

ar'_2a;i/+yV(ar+j/)'»y»n'  2        V      2      '   ^         '        ' 


Answers  to  last  three: 


Badicals  of  the  form  \5 — 2i/5  are  called  Double  Badi- 


cols. 


3.  ral^l-^;  h$4^^r  (a_6)^(a-6)-«(a+6)' 


RADICALS.  203^ 

4.  Find  the  approximate  Talaes  of  the  follovdng: 

1  4  1  ^, 1 ,  7/221I        T/2iT2 

21^288;  -3^2700;  -2i/13824;   2^-^28;  ^^m' 

Ans.  2.06;  4.65;  1.44;  3.00;  3.04. 

304.  A  Rational  Quantity  may  be  reduced  to  the 
form  of  a  Radical  of  any  required  degree  by  the  following 

BuiiE. — Place  under  a  radical  sign  having  (he  required 
index  thai  power  of  the  given  quantity,  of  which  the  exponerU 
\»  equal  to  the  index  of  the  radical. 

Thus,  from  the  definition  of  a  root,  \/a''=a. 

IIjXAMPLES. 

1.  Eeduce  a — x  to  the  form  of  a  radical  of  the  sixth 
degree;  r-\-x — s  to  the  form  of  a  radical  of  the  third  degree. 

2.  Eeduce  6  to  the  form  of  a  radical  of  the  sixth  degree; 
2  to  the  form  of  a  radical  of  the  tenth  degree;  3  to  the  form 
of  a  radical  of  the  eighth  degree. 

305.  ni. — To  Deduce  a  Rule  for  reducing  a  Radical 
having  any  index  to  an  equivalent  one  having  a  given 
index. 

Let  it  be  required  to  reduce  ^a  to  an  equivalent  radical 
having  the  index  6.  Since  the  number  of  factors  (6)  into 
-which  the  quantity  in  the  new  expression  is  to  be  divided 
is  twice  the  number  (3)  into  which  a  is  to  be  divided,  in 
order  that  one  of  the  new  factors  should  equal  f^a  it  is 
Decessary  that  the  quantity  to  be  factored  should  have 
twice  as  many  factors  of  the  form  ^a,  as  a  has.  a  has 
three  factors  of  this  form;  hence  the  new  quantity  must 
have  six  of  them;  and  since  the  product  of  three  equals  a, 
the  product  of  six  will  equal  aa,  i,  e.,  a*.  If  a*,  then,  be 
divided  into  6  equal  factors,  any  one  of  these  factors  will 
equal  'fi^a;  i.  e.,  #^a=y^a?. 

Again,  let  it  be  required  to  reduce  f/a  to  an  equivalent 
radical  having  the  index  nx.  y^a  means  that  a  is  to  be  di- 
vided into  n  equal  factors.  If  the  index  of  the  radical  be 
nx,  the  quantity  under  the  radical  sign  is  to  be  divided 
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into  nx  factors,  of  which  any  one  is  to  be  equal  to  one  of 
the  n  factors  of  a.  Since  each  of  the  nx  factors  equals 
y^a,  the  product  of  n  of  them  equals  a.  Hence,  if  we 
divide  the  nx  factors  into  x  groups,  of  n  factors  each,  the 
product  of  all  the  factors  in  each  group  will  be  a.  There 
being  x  groups,  each  equal  to  a,  the  whole  product  will  be 
equal  to  a  taken  x  times  as  a  factor,  i.  e.,  to  a\  Hence, 
''l/a^=l/a,  is  the  required  radical.  Since  the  letters  here 
employed  represent  any  quantities  whatever,  we  deduce 
the  following 

KuLE. — Divide  the  new  index  by  (he  old.  Raise  the  quantity 
given  under  the  radical  sign  to  the  povoer  indicated  by  this  quo^ 
tient,  and  place  the  result  under  the  radical  sign  with  the  iiew 
index. 

306.  Soholiuxn  I. — The  use  of  fractional  exponents  Enables 
Vs  to  arrive  at  the  same  resuU  very  expeditiously, 

1  35  *  — 

Thus,  v^a=:an=am  (182).    d^=y^a'. 


Again,  y  a=a«=a»»»»=a«  *  «=  \anj  m  (195) 

/   m\  1        m/    »  .  ny—       ml    !? 

\anjm='^an  I.  6.,  ya^='^an. 


307.  Corollary. — Since  \^^'a=?v^,  we  see  thai  we  may 
multiply  or  divide  the  index  of  a  radical  by  any  quantity,  pro- 
vided we  multiply  or  divide  the  exponent  of  the  quantity  under 
(he  radical  sign  by  the  same  multiplier  or  divisor, 

308.  Soholium  II.— By  (307)  we  are  often  enabled  to 
reduce  the  degree  of  radicals  of  special  forms.  Whenever 
the  quantity  under  the  radical  sign  is  a  perfect  power  of 
which  the  exponent  is  an  exact  divisor  of  the  index  of  the 
root,  we  may  divide  the  index  of  the  root  by  this  exponent, 
and  extract  the  corresponding  root  of  the  quantity  under 
the  radical  sign. 

Thus,  iV?=v^a",  "iVaf»=v'ir. 
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SXAMPLBS. 

1.  Transform  ^i/-.  into  a  radical  of  the  6th  degree. 

Ans.  ^Z. 
\125 

2.  Transfonn  </I,  </?,  ^and  J^H?  into  radicals  of 

X7      'Id     >0  \a+a? 

the  12th  degree. 

3.  Transform  J«.  "W^,  iii^JE^  aud  '-^iX 
into  radicals  of  the  rth  degree,  r  being  equal  to  10n-|-10. 

4.  Transform  J^'  \/^.  (a+^X/^  and  3^ 

into  radicals  of  the  7rth  degree. 

809.  IV.— To  Deduoe  a  Rule  fbr  reduoing  Radicals, 
having  difibrent  indices  to  equivalent  Radicals  hav- 
ing a  conunon  index. 

Having  several  radicals  with  different  indices  we  may. 
assume  any  quantity  for  a  common  index,  and  reduce  each^ 
radical  to  an  equivalent  radical  having  this  index  by  (805). 
To  avoid  fractional  exponents  under  the  new  radical  signs 
we  assiune,  for  the  common  index,  a  quantity  exactly  di- 
visible by  each  of  the  given  indices.     Such  a  quantity  is 
obviously  a  common  multiple  of  the  given  indices.     We 
assume  the  lowest  common  multiple  in  order  that  the  com-^ 
mon  index  may  be  as  low  as  possible. 

To  ILLUSTRATB:  Take  y^,  j/S,  f^^  To  avoid  fractional  expon- 
ents  under  the  new  radical  signs  we  assume  for  a  common  index  a  com-  ^ 
mon  multiple  of  6,  4,  and  3.  That  the  resulting  radicals  should  be  as 
low  in  degree  as  possible,  we  assume  the  lowest  common  multiple  of  • 
6,  4,  and  3,  viz.,  12.  Bedncing  (305)  each  radical  to  an  equivalent 
radical  with  the  index  12,  we  have  {/a\  y^b^,  |/c*. 

From  the  foregoing  considerations  we  deduoe  the  fol-^ 
lowing 
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Bulb. — Beduce  each  of  the  given  radicals  to  an  equivaleni 
radical  having  as  index  the  lowest  common  multiple  of  the 
^ven  indices. 

Examples. 

Reduce,  in  each  example,  the  radicals  to  equivalent 
jradicals  having  a  common  index: 

Q    ^♦./a? — a  n-«/ar-|-a       1    »(n*a)la:?* — a*  ^^^  it»*af^lar-^x+ax 

'■  V5^'  aE'  >I^'  i^^-<i  ^^^=^- 

iB.)  OPERATIONS  ON  RADICALS  OF  ANYDEaREE. 

Having  shown  how  to  reduce  radicals  with  different 
indices  to  equivalent  radicals  having  the  same  index,  we 
shall  assume  in  eveiy  discussion  that  all  radicals  given  have 
been  subjected  to  this  transformation. 

L  ADDITION. 

310.  To  Deduce  a  Rule  fbr  adding  Radicals  of  any 
degree. 

I.  Similar  Radicals. 

Let  it  be  required  to  add  a\/  x^  hV  ^9  ^^^  cp^x,  a,  6,  and 
c  being  any  coefficients  whatever,  positive  or  negative,  nu- 
merical or  literal,  entire  or  fractional. 

Since  {/  x  is  taken  a  times  in  the  first  term,  b  times  in  the 
second,  and  c  times  in  the  third  (additivelj  or  subtractively, 
as  the  case  may  be),  it  will  be  taken  a+&-f  <?  times  if  all 
the  terms  are  taken  together,  i.  e.,  if  the  aggregate  of  the 
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terms  be  taken.  Henoe  a v^a?  +  b^x  -f  <V^ «  =:{a-{'b-\-o){/x. 
Since  the  letters  employed  may  represent  any  quantities 
i^hateyer,  we  deduce  the  following 

BuLE. — Take  the  alg^yraic  sum  of  the  coefficierUa,  Prefix 
ihis  sum,  as  a  coefficieni,  to  the  common  radical  part. 

We  can  treat  this  case  by  the  ordinary  rules  for  addition,  by  placing 
the  radical  part  in  each  tefm  equal  to  any  quantity,  as  z,  and  then  sub- 
stituting it  in  the  sum  for  the  value  of  z. 

Thus  5v ' a  +Gi/'a+2 y^a  =7  Denote  v^ a  by  e.  Then 
^we  have,  5z'\'6z  -f  2z=  13^;  and  substituting  for  e  its  value, 
p^a,  we  obtain  13v^  a  as  the  sum  required. 

n.  Dissimilar  Radicals. 

Since  we  cannot  add  things  of  different  kinds  we  cannot 
add  dissimilar  radicals.  If  we  have  several  given  to  be 
added,  then,  we  simply  connect  them  by  their  proper  signs. 

CXAMPLES. 

Ans.  (9+8ac)v^a'6. 


2.  Add  5f^72dcflfc'  and  labf^b^c".         Ans.  52a6^6V. 

3.  Add  2ai^48aW,  a»C|>^243aVc»  and  >/187WW^_ 

Ans.  12a»ci/3a'6^c'. 


4.  Add  i^24a»6«c,  46»^3a*c  and  ha^^lcb\ 

6.  Add  a?y'a*«(rB-|-i/)*"c  and  xa^a^^x — yY*c.  Ans.  2a*a^o 

Ans.  {x^+y^)'\x^'\-y^. 

,4+©-,»d4+(f)-. 


7.  Add^ 


y*+2r"«*»» 
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Introducing  the  coefficients,  we  obtain 

8.  Add  2/^1+^p"  and  ^i^/l+Cf)".     We  have, 
yyj^+0^  =  yJ^^^  Similarly 

(n~l         n— 1  V  ml    m  m 

X  n    -f-y    n    )\a:n+yn. 


Hence  the  sum  is 


9.  Add  (a;^-^/)v^a'(a^f2/)«*  and  (a?— 2/)v^a'(a?— y)«». 
10. 


Addv^c*a"»''+»6^+»,  y^r"a»"'^^+»6«+«  and  —  y^83«»a«+»6*. 

Ans.  (caP6*+ra'~*6 — ^a)^a^lf, 

XL  SUBTRACTION. 
811.  To  Deduce  a  Rule  for  subtracting  one  Radical^ 
of  any  degree  iTv-hatever,  from  anottier. 

I.  Similar  Radicals. 

Let  it  be  required  to  subtract  ay^h  from  c\/b.  Since  the 
remainder,  added  to  the  subtrahend,  must  produce  the 
minuend,  the  radical  part  of  the  remainder  must  be  the 
common  radical  part  of  the  given  quantities,  and  the  coeffi- 
cient of  the  remainder  must  be  such  that,  added  to  the  co- 
efficient of  the  subtrahend,  it  will  produce  the  coefficient  of 
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the  minuend;  t.  «.,  it  must  be  the  algebraio  difference 
(found  by  the  ordinary  rules),  between  the  coefficient  of  the 
minuend  and  the  coefficient  of  the  remainder.  In  the  given 
case,  then,  the  remainder  is  (c — a)y^b. 

From  the  foregoing  considerations  we  deduce  the  fol- 
lowing 

BuLE. — Change  the  sign  of  the  subtrahend^  or  conceive  U  to 
he  changed,  and  proceed  as  in  addition. 

The  same  resnlt  may  be  obtained  much  more  expeditiooBly  by  the  use 
of  fractional  exponents. 

n.  Dissimilar  Radicals. 

For  reasons  previously  given,  the  subtraction  can  (in  this 
case)  be  only  indicated.  Thus,  if  the  difference  between 
a^yb  and  cv^d  is  required,  a  quantity  is  to  be  found,  which, 
added  to  cy/d  will  give  a{/b  as  a  sum.  a\^b — cy^d  is  evi- 
dently such  a  quantity.  This  expression  is,  however,  merely 
the  indication  of  the  operation  to  be  performed,  and  might 
Lave  been  obtained  directly  by  the  foregoing  rule. 

CxAMPIiBS. 

1.  From  v'128  subtract  — 8v^ii68.  Bern.  26y^. 

2.  From  3v'8a»6+16a*  subtract  3v'6*+2a6^. 

Bern.  3(2a— 5)^^20+6. 

8.  From  (I  +  .^V/^  subtract  ^/~^^. 


i?m.^/P^ 


d'g 
4.  From  ^,  +^1  subtract  -(^i  +  V^)- 


Bern, 


iJ^ 


6.  Prom —\/— +  ^v-i  subtract — ^\/ — 
«^3/       y  ^  fr  x^  z 

Bern,  ^^y+^v^'^+y^ 

xyz 
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7.  Prom  ?i.  subtract ^  iJem 


8.  From  ^g±l+^  subtract  ^-^-"gg. 
in.  MULTIPLICATION. 

812.  To  Deduce  a  Rule  fbr  multiplying  Radicals  of 
any  degree. 

Let  it  be  required  to  multiply  any  radical  of  the  nth  de- 
gree, as  aj/b,  by  any  other,  as  cy^d.  Now  af^6=y^a»6  and 
c^d={/<fd.  Hence  the  multiplication  may  be  indicated 
thus:  Va^'h  •  v^^?5,  or  (217)  V^€^(fbd;  simplifying  which,  we 
have  acy^.  The  coefficient  of  this  product  is  the  product 
of  the  coefficients  of  the  factors.  The  quantity  under  the 
radical  sign  in  the  product  is  the  product  of  the  quantities 
under  the  signs  in  the  given  factors.  The  index  of  the  root 
is  unchanged. 

As  the  letters  employed  may  represent  any  quantities 
whatever,  we  deduce  the  following 

Rule. — MuUvply  together  the  coejfficients  of  the  factors. 
Prefix  the  result^  as  a  coefficient,  to  the  radical  ingn  (toiih  the 
index  unchanged)  under  which  place  the  product  of  the  guanf 
tiiiea  under  the  signs  in  the  two  factors, 

313.  Scholluin.— Thia  rale  is  evidently  applicable  to  the  operatioB 
of  finding  the  emtinued  product  qf  any  number  of  faotors. 

HXAMPLBS. 

1.  Multiply  together  3i/2^,  iy^5xy,  and  12acl/3to. 

,2.  Multiply  3^  by  6^|  Ans.  6]^236196. 

3.  Multiply  V'S— 3l/5  by  l^a+3l/I  Ans,  y^lQ. 
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4.  Multiply 
l?^M^+^5^  by  #"5^=55— #^(H=6)5— ^(5=J)J. 

Ans.   — 2a. 

Beduce  each  result  to  its  simplest  form. 
7.  Multiply    V^+2^+i^ 


»•     -^ 


by  !!^#'r'+*^ 
36    '3        ^ 

.4./-^  8.^    16a 

+30V  *» +26^«  +  26 

^•/T  32,.-    16       ^ 

8.  Multiply  li/x—2^^+2t/c^—3i/se^ 
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IV.  DIVISION. 

314.  To  Deduce  a  Rule  for  the  division  of  Radicals 
of  any  degree. 

Let  it  be  required  to  divide  ap%  by  cpi^y,  <x^b=v^€^b; 
arjyy=y''ary.    Hence  the  division  of  a^b  by  x\/y  may  be 

indicated  thus:  — ==  -^/?L-  (217). 

a  nfb 
Simplifying  this  radical,  we  have  r\:j}*    ^^®  coefficient 

of  the  quotient  id  the  quotient  obtained  b^'  dividing  the 
coefficient  of  the  dividend  by  the  coefficient  of  the  divisor, 
and  the  quantity  under  the  radical  sign  is  the  quotient  of 
the  quantity  under  the  sign  in  the  dividend  by  the  corres- 
ponding quantity  in  the  divisor.  As  the  letters  employed 
may  represent  any  quantities  v^hatever,  we  deduce  tiie  fol- 
lowing 

BuLE. — Divide  the  coefficient  of  the  dividend  by  the  coeffv-- 
dent  of  the  divisor.  To  the  result,  as  a  coefficient^  annex  the 
radical  sign,  with  unchanged  index,  placing  under  it  the  quo- 
tient obtained  by  dividing  the  quantity  under  the  radical  sign 
in  the  dividend  by  the  corresponding  quantity  in  the  divisor. 

EZAHFLBS. 

*  12^^«  Af6-\6  2i/2 


^='  ^^^^^-^ 


u»+«^t» 


»l2  
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4.  Divide  v^ — ^v^j/*  by  i/a?— l/y. 


V^a?— V^y 


l/a^y—l/yl^ 


l/a?'+|/an/+iXy*.  0''<>'*^« 


Va+Vb+Vc 

'a  6  6«    * 

7.  — ^11^=?        <>+&     ^y        fl— ft     ^y 
y^a—V^b  y^a+i/b  v^a+v^6 

-ins.  to  j^rs^  v^cF^+V^'^^=^+y^laF^^+ ....  +V^F^. 
V.  INVOLUTION. 
315.  To  Deduoe  a  Rule  for  ralsixig  a  Radloal  to  any 
power. 

Let  ai/b  represent  any  radical,  and  m  the  exponent  of 
the  required  power.  To  raise  a;^  b  to  the  nUh  -pawor  is 
to  take  it  m  times  as  a  factor,  that  is, 
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to  m  factors.  This  product  is  obtained  by  taking  the  con- 
tinued product  of  the  coefficients,  and  multiplying  it  into 
the  rUh  root  of  the  continued  product  of  the  quantities 
under  the  radical  sign.  The  product  obtained  by  taking  a 
m  times  as  a  factor,  is  a"*.  The  product  obtained  by  taking 
6  m  times  as  a  factor  is  6"*.  Hence  (ay^  6)"* = a^\/  6"».  From 
the  general  nature  of  the  reasoning  we  have  the  following 
BuLE. — Baise  the  coefficient  of  the  given  radvcoL  to  the  re- 
quired power.  Annex  to  the  result  the  radical  sign  urith  index 
unchanged,  placing  under  it  the  required  power  of  the  quaniily^ 
under  the  sign  in  the  given  expression. 

816.  Soholium. — If  n  is  a  multiple  of  m,  we  may  sinu 
plify  >/&"»  by  (308).  Hence,  to  raise  a  radical  to  a  power 
of  which  the  exponent  is  an  exact  divisor  of  the  index  of 
the  given  radical,  we  have  the 

BuLE. — Divide  the  index  of  the  radical  by  the  exponent  of 
the  power,  leaving  the  quantity  under  the  sign  unchanged.  To 
this  prefix  as  a  coefficient  the  required  power  of  the  given  coef-^ 
ficient. 

VL  EVOLUTION. 

317.  To  Deduce  a  RiQe  for  eztraoting  any  root  of 
a  Radical  of  any  degree. 

Let  it  be  required  to  extract  the  mth  root  of  a'^i/ft** 
Since  the  mth  root  of  the  given  radical  must,  when  raised 
to  the  mth  power,  produce  the  radical  itself,  the  mth  power 
of  the  coefficient  of  the  root  must  be  the  coefficient  of  the 
given  quantity,  and  the  Qntli  power  of  the  quantity  under 
the  radical  sign  in  the  root  must  be  the  quantity  under  the 
radical  sign  in  the  given  expression,  the  index  in  the  two 
oases  being  the  same  (315).  Hence,  to  extract  any  root  of 
a  radical  of  any  degree,  we  have  the  following 

EuLE. — Extract  the  required  root  of  the  coefficient  and  the 
Bame  root  of  (he  quantity  under  the  radical  sign,  for  the  cor- 
responding  parts  of  the  root,  leaving  the  index  of  the  radicai 
unchanged. 
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318.  Soholimn  I.— If  the  required  root  of  the  quantity 
under  the  radical  sign  cannot  be  extracted,  we  use  the 

principle  (230)  that  \v'^=T^,  and  have  the  foUowing 

EuLE. — Extract  the  required  root  of  the  coefficient.  After 
the  remit  place  the  radical  sign,  toith  an  index  equal  to  the 
product  of  its  original  index  and  the  index  of  the  required 
root,  leaving  the  quantity  under  the  radical  sign  unchanged. 

319.  Scholium  n. — If  the  required  root  of  neither  the  co- 
efficient  nor  the  quantity  under  the  radical  sign  can  be  extracted, 
pass  the  coefficient  under  the  sign,  and  proceed  by  (317),  consuf- 
ing  the  transformed  radical  as  having  the  coefficient  1. 

Examples. 


1.  {bab\/U'cf='i  (af^rsty=?  {a^b\a''bc(x+y)L''l)=:i 

Ans.  U5(^b^F?;  o'l^'JW;  a'^''^b'ylb'C{x+y'^2ri 

2.  (eabi^^y=7    (amv^2^)^'>=?    (2r8V^^)»-=? 
/  orst     ___^_  \ 

m         . 

(^W)•■=.(^/:^^"=K<-^)^©•=» 

6-   •^V'8ia^=?  ^/i>27^»=?  •^J>'32(a:+y)V=? 


\>i^a"i 


**"(a?+y)""r  =  ? 


Am.  v'ga';    i!!^8o;  v^2(a;+y)c';   -^oftV+y)"'- 
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8.  ^1— 6v''^4.12t/^^i/^^=? 

56a:i^'^'+l+8i>'^)  =  ?  Ana.  ±(y^x+l). 

IMAQINART  QUANTITIES  OF  ANY  DEGREE. 
MONOMIAL& 

320.  Ijexnzna. — Every  imaginary  radical  may  be  reduced 
to  the  form  Ov^ — ^1,  o  beiny  rational  or  irrational,  hut  real. 

Let  i/ — p  be  any  imaginary  radical.  Place  v^ — p==r  (1); 
whence  \^ — lXl>=^  (2).  Raising  both  equals  to  the  2n^ 
power,  — lXp=^*"  (3).  Since  we  extract  the  2nth  root  of 
a  product  by  dividing  the  exponent  of  each  factor  by  2n, 
t.  e.,  extracting  the  2nLh  root  of  each  factor,  extracting  the 
2nih  root  of  the  equals,  (2),  we  have 

X/^ .  Vh=r.  ••  (l)j;^=^''pv'=i. 
Placing  ypz=Cy  we  obtain  i/— p=c|y — 1,  the  form  required. 

821.  Corollary  I. — The  product  of  any  root  of  a  positive 
quantity  and  the  same  root  of  a  negative  quantity  equals  the  in-' 
dicated  root  of  the  product  of  the  quantities. 

Thus,  |/a .  i/^ — y=^a\/yif^ — lz=\^ay\^ — 1=1^ — oy. 

322.  CoroUaTy  II. — Any  root  of  a  quantity,  divided  by  the 
same  root  of  a  quantity  with  an  opposite  sign,  equals  the  indi^ 
cated  root  of  the  quotient  obtained  by  dividing  the  first  quantity 
by  the  second. 
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Thus,  U^a-^v' — y=\^a'^y^ — 1= 


Jn/—       2n.— 


iVa        1      v^  v^l    2n/aaD/_l^ in/ a 

323.  OoTOllary  in — Inuiginary  radioah  may  he  trang* 
formed  by  the  rules  already  deduced. 

OPERATIONS   ON   IMAGINARY    QUANTITIES    OP 
ANY   DEGREE. 

L    ADDITION. 

324.  To  Deduce  Rules  fbr  adding  Imaginary  quan- 
tities of  any  degree. 

I.  Similar  Radicals. 

From  the  nature  of  coefficients  and  the  reasoning  in 
(310)  we  see  that  if  several  terms  have  a  common  radical 
part,  even  if  this  part  be  imaginary,  the  algebraic  sum  of 
the  coefficients  will  show  how  often  this  radical  part  is  to 
be  taken,  additively  or  subtractively,  in  the  aggregate  of 
these  terms.  Hence  the  rule  (310)  already  deduced  for  the 
addition  of  radicals  applies,  without  change,  to  the  case  of 
imaginary  quantities. 

n.  Dissimilar  Radicals. — ^In  the  case  of  these  radicals 
the  addition  can  only  be  indicated. 

n.     SUBTRACTION. 
825.  To  Deduce  a  Rule  for  the  subtraction  of  Im- 
aginary quantities. 

From  the  definition  of  coefficients,  and  (311),  it  will  be 
seen  that  the  rule  of  (311)  may  be  applied,  without  change, 
to  the  subtraction  of  imaginary  quantities. 
Examples. 

1.  aa?»i^=S+(a+c)V^=6cV+(a-^)l>'^==6^  

Am.  aa;*(l +20)1^—6. 


2.  5a6i/— 64a6c*+3r8i/-— a6— 4a6ci7— a6=r  ? 


Ans,  3(2a6c+rs)v/— a6. 
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3.  Add  a+bl/^^  and  a — b\/ — c.  Ana.  2a. 

4.  Adda+6|>'~landa— V^=256.  u4n8.(2a+6— 4)^^=1. 

5.  Add  ax+V — by  and  by — \/ — ax. 

6.  Add     2-|/=2+l/^^     /3+l/=l8+v/=r5     ^^^ 

l/^=5— l/=12  ^^  1+t/3   ,  7l/=2-+41l/=3 


5       '  9 

12 

9.  From  ^~^~^  subtract  5=^^. 

2  6 

10.  From  (a+6)l/^+V^5  subtract  3V''^=^=a6'—4v^^=^ 

m.    MULTIPLICATION. 
826.  The  rule  of  (312),  depending  on  a  lemma  in  which 
the  quantities  are  assumed  real,  requires  some  modification 
when  applied  to  imaginaries. 

Thus,  by  the  old  rale,  y^ — a-fV — x^=  ±}yax;  but  this  is 
not  the  true  result,  for: 

y^ — a  =  i/a\/ — 1;  ]/ — x  =  i/xi/ — 1.     Hence, 

327.  To  Deduoe  a  Rule  for  multiplying  Imagin- 
aries. 

Let  it  be  required  to  multiply  j/ — a  by  i/ — b. 

V^ — a=  t/a^/ — 1;  y^ — b=  i/6v^^.     Hence, 
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If  there  were  8  factors  to  be  multiplied,  on  placing 
each  in  the  form,  y^x  i/ — 1,  and  multiplying  as  in  this 
case,  the  product  would  evidently  be  {/abed. .  .(i^^^Y- 

If  2n  is  a  multiple  of  s  we  may  obtain  ( i^—iy  by  divid- 
ing the  index  of  the  radical  by  8. 

Hence  the  following 

Rule. — Place  each  radical  in  the  form  v^x\^ — 1.  Mvl- 
tiply  the  real  factors,  (by  the  ordinary  rules),  and  after  their 
product  write  the  required  power  of  \/ — 1. 

IV.  INVOLUTION. 

85i8.  Corollary- 1. — If  in  the  preceding,  abed,  etc.,  are^ 
equal,  we  have  (i^ — af=^i\/af  {\/ — if.  Hence,  for  the^ 
Involution  of  imaginariea  we  have  the  following 

Ettle. — Put  the  given  radical  under  the  form  y^xy/ — 1. 
Raise  the  real  fajcior  to  the  required  power,  by  the  ordinary 
rules;  after  the  result  write  the  required  power  of  \/ — 1. 

V.  EVOLUTION. 
329.  OoTOllary  n. — Conversely,  since 


(V=^).=(JX7)'(r/=i)'.  \[(v'a)-(^=i)-=?x: 

Hence,  for  iSvolutlon  of  imaginaries,  we  have  the  fol- 
lowing 

Rule. — Separate  the  given  quantity  into  two  factors,  one 
real,  the  other  some  power  of  i/ — 1 .  Eostract  the  required  root 
of  each  factxyr  separately,  and  take  the  product  of  these  roots 
for  the  required  root. 

Examples. 

1.  (-v'::S)«»=?  (-v^-a6(aH-2/))'=?  (a4-l/=JX«-V^M 


2.  Multiply  J ?5! ^'fe'  by 

4/— 3(g*+y)      2(l+a:'y(a!*+6«)) 
\       0*1?  ^^6*  * 
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A..  -^-»-U  +  "^-«. 
«.(|/i:9)»=?   (i/:=9)"=?   (7i/=5)»=?    (8i^=7)»=t 

(i>^z:8)^'=?  (,:^=io)'=?  (V^z:^i)r=?  (;/=82)»=? 


VL  DIVISION. 

830.  To  Deduce  a  Rule  for  the  division  of  Imagi- 
nary  quantities  of  any  degree. 

The  rule  of  (314),  depending  on  a  proposition  (217), 
equally  true,  whether  the  quantities  are  real  or  imaginarj, 
is  applicable  without  modification,  when  either  the  dividend 
or  divisor  is  imaginary,  and  when  both  are  imaginary. 

Thus,  if  n  is  even, 

V^ — X v^^x^ — 1 i/^a? njx o/ — X 
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Examples. 

1.  Divide  2i/=8-Ki/^=l0  by  2 1/=2. 

2.  Divide  8+12|^^+6i/=3+v^^^  by  2+i^^. 

3.  Divide  a»— SaH^'^^^^S— 6H^^^=^^+3ai/=6  by  a+i^^. 

4.  Divide  14a  i^ — a — 8  v^^^+  a^  \^ — a  ^la^  v^^  by 
xi/ — a— 4i/^^. 

6.  2a»  1^=5— 2a%v'^+2a6yv^=^2yy^=^  by 
2av^=^26yi>'=^. 

SECTION  in. 

IMPORTANT  TRANSFORMATION. 

331.  To  Transform  a  firaotion  vrith  an  irrational 
denominator  into  one  of  -^hioh  the  denominator  is 
rational. 

A.  The  denominator  hcLS  only  a  monomial  irrational  factor. 
Let  — ^-::  represent  any  fraction  of  which  the  denominator 

has  merely  a  monomial  irrational  factor,  and  suppose  y^c  to 
be  in  its  simplest  form.    Multiplying  both  terms  of  the 

given  fraction  by  v^c"-*  (l^)f  we  obtain  — =- — ,  a  fraction 

oc 

of  which  the  denominator  is  rational.  As  the  letters  em- 
ployed may  represent  any  quantities  whatever,  we  deduce 
the  following 

BuLE. — Redvxie  the  giren  fraction  to  ite  simplest  form,  and 
multiply  both  terms  by  the  (n — ^l)th  power  of  the  irrational 
factor  of  the  denominator. 

Scholium. — ^From  (157)  we  derive  another  method  ot 
effecting  this  transformation. 

a    a  ac'n ai/c"*"* 
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B.  The  itraiional  fador  of  the  denominator  is  in  the  form 
of  a  binomial. 

The  fractioii  will,  in  this  case,  be  of  the  form  — ^ 


•a  being  positiye  or  negative,  entire  or  fractional,  monomial 
^r  polynomial,  etc. 

Since  (v^)*=a  and  (v^5)*=6,  a+b  is  exactly  divisible 
by  v^+i/6  if  n  be  odd,  a — b  is  so  divisible  if  n  be  even, 
jmd  IS— &  is  ahniyBezactlj  divisible  by  v^^S—iP^  (98-0,  W©). 

v-T  vr  =v'^^—v^^^^^b+C^'a^=W^— ....  ihv^F^  (1) 
ya+i/b 

-^ — ;r==i^'a-i+V'a^«6+f  a*-»i''+.  •  •  .-fr'*^'  (2) 

H/O — y  0 

If,  then,  \/ar\''^b  be  multiplied  by  the  first  quotient,  the 
product  will  be  a+6  or  a — 6,  according  as  n  is  odd  or  even; 
if  v^a — \/b  be  multiplied  by  the  second  quotient,  the  prod- 
uct will  be  a — b.  The  mtdtiplication  here  indicated  will 
therefore  enable  us  to  get  rid  of  tiie  irrational  factor  of  the 
•denominator,  and,  that  the  value  of  the  given  fraction  may 
not  be  altered,  the  numerator  must  be  multiplied  by  the 
quantity  by  which  the  denominator  is  multipHed.  Hence 
the 

Bulb. — Multiply  both  terms  of  the  given  fraction,  reduced 
io  its  lowest  terms,  by  y^a^±\^'cP^+y^cr^± . . .  ±v^¥^\ 
using  the  upper  signs  if  the  denominator  is  of  the  form 
y^a — 1/^6,  and  the  signs  of  (1)  if  it  is  of  the  form  ^/a+^b. 

Conversely. — If  the  irrational  factor  of  the  denominator 
be  of  the  f(yrm  ^a'''^±i^a'^^b+. . . .  ±y^b^\  the  required 
transformatwn  may  be  effected  by  multiplying  both  terms  of 
G\je  fraction  by  -^a^^/b 

Coxollary . — If  n=.2,  the  raiionalisiing  factor 

V^a^^^zhv^a^^^fr-J-. . . .  becomes  i/adii/6. 

SchoUum. — A  factor  may  be  lonnd  that  will  rationalue  any  hi* 
nomial  surd. 
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0.  The  other  forms  of  fractions  iiriih  denominators  con- 
taining irrational  factors  of  the  nth  degree  are  not  of  suffi- 
cient importance  to  justify  a  detailed  treatment  of  them 
here.  The  following  forms,  having  irrational  factors  of 
the  second  degree,  should,  however,  be  carefully  noted. 

X 

1.  .-  , — 7=-; — 7=  ;  to  rationalize  the  denominator  mul- 
tiply  both  terms  of  the  fraction  by  Var^V\ — V  c.    There 

results  ^^ 

^Va+l/b^Vc) 


results  ^1^+1^^-VJ)  .  p^t  a-H>-c=m,  and 
a+6— c+2l/a6 


m+2i/'ab 

n. 


may  be  treated  as  indicated  in  B. 


±{Va+l/b+l/c+\/d)       it(l/a+l/6)it(i/c+i/a) 

=  • ■ 7- . V .     Jjet  a -ho — c — a=n ;    tne 

a-l-6— c^-d±:{2l/a6— 2l/cd) 

denominator  is  then  in  form  a  trinomial,  and  the  fraction 

may  be  treated  by  I. 

Soholiiun. — The  foregoing  principles  may  be  utilized'  in 
transforming  a  fraction  having  an  irrational  numerator 
into  one  with  a  rational  numerator. 

832.  The  transformations  A,  B,  0,  are  used  in  finding 
the  approximate  values  of  fractions  having  radical  terms. 
We  could  get  approximately  the  values  of  such  fractions 
by  finding  the  approximate  values  of  the  different  radicals, 
and  performing  the  operations  indicated.  But,  on  com- 
pleting the  work,  we  should  not  be  able  to  tell  how  far  we 
might  be  from  the  truth.  By  the  use  of  the  foregoing 
transformations,  however,  we  are  enabled  to  determine  the 
degree  of  approximation. 

To  illustkatb:  take,  r,  ^-  12|/S=i/li6fc=34;  i/i0=3;  (in 
each  case  to  within  1).    Hence  the  approximate  value  of  the  fraction  is 

^=4    Now  12vJ=12V^=i^.J^=ia7.     We«umotten 
3         3  ^/IQ  10  10  10 
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how  far  the  first  resnlt  is  from  the  tmth,  but  we  know  the  second  to  be 
tme  to  within  .1,  the  nnmerator  being  tme  to  within  1. 

2-.  TUwthefractioa-il^S   eV^zV^lC.  to  within  1, 

8l/2+10l/3  j   8v/2=|/l28=ll,  to  within  1; 

The  valne  of  this  fraction,  obtained  (  10v^=i/300=17,  to  within  1; 

by  taking  the  approximate  yalnes  of  the  radicals  as  they  stand,  is 

6|/7        _6i/7(8i/2— 10v^3)_48l/l4— 60|/21_ 

81/2+IO1/3"  128-300  -172 

1/32256— i/75600_17^— 275,:  96  ^  • 

—172  —172        172 

454 
or,  if  we  take  the  negative  sign  of  the  second  radical,  --— .    We  know 

—172 

these  results  to  be  tme  to  within—-;  we  take  either  resnlt  according  as 
we  take  the  positive  or  negative  sign  of  the  radicals  (211). 

SXAHPLES. 

Transform  the  following  fractions  into  equivalent  ones 
with  rational  denominators: 

^    ab\/2x        ri/x         \/x — a       i/a^ — a'      i^a-^x 
\    ^— ^__  .    —        .. .  —  •     ' —         ■ .  —  • 

Vr+^  1  2  8  1^7        ^12 

l?^T+?'  i/3'     ^i'     4.^1'     n''     V9   ' 
1-I-V2         i^         5v^ 

^7     '       {/r       6y'8 

a  X  a+o?  l/5+i/y 


2. 


l/ar{^'     t/ — \/m'     i/adz|/i'     i/i — ^i/y^ 
^x—^y '       Va'\-x—v^y 


l/a+x—\/a—x        l/ar+y+g— l/a?— y-Hg 
\/a+x+i/a^x '      i/a?+H-^+l'^^*^~y— «' 
J       a — |/a* — a^        x — i/a^ — y*— 
*  X  »  !/+« 


An9. 
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l/aW+bh/'^ — ax  ^ 
byz 


H-2a;'-|-4ry+23/*— 2(a?-|-yh/l-K+2afjHV- 

'V2+\6         1/2+1/3  0—6 

^'  J2       fl'     3l/2+2i/3'     i^^+iJ^ft' 


.    2— 1/2+1/6'      #^5+#'8'      »-^8 

i^*^;  ^1/6;  i/7-^^+v/?^— l/?tff+(/56i_^6^; 

1-1/2+1/3;    ^25—^15+^9;    4+2^8+#'9. 
1/2—21/3+1/6      2— 21/2—2/3— 2i/g 


6. 


1+1/2—1/3    '    5+5i/2+5i/3+6v''6' 

2+1/6 


S—I61/2— 81/3+81/6 
^ng.  2-1/2;    ?(i/6— l/2— V'3) 
^       1+i/2+t/3+V^  7  10 

•  /6+1/7— i/8+/io '  v^i— i^^  •  v":^— i^=iS' 

8.  ="1 7= (placing  aiii=a?  and  6r=i/) 

V^a* — V^      am — 6r      ac* — y^ 

Letjp  be  the  lowest  common  multiple  of  m  and  r;  then 
afp — 2/9=:aM— 5r  is  rational.  a«»=(af)'  and  t^  =  (j/«)*.. 
Hence,  (96)  "^^^  ==  {af>r^^af)p^-^ +(jr)^Ul)^ 

If,  then,  both  terms  of  -; — -  be  multiplied  by  the  quotient 

e  e 

(1),  and  of  and  y*  be  replaced  by  their  equals,  am  and  ^r*, 
the  denominator  will  be  rational. 
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EQUATIOKS. 


SECTION  I. 
EQUATIONS  OF  THE  FIEST  DEGRER 

333.  An  Equation  is  an  algebiaio  ezpression  of  the 
eqaality  of  two  quantities. 

The  Members  of  an  equation  are  the  divisions  made  by 
the  sign  of  equality.  The  part  preceding  the  sign  is  the 
First  Member,  and  the  part  following  the  sign  is  the 
Second  Member. 

An  equation  usually  inyolves  both  known  and  unknown 
quantities;  the  former  being  represented  by  figures  or  the 
leading  letters  of  the  alphabet,  and  the  latter  by  the  dosing 
letters. 

884.  A  Nnmerioal  Equation  is  one  in  which  the  known 
quantities  are  all  represented  by  figures. 

Illusibatioh.    3sb* — ^7-|~32F=26  is  a  numerical  equation. 

885.  A  Uteral  Equation  is  one  in  which  the  known 
quantities  are  represented,  either  partly  or  ezdusiyely,  by 
letters. 

888.  An  equation  is  in  its  Simplest  Form  when  the 
second  member  is  0,  and  the  first  member  is  in  its  simplest 
form. 
ILLUSTRATIOH.    (»)  8a^2a>h7+x==-^--6  |  are  not  in  the  oimplert 
bx+cy+gh+l=:rx+y    )  form. 

4««+3a>+12=0    )        .   XI.     .     1^ 

(b)(6^H-(e-l)H-toW)=0      """tr""^ 
ax+by+c=0    )  ^^*™* 
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837.  The  Absolute  Term  of  an  equation  is  the  term 
that  is  absolutely  or  completely  known;  it  is  the  algebraic 
sum  of  the  known  terms  of  the  equation,  and  is  usually 
the  last  term  of  the  first  member  if  the  equation  is  in  its 
simplest  form. 

Illustbation.  12,  {gh+7),  and  e  are  the  absolnie  temu  of  the  equa- 
tions in  (336»  b). 

838.  The  Degree  of  an  equation  is  the  greatest  number 
of  unknown  factors  in  any  term.  It  is  denoted  by  the 
greatest  sum  of  the  exponents  of  the  unknown  quantities 
in  any  term,  the  exponent  1  being  understood  where  no 
other  is  expressed.  If,  then,  but  one  unknown  quantity 
enters  the  equation,  the  degree  is  denoted  by  the  exponent 
of  the  highest  power  of  this  quantity  in  any  term. 

388.  An  equation  is  so^t^d  when,  certain  quantities  being 
substituted  for  the  unknown  quantities,  the  first  member 
of  the  equation  is  the  same  as  the  second.  The  quantities 
substituted  are  called  Values  of  the  unknoum  quantUiea, 

340.  A  Root  of  an  equation  is  a  quantify,  by  the  substi- 
tution of  which  the  equation  is  satisfied. 

841.  The  Transformation  or  Reduotlon  of  an  equation 
is  the  process  of  changing  its  form  without  destroying  the 
equality  of  the  members. 

We  cannot  speak  of  the  v€Uue  of  an  eqtiation.  An  equa- 
tion is  simply  a  proposition  written  with  algebraic  charac- 
ters, and  the  transformation  of  the  equation  is  merely  the 
process  of  modifying  the  method  of  statement  without  de- 
stroying the  tniih  of  the  proposition. 

342.  The  Solution  of  an  equation  is  the  process  of  find- 
ing a  root  of  the  equation. 

An  equation  with  but  one  unknown  quantity  may  have  several  roots, 
thus,  0^ — 7sc-|-10=0  will  be  satisfied  by  the  substitution  of  either  2  or  5 
forx. 

848.  The  Verifioation  of  an  equation  is  the  process  of 
substituting  for  the  unknown  quantities  their  values,  and 
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performing  the  operations  indicated,  thus  making  the  first 
member  identical  with  the  second. 

344.  Classifioation  of  Equations. — Equations  are 
classified: 

P.  According  to  the  number  of  unknown  guantiHeSf  into 
Equations  with  one  unknown  quantity,  and 
Equations  with  two  or  more  unknown  quantities. 

2^.  According  to  the  degree,  into 

Equations  of  the  First  degree,  as  Q'^^^^ff' 

C  x'+2x=l. 
Equations  of  the  Seoond  degree,  as  -|  Sa^ — 25=4a?+2je'+l. 

And  so  on  to 
Equations  of  the  nth  degree,  as -|  af'4-2r+^5"=54 — b. 

Before  deciding  on  the  degree  of  an  equation,  the  equation  most  be  ae 
transformed  that  it  may  be  free  from  xadicala. 

8^.  According  to  the  number  of  ways  in  which  they  may  be 
satisfied, 

I.  Equations  satisfied  by  only  a  limUed  number  of  values 
of  the  unknown  quantities.  These  equations  are  generally 
called  Common  Equations. 

n.  Equations  satisfied  by  an  unlimited  number  of  values 
of  the  unknown  quantities.    These  are: 

1°.  Identical;  or,  2°.  Indeterminate. 

An  Identical  Equation  is  an  equation  in  which  the  two 
members  are  precisely  alike,  or  one  member  is  the  result  of 
operations  indicated  in  the  other;  and  the  equation  is  satis- 
fied by  the  substitution  of  any  quantities  whatever  for  the 
unknown  quantities. 

x—y 

An  Indetermimate  Equation  is  an  equation  (containing 
more  than  one  unknown  quantity)  that  may  be  satisfied  by 
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An  infinite  number  of  sets  of  values  of  tiie  unknown  quan- 
tities. 

An  indeterminate  equation  is  not  satisfied  by  the  substi- 
tution of  any  values  whatever  for  the  unknown  quantities, 
but  yet  it  is  satisfied  in  an  infinite  number  of  ways.  Thus 
the  equation  x — 2/=2  will  not  be  satisfied  by  the  substitu- 
tion of  any  quantities  whatever  for  x  and  y,  but  will  be 
satisfied  by  the  substitution  of  any  number  whatever  for  i/i 
and  a  number  greater  by  2  for  x. 

4P,  According  to  the  nature  of  the  relations  between  the 
Jcnown  and  unknown  quantities. 

I.  Algebraic  Equations  are  those  equations  wherein  the 
relations  of  the  quantities  can  all  be  expressed  by  addition, 
subtraction,  multiplication,  division,  involution,  the  expo- 
nents being  known,  and  evolution,  the  indices  being  known. 

Illustsation.     ^a^ — 2mx^lx=Z;  5x — 2y+w=l. 

n.  Transcendental  Equations  are  those  that  are  not 
algebraic. 

Illustration.    Saf'^l;  5a*=13»+y;  7»=7*;  log  a=6. 

The  principal  transcendental  equations  that  will  be 
treated  in  this  book  are  Exponential  equations. 

An  Exponential  Equation  is  an  equation  in  which  any 
of  the  exponents  are  unknown  quantities. 

Illustration.     Sx=a'^'^;  b'^c^;  a*"*""^^*'*'*;  a?f=a:^, 
5°.  According  to  the  form  of  the  exponents: 
I.  Rational  Equations  are  those  in  which  the  exponents 
of  the  unknown  quantities  are  all  entire. 

n.  Radical  Equations  are  those  in  which  any  of  these  ex- 
ponents are  fractional,  or  any  of  the  unknown  quantities 

are  affected  by  the  radical  sign:  asi/a;=36+^^;  i/x-^a=l. 

These  equations  must  be  so  transformed  as  to  be  free  of  radicals  be« 
lore  the  degree  of  the  equation  can  be  determined. 

The  classes  just  given  evidently  pass  into  one  another,  so  that  an  equa- 
tion may  be  at  the  same  time  in  two  or  more  classes,  provided  these 
classes  be  of  different  kinds.  Thus,  df>=Sf»  is  an  identical  and  exponential 
equation,  but  it  is  evident  that  an  equation  can  not  be  at  the  same 
time  Rational  and  BadicotL 
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6P.  According  to  the  nature  of  the  coefficienia  into 
I.  Numerioal. 
n.  Literal. 

845.  From  the  defbition  of  an  equation  it  follows  taht; 
I.  T?ie  two  members  mvM  be  composed  of  quantities  of  the 
mme  bind, 
n.  Tfie  two  members  must  be  numerically  equal. 
III.  The  two  members  must  have  the  same  essential  sign. 

346.  The  following  axiom  is  used  in  transforming  and 
solving  equations. 

If  the  members  of  an  equation  be  subjected  to  the  sam>e  oper-- 
ation,  the  equality  tmU  not  be  destroyed. 

TRANSFORMATIONS. 
847.  I. — To  Deduce  a  Rule  for  reducing  an  equa* 
tion  in  'which  some  terms  are  firaotional  to  an  equa-^ 
tion  in  "which  all  of  the  terms  are  entire. 

Let  us  assume  the  equation  7X+  -^ — 25 =—  +^  (1).  If 
now,  the  numerator  of  each  fraction  were  exactly  divisible 
by  the  denominator,  all  the  terms  in  the  equation  would  be 
entire.  Hence,  if  we  can  multiply  each  member  of  the 
equation  by  such  a  quantity  as  will  render  this  division 
possible,  the  equation  will  be  in  the  desired  form  when 
the  indicated  operations  are  performed.  If  we  multiply 
both  members  by  the  denominator  of  any  fraction  we  shall 
make  the  term  involving  that  fraction  entire,  but  not  nec- 
essarily any  of  the  other  terms.  If  we  multiply  both  mem* 
bers  by  a  common  multiple  of  the  denominators  of  two  of 
the  fractions  we  shall  make  the  terms  involving  these  two 
fractions  entire,  but  not  necessarily  the  terms  involving  the 
other  fractions.  Multiplying  both  members  by  a  common 
multiple  of  the  denominators,  however,  renders  all  terms 
involving  fractions  entire  when  the  indicated  operations  are 
performed.     For  each  niuneratorvnll  contain,  as  a  factor,  a 
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multiple  of  the  corresponding  denominator,  and  must  there- 
fore be  exactly  divisible  by  that  denominator.  As  we  must 
multiply  by  a  conmion  multiple  to  render  the  terms  entire,  U 
we  multiply  by  the  lowest  common  multiple,  the  resulting 
terms  will  be  the  lowest  entire  terms  possible. 

Thus  if  we  multiply  both  members  of  (1)  by  b,  the  first 
term  resulting  will  reduce  to  an  entire  term,  but  not  so  the 
others.     If  we  multiply  by  M,  we  obtain  adx+hcx — 25bd= 

bd  hd 

— a?+Wr,  in  which  we  still  have  the  fractional  term  — x. 

Finally,  if  we  multiply  by  bdm,  the  lowest  common  multiple 
of  all  the  denominators,  we  obtain  admx-^bcnix — 2ISbdm= 
bdx-\-bdmry  an  equation  of  the  required  form. 

As  we  could  reason  in  a  similar  manner  on  any  equation 
whatever,  we  deduce  the  following 

Bulb. — Multiply  both  members  of  the  given  equation  by  the 
knvest  common  multiple  of  the  denominators,  reducing,  in  the 
result,  fractional  to  entire  terms. 

348.  Scholium  I.-~It  is  best  to  rednce  fractional  to  entire  terms 
mentally,  as  the  multiplication  proceeds,  writing  only  the  results,  in 
each  case. 

349.  This  transformation  is  called  Clearing  the  Equation  qfFraetioM. 

"Rtaitpt.hm, 

Clear  the  following  equations  of  fractions: 

1.  ^_^  I  |.=  io.  Ans.  lSx—28x+lx=420. 

1        o        b 

^'  — Z" — • — 3 5 — — 

Ans.  105a?-45+20a?— 100— 24a?+96=420. 
A  minus  sign  prefixed  to  the  vinculum  of  a  fraction  affects 
every  term  of  the  numerator. 
X — 1  ,  X — 2     X — 3 


3. 


3  4 

Ans.  6a^— 6+4a^--a— 3a?4-9+12«=4a?— 14. 
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bam 

Am.  admx^hcmx — ebdx+/bdx=bdlm-\-bdmr, 

-      X     ,    3 — X    ,  „     ^ — 1        «+5 


a— 6  ^ a'— ft'  ^    ""a+ft      a'o— 6*c 
^rw.  aca?+6ca?+3o — ca:+7a'o — Wc==acx — hex — ac-^-bo — x--^ 

850.  n.— To  Deduce  a  Rule  fbr  transposing  a  tenn 
from  one  member  of  an  equation  to  the  other. 

Let  it  be  required  to  transfer  all  the  known  terms  of  the 
equation  rX'\-cX'^7n=zn—fx  (1)  to  the  second  member,  and 
all  the  other  terms  to  the  first. 

If,  to  both  members  of  (1)  we  add /a? — m,  we  shall  not 
destroy  the  equality  of  the  members.  Adding,  we  obtain 
rX'\-cX'\-m'\-fx — m='nr—fx-\-fx — m  (2),  or,  since  m — m=0, 
and  — /ic-f;/2c=0,  rx-\<ix-\-f!Xi=-n — m  (3). 

Comparing  (3)  with  (1),  we  see  that  the  required  transfer 
has  been  effected,  the  signs  of  the  transferred  terms  being 
changed.  As  we  may  treat  any  equation  whatever  in  a  sim- 
ilar manner,  we  deduce  the  following 

EuLE. — Drcyp  the  term  to  be  transferred  from  the  member  in 
which  it  stands f  and  place  ity  vrith  its  sign  changed,  in  (he  other 
member. 

351.  This  transformation  is  called  Transposition. 

852.  Corollary  I. — Changing  the  sign  of  every  term  of  an 
equation  does  not  affed  the  equaliJty  of  the  members. 

853.  Ck>zollary  n. — Jf  any  term  of  the  first  member  be 
algebraically  equal  to  any  term  of  the  second,  this  term  may 
be  expunged  from  both  members  of  the  equation. 

Examples. 
Transform  the  following  equations  so  that  all  the  known 
terms  may  be  in  the  second  members,  and  all  the  other 
terms  in  the  first  members. 
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1.  lx—2b-\'X—{b-^+B)=Sx+4:. 

Arts.  7a?+a?— 3a;^2&+fr— c+5-f4. 

2.  (a— 6)a?— (3— 6)c=7a;+(5— d)a:. 

An8.  (a — bye — 7a? — (6 — d)x=(^ — h)c. 

3.  (a?— l)a+(ar— l>»=2af— 3+a. 

Ans.  aai-\'{a — l)a? — 2x=a — 3-f-a. 

4.  5y — 3a+6c2/=8-|-a — y-    Ans.  5y+6c2^^-3/=8+a-f3a. 
6,  aa?4-&^+S'-f:^+3a?=7 — x+dx-\-g. 

Ans,  ax+bX'^X'\-x — dx=l~-f. 

354.  m.— To  Deduoe  a  Rule  for  transformlog  an 
equation  containing  firaotional  exponents  into  another 
in  -which  all  the  exponents  are  entire. 

Let  us  take  the  equation  ax^+Stx^'\-21x^=10x'^-{-c, 
and  transform  it  so  that  the  new  equation  may  have  no 
fractional  exponents.  We  have  already  (181)  found  that 
we  may  multiply  both  terms  of  any  fractional  exponent  by 
the  same  quantity  without  affecting  the  result  of  the  process 
indicated  by  the  exponent.  Hence,  the  value  of  the  mem- 
bers of  the  equation  will  not  be  altered  if  we  transform  each 
fractional  exponent  into  a  fraction  with  the  denominator  6; 

8  4  8  2 

doing  so,  we  obtain  aa?^+3te'^+27«'^=10a?^-j-<?.    Represent- 

ing  x^  by  y,  we  have  a3/'-f-3/t/*-f"27y'=l(h/'-j-<?.  We  have 
not  at  any  step  affected  the  equality  of  the  members,  and 
we  have  obtained  an  equation  free  from  fractional  expo- 
nents.    If  the  value  of  a?  be  required,  we  may,  on  finding  the 

value  of  y,  substitute  for  x  the  value  2/*.  (For,  since  x^==y^ 
raising  both  equals  to  the  6tb  power,  we  have  a?=^). 

As  we  could  treat  in  ^  similar  manner  any  equation  in 
which  are  fractional  exponents,  we  deduce  the  following 

BxTLE. — Reduce  the  fractional  exponents  to  equivalent  fraC' 
tiona  having  the  lowest  common  denominator.  SubstHuie  for  the 
eld  unknown  quantity  a  new  one  raised  to  the  power  indicated 
by  this  common  denominator. 
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355.  SchoUam. — ^By  transforming  radicals  into  quantities  with  frac- 
tional exponents,  we  may  apply  this  role  to  clearing  radical  equations 
of  radicals. 

856.  Soholium  n. — ^We  treat  the  expoDents  of  the  un- 
known  quantities  only,  since  the  roots  and  powers  of  known 
quantities  are  known,  exactly  or  approximately. 

Examples. 
Transform  the  following  equations  in  the  manner  in- 
dicated: 

1.  7na?*+2ca;^-|-c(f=ra?^.  Ana.  m2/'+2c2/'-J-c(f=»y» 

Ann.  iy'—2'\'7y+l=ar^. 
3.  5cxi—2d^x+l=Si/x+cm. 

EQUATIONS  OF  THE  FIRST  DEGREE. 

L  EQUATIONS  CONTAINING  ONLY  ONE  UNKNOWN 
QUANTITY. 

857.  To  Deduce  a  Rule  for  the  solution  of  equations 
of  the  first  degree  contaiDiDg  but  one  unknown  quan- 
tity. 

An  equation  is  solved  when  so  transformed  that  the  un- 
known quantity  stands  alone  as  one  member,  and  a  quantity 
completely  known  as  the  other.  For,  if  this  completely 
known  quantity  were  substituted  for  the  unknown  quantify 
in  the  other  member,  the  two  members  would  be  identicaL 

Let  it  be  required  to  solve  the  equation, 

Olearing  of  fractions  we  obtain, 

2adx^hcx—bg=2bcd—2bx+2bmd (2). 
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Transposing  all  terms  containing  the  unknown  quantity 
to  the  first  member,  and  all  the  others  to  the  second,  we 
have 

2adx—bcx+2bx  =  bg+2bcd+2bmd (3)^ 

or  2{ad+b)x—bcx  =  6gf+2(c+fn)W (4) 

[2(ad-f-6)— 6c]a?  =  bg+2{c+m)hd (5) 

If,  now,  we  divide  both  members  by  2(ad-\-b) — he,  x  will 
stand  alone  in  the  first  member,  and  the  second  will  be  com- 
pletely known.     Dividing,  we  have,     hg'\-2{c-\-m)bd 

^~  2{ad+b}—bo  * 

Since  the  value  of  the  unknown  quantity  in  any  other 
equation  of  the  first  degree  may  be  found  in  a  manner  pre- 
cisely similar,  we  deduce  the  following 

BxTLE. — Clear  the  given  equation  of/ractiona  and  perform' 
(he  operations  indicated, 

Transpose  all  terms  containing  the  unknown  quantity  to  one 
member,  and  all  known  terms  to  the  other.  Bedwce  each  mem"' 
her  to  its  simpledform. 

Besolve  the  first  member  into  two  factors,  viz:  the  unknown 
quantity  and  the  algebraic  sum  of  its  coefficients,  which  sum  is 
the  coefficient  of  the  unknown  quantity. 

Divide  both  members  by  the  coefficient  of  the  unknown  quan- 

aty. 

To  Verify  the  value  thus  found: — Suhstitvie  this  value  for 
the  unknown  quantity  in  the  given  equaJtUm  and  perform  aU 
the  operations  indicated.  The  members  of  ihe  resulting  equa- 
tion  unU  he  identical. 

^Examples. 

Solve  the  following  equations. 

2a?            dx — 5  X 

1.  -^  — 1-\ 5 —  =12 —  T.     Clearing  of  fractions, 

8a?— U0+30a:— 50=240— 5a?,  Transposing, 

8a?H-30a?+5afel40+240+50.    Reducing^ 
43ic=430 
ic=10 
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To  Terify  this  value, 
20     _     30—5     _     10 


r-' 


26 


2 


=12— -j-;  or,  4^7+ -5- =12— s;  or, 


30 


4—7+  Y  =12;  or,4r-7+15=12;  or,  19-^7=12;  or,  12=12. 


^    2a?      7ar  __  5x 

2T+2r^^»«-*+3- 

_    X       X    .   X  a?      15 

3-   o  +  o-  +T=2a?+5— j-55. 


«=— 64. 


3 


9      32* 


4.  2a!+50+(9-s»)12=4!r— (3— 6ar)6. 


6. 


1        1 
X — 5      X — 4 


X 


5.  '^+jx+^x-^-12=2i-Y2 


a?=96. 


0?— 3      a:— 1      a^— 2  .  10 


6^ 

x—1 

2 


a?— 2 


3  2 

a^— 3 


6.  5a?— 15 
9. 


3^4 

2a?+4       6 


=27- 


11 
8 — 3a?      a?— 5 


3 


11 

-2» 


=7: 


2 
2a;— 6 
6    • 
8a>— 4 


12* 


x=l. 


11  2 

8a;+ll    ,  49 
6 


-3x. 


42* 

10.  17»-23+16(»— 2)=e4i— 17-|-a>-^. 

11. 

6— a;     „    x+8  ...     .6       13 — 6ar  .  x — 4 


afc=21. 

afc=2. 

a>=— 2. 

«=2. 


6 

12. 
13. 
14. 


-22- 


3 


^11«+TS  = 


X  X 

a       6 
-^  + 


4x 
"T" 

X 


12" 


+8. 


12 


a>-3 
6 


+19 

35=4. 

Sab 


a= 


1+a- 
a? 


o — b   "^  a4-6 
b^ d 


=l—x. 


26— 5a* 
05=1 — a', 
a'— 6' 


ax  ex 

16.  a+-^+l=-j— 1-Hj. 


o'+2a— y 
M((^— o— 2) 


ad — bo 
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16   l±f_lif-__i±?     ^—^                   ^    ^+'^ 
*     2  3    ~       4  6~"  * 2"' 

17.  (2a— *>»— 4fr— (fr— 6a>r=3a— 6a?— 2a. 

18.  ^       2a?— 1      x^2      b  bjh'-ay^a 

19    ^—^      2a?— 6     y      a?+2 
4      +      5     ""3  2    • 

20.  (a6+c)a?— 2(64^)'=(a--c)a?+6»— a«. 

3y-f4a6+a« 

a6+2o— a  ' 

21  2a?— 1      8a?— 4      3a?      7a?44      4a?+4 

3  12     "*"  8  ■"    10    ~     9      "*■  ^"^  • 

22  7a?+l      2a^f3       2       12a?+l      2a?+34 


23. 


5x      /x      3a?+2>y       a?    ^  5a?+7 
T~V2"""22"/^14+"iI         ^-  '^^*- 

It  is  sometimes  conyenient  to  clear  an  equation  of  some, 
(usually  the  simplest),  of  the  denominators,  and  to  effect 
whatever  reductions  may  be  ezpedidnt  before  disposing  of 
other  denominators.  By  pursuing  this  course  we  may  be. 
enabled  to  avoid  troublesome  operations  and  undesirable, 
forms  of  equations.     Take  the  equation, 

5  1 

10-ga?      8a?+3a       a?+2a       9j^. 

"12" +  ""32  5^=13^  ~8" 

If  we  attempt  to  apply  the  rule  at  once  we  shall  obtain, 
terms  involving  a:*,  but  we  may  avoid  such  terms  by  pro-, 
ceeding  as  just  indicated.  Thus,  multiplying  both  mem-^ 
bers  by  8,  we  obtain 

85a?  ,  8a?-f  3a  _  8(a?+2a)  _  ^  1  ^ 
12"*"      4  5a?— 13~^' 

^     _    ,   a?    .  8a?+3a      8(a?+2a)      ^1 
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Subtracting  Ix  from  each  member,  -we  obtain 

X      Sx^^a      8(H-2a)         1 

12"^      4  5a:— 13  ~"    12 

Ikialtiplying  both  members  by  12,  we  obtain. 

Ox — lo 
.Or,  subtracting  25a?  from  each  member,  and  transposing, 
96{x+^)  96(x+2a). 

5ar-18  '  ^-    5a^-18  '  ''*'®°*^ 
«aa?— 117a=96a;+192a, 
^iax  —  96x=S09a;  (45a— 96)«=  809a 

809a 


46a— 96. 

1     ,   2 

.    16a?— 19        lla?+18      S-s-a^+a- 

24.  ^7-+33g^^  =  ^-^.    MultiplyiBgboth 

u       u    o         u         16a>— 19   ,-_lla;+18      _1     ,2 
jmembers  by  9,  we  have,  — \.2^-^-.=&-x+  -, 

^F^^^     12a4-8        3^^  8 
rSubtraotiiig  6— a;  from  each  member,  and  traiusposiiig, 

297a?-f486=84a?+56;  213«=— 430  . 

as=2.02   (nearly) 
^^    21a?+3   ,  27a?— 3      7a?+13 

25.  -l2~+-8S+4=^r"-  ^^• 


9a?— 12       7a?— 8       36a:^160 
^^-      14     ~5a?— 13—       56       '  ^^^• 

2a?^l      3a?+ll      2a?+17      3a?+l      7a^-41       21 
'^'      5     +     10     ~     11     ""     4     ~     25      ~11- 

at=13. 
12a?+Xl      6a?+7   ,  a?— l_8a?+7   ,  10a?+23  .^ 
:28.        g  iy       h-g  9     "^      81      +^- 

«=7. 
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5»— 7      8H-7      2a?+9      7a?+2      8a;+28 
^-      19    ■*"~i7  8~— "18  iO~-     *=''• 

„„    7a:+18      12ar— 88      a:+15      2*4-3 

«l--2+3+T=-li Cs 88 ^^> 

x=2L 

-„   5!»— 4  ,  3a;— 17      4x+S      17— 2ar      7a^-41 

82.  -6- +  -^7 5-= -8 i5— *=®- 

-„    9x—S      27af— 19 

2a;— 4  —  6a} 11  ^^'  d**'"'^  °^  fraotions,  we  haye 

Sia;*— U7aj+88— 54«»+146»— 76=0,  or  -^+12=0, 

whence  «=12. 
^      ^      a^-5      a;-7 
**•  a^-8      »_5-5=7~5=9'  *=*• 

^'  (^l)(^+^)-(«-2)(a^-4)=17.         «=^. 

87.  g~«  .  ^P— ^  I  a^-c  X !__ 

6c   "^  oe  "*"  a6   "^a'+V-K~a4^+c' 

*==  a+6+c' 

88   *^+^ a?— 6      ^a?+y  ^2a^-^ 

•  a+6      a-^"-  a»— *••  S+26* 
oQ    a?+a      X — a      hx — V 


a — b      a+b      a' — V 


=  0. 


^    2&ag+c^ fla?4-6 — c  ,  a? a' +6 — (6-fc)'-fc  ,  fl^+f^ 

a               6-fc       '  a  fr-f^  a 

42    ^+^      ^H*^  L^"^^ ^  6c(<P — ec) — (Ze(y+ac) 
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43. 


"0=6"  +  2(0—6)+       b~)        ' 


Aax         /a^^-2o       x — 26       8(af — ay 
2o6— 26'  ~  \"o=6"  ■*"  2(o— 6) 


X — 6'       X — oW o* — a; 


44-  .-^;^-^;?^  =  7^=^,.  «=o'+oV+6'. 


45. 
46. 


a;— 6'        x—€?         a*—b*  6*+<^. 

—  —  x=- 


(0+6)'      (o— 6)'      (o^— *•)•  *""    2 

a\        c/       CN       a/      d\        e/  dce+dce — ade 


47. 


(a?+  -.^  (a? —  -^  — (a? — a)  (a? — 6)=:aa? —  —. 

48.  {x--<iy+{a>-^Y=2(x+a){x+b). 

49.  (a:— a)*+(x— 6)*+(a:— c)*^3(a?— a)(a^-6)(a?--c). 

x=   ^+^-^ 
3 

_a+^  ^  H:^  _26-M  ^i  a^a-26. 

2(a»—6*)  ^  3(0^6)    a'+a6  ^  3 

RADICAL  EQUATIONS  OF  THE  FIRST  DEGREE. 

858.  When  these  equations  have  been  cleared  of  radi- 
cals, they  present  no  special  difficulty,  and  are,  in  general, 
solved  by  the  ordinary  rule. 

While  no  general  rule  for  clearing  an  equation  of  radi- 
cals can  be  given,  this  process  usually  consists  in  so  trans- 
forming the  given  equation,  that  the  radicals  stand  alone 
in  one  member,  performing  such  involution  as  will  ensure 
the  disappearance  of  one  or  more  of  the  radicals,  and  re- 
peating this  until  all  the  radicals  have  disappeared.  Special 
methods  of  facilitating  the  clearing  of  an  equation  of  radi- 
cals will  be  illustrated,  in  due  course,  by  the  solution  of 
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appropriate  examples.  To  attain  skill  in  efiEecting  this 
transformation,  the  student  must,  however,  rely  to  a  great 
extent  on  intelligent  and  extensive  practice,  based  on 
habits  of  close  and  accurate  observation. 

Examples. 


1.  \3+V^+i/a?+4=2.      Squaring  both  members, 
3+V6+i/^=4,   or  VHi/^^=1; 


squaring  both  members  of  this  equation,  6+1/^^+4=1,  or 
^/x-{-4s= — 5;  whence,  by  squaring  again,  »+4=26;  whence 
x=21. 


\15-|-V2+l/2ar— ' 


2.  •Vl5-|-V2+l/2ar— 7=4.  «=4. 


J.  '\/35+.\/3+l^'a^-9 


8.  \35+.\3+l7a^-9=6.  aj^25. 

4.  i/3Hp7+5=12.  x=lL 

6.  2i/6H^— 8=2.  a?=4. 

6.  ]?^iI^+5+4=7.  «=2. 

7.  — 2i?^ar +13— 27=  —29.  ote— 4. 

8.  2y5aH-||+6=9.  «=2. 

10.  3i/»-50+7v/«=3(a-6g>/«)— 22+l^l/5.  a!=9. 

vi+12      i/i+38 

12.  Z=!^=12=i^,  ^. 
11— l/ar      20— i/ar* 

l/x+a vS— o       /  6ot   J /  ed   tf4Mem 


l/J_6      i/i+fc-    >«'-«      ^a'+« 


(14) 
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-.  X — a       l/x+i/a 

16.  ^+0.125v^+23==30— 7;iS+0.876i/i. 
4  U.lb 


as=.0266. 


16.    •|_a+6«+i^(a.+a6) (a— dj+fr*  =  f'b  ;   raising  each 
member  to  the  sixth  power,  we  obtain 

or,  dropping  the  6'  from  each  member,  and  transposing  a 
to  the  second  member,  l^(a?+a6X^* — 6)+6*=a;  whence, 
cubing  each  member, 

(a?+a^)(a— 6)+6»=a*;  or,  (a:+a6)  (a— 6)=ra*— V ; 
dividing  each  member  by  a— d,  a?+a6=a'-|-fl&+^'«*-^»=«'+V« 

18 


19. 


\(a — h)x 

\        a? — c 
20.  •V3+^^=^  -fc+1296=3.  «=l-fc. 

SOLUTION  OF  PROBLEMS. 

858.  An  algebraic  problem  requires  us  to  find  one  or 
more  quantities  conforming  to  certain  requirements.  These 
requirements  are  called  the  CondUiona  of  the  problem. 
Explicit  conditions  are  such  as  are  stated  formally  and  dis- 
tinctly in  the  problem;  Implicit  conditions  are  such  as  are 
not  distinctly  stated,  but  left  to  be  inferred  from  others  in 
which  they  are  implied. 

The  solution  of  a  problem  consists  of: 

P.  The  statement  of  the  problem. 

2^.  The  solution  of  the  resulting  equation  or  equa- 
tions. 
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1^.  The  Statement  of  the  problem  is  the  expresmoii,  in 
algebraic  language,  of  the  conditions  of  the  problem,  i,  e., 
the  expression  of  the  relations  of  the  known  quantities  to 
the  required  quantities.  The  statement  is  always  one  equa- 
tion or  several  equations.  When,  as  in  the  problems  upon 
which  we  are  about  to  enter,  but  one  unknown  quantity 
occurs,  the  statement  consists  of  one  equation.  Translating 
the  conditions  of  a  problem,  from  the  common  language  of 
the. problem  into  algebraic  language,  is  a  process  for  which 
no  precise  rule  can  be  given.  Accurate  knowledge  of  the 
subject-matter  and  skillful  application  of  this  knowledge 
must  be  the  student's  main  reliance,  but  the  following 
directions  will  be  found  of  material  assistance: 

DIRECTIONS. 

I.  Oet  a  thorough  understanding  of  the  meaning  of  the 
problem. 

Ascertain  the  relations  between  the  known  and  the  required 
quantities f  i.  e.,  determine  what  steps  would  be  taken  in  verify^ 
ing  the  value  of  the  unknown  quantity  (or  quantities),  if  this 
value  were  already  known, 

n.  Denote  one  of  the  unknown  quantities  by  one  of  the 
closing  letters  of  the  alphabet,  and  find,  from  the  conditions  of 
the  problem,  expressions  for  the  other  unknoum  quantities,  if 
there  beany  others. 

If  fradion^l  parts  of  any  unknoum  quantity  are  to  be  taken, 
it  is  best  to  denote  this  quantity  by  a  letter  muUiplied  by  the 
lowest  common  denominator  of  the  fractional  units.  We  thus^ 
to  a  great  extent,  avoid  fractions  in  the  equation, 

m.  Express,  in  algebraic  language,  the  relations  of  the  given 
to  the  required  quantities, 

2^.  The  Solution  of  the  equation  or  equations. 

If,  as  in  the  following  problems,  but  one  equation  forms  the 
statement,  this  equation  may  be  solved  by  (857). 

The  treatment  of  problems  giving  rise  to  several  equa- 
tions will  be  taken  up  later. 
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PROBLEMS. 

1.  Divide  the  number  56  into  two  parts,  such  that  twice 
the  first  part  shall  exceed  the  second  part  by  7. 

Let  X  =  the  first  part. 
Then  56 — x  =  the  second  part. 

Twice  the  first  part  is  2x;  and  since  this  exceeds  the  second  part  l^ 
7,  if  7  be  added  to  the  second  part»  the  resolt  wiU  equal  2x, 
Hence  2a?  =  6ft— a;+7;  transposing^ 
3a;  =  56+7;  and  reducing, 
3a  =  63  .-.  aj  =  21. 
Since  21  is  the  first  part»  56 — ^21=:35  is  the  second. 
To  verify  this  result: 
Twice  21  is  42,  and  42  exceeds  35  by  7,  as  required  by  the  problem* 

2.  There  are  two  numbers  of  which  the  sam  is  110;  the 
first  number,  increased  by  4,  equals  three  times  the  second 
diminished  by  2.     What  are  the  numbers? 

Let  X  =  the  first  number.     Then  110— <c=the  second  number* 
x+4  =  the  first  number  increased  by  4, 
3(110— CB — 2)  =»  three  times  the  second  diminished  by  2. 
Hence,  from  the  conditions, 

aj+4  =  3(110-25—2)  =  3(108— «),  whence 
a;+4=:324— 3a; 
4aj  =  320 

SB  =  80 = the  first  number, 
110— x  =  30  =  the  second. 
To  yerify  this  result:  80+4=84,  and  30— 2=28^  and  3  times  28=84. 

3.  The  difference  between  two  numbers  is  20;  if,  from 
three  times  the  less,  12  be  subtracted,  the  remainder  will  be 
greater  by  15  than  twice  the  second  number.  Bequiied 
the  nimibers.  Ana,  67  and  87. 

4.  Find  two  numbers,  such  that  the  sum  shall  be  100» 
and  three  times  the  greater,  diminished  by  6  times  the  less 
shall  also  equal  100.  Ans.  26  and  76. 

6.  Find  two  numbers  such  that  the  difference  shall  be 
14,  and  three  times  the  greater  shall  exceed,  by  3,  six  times 
the  less.  Ana.  13  and  27. 
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6.  Divide  177  into  two  parts,  such  that  one  half  of  the 
^eater,  divided  by  5,  may  be  less  by  one  than  one  seventh 
of  the  smaller. 

7.  Divide  the  quantity  o  into  two  parts,  such  that  a  timAs 
the  first  shall  exceed  b  times  the  second  by  cf . 

Let  X  =  the  first  part.    Then  c—x  =  the  seoond  part. 
.And  from  the  conditions 

ax  =  b{c — x)+d;  whence 
ax=  be — hx+d 
ax-^bx^^be-^d 
{a-^b)x=zbc+d 
_b€+d 

This  problem  is  a  generalization  of  the  preceding,  and 
the  result,  the  value  of  x,  is,  as  it  were,  a  formula  from 
which,  by  proper  substitutions,  we  may  obtain  the  answer 
to  any  problem  of  this  kind.     Thus,  if  c=56,  a==2,  b=l, 

and  d=7,   we  have  problem  1,  and  x=     77^  becomes 

a-\-o 

1X56+7      63      ^^      .  .    .,  .    ^, 

— jr-p; —  =  ~=21.     In  a  similar  way  we  may  apply  the 

formula  to  any  other  numerical  problem. 

8.  Divide  234  into  two  parts,  such  that  the  differencel^e- 
tween  the  parts  shall  be  10. 

9.  The  sum  of  two  numbers  is  128,  and  the  difference 
36.     Required  the  numbers.  Ana.  82  and  46. 

10.  The  sum  of  two  numbers  is  «,  and  the  difference  d. 
Bequired  the  numbers. 

Let  X  =  the  less  number.     Then  x-{-d  =  the  greater,  and  £rom  the 

conditions 

x+x+d=s;  2x+d=:s,  op  2x=9 — d; 

s        d  s        d  *    ,    ^ 

whence  x=---.  a^H=---.+d=-  + -  . 

This  is  a  general  form  of  problem,  of  which  the  preceding  is  a  special 
example,  the  results  being  obtainable  by  the  subetitntion  of  128  for  s 
and  36  for  d.  Similarly  we  may  substitute  for  s  and  d  any  numbers 
whatever,  and  the  answer  to  the  problem  may  be  obtained  by  simply 
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making  the  Bnbstitntions  in  the  yalnes  of  x  and  2;-|-d  Since  a  and  d 
represent  any  quantities  whatever,  we  see  that:  Given  the  8um  and  the 
deference  of  any  two  numbers,  the  gbeateb  equals  half  the  sum  plus  hailf 
the  deference,  and  the  lbss  equals  half  the  sum  minus  half  the  difference, 

11.  Find  the  numbers  of  which  the  sum  is  175  and  the 
difference  35.  Find  the  numbers  of  which  the  sum  is  934 
and  the  difference  118. 

12.  A  drover  bought  5468  head  of  stock.  He  bought 
twice  as  many  horses  as  cattle,  lacking  1,  and  three  times 
as  many  sheep  as  horses.     How  many  of  each  did  he  buy? 

Am.  1215  horses,  608  cattle,  3645  sheep. 

13.  On  a  farm  are  horses,  cattle  and  sheep.  The  cattle 
and  sheep  together  number  258.  The  number  of  sheep 
exceeds  the  number  of  cattle  by  84,  and  the  number  of 
horses  is  one  third  the  number  of  cattle.  Bequired  the 
number  of  each.    Ans,  29  horses,  87  cattle,  and  171  sheep. 

14.  A  hare,  pursued  by  a  hound,  has  a  start  of  75  of  its 
own  leaps.  The  hare  makes  10  leaps  while  the  hound  makes 
7,  but  6  leaps  of  the  hare  are  equivalent  to  only  2  leaps 
of  the  hound.  How  many  leaps  must  the  hound  make  to 
overtake  the  hare  ? 

Let  X  =  nomher  of  leaps  made  hy  the  hound.     Since  the  hare  makes 

10 
10  leaps  while  the  hound  makes  but  7,  the  hare  makes  •=-  leaps  while 

the  hound  makes  but  1.     Hence  it  will  make  -=-  X  a;  leaps  while  the 

lOsc 
hound  makes  1  X^i  or  simply  x,  leaps.     75+-=-  ^  then,  the  numher  of 

leaps  of  the  hare  in  going  over  the  whole  distance  to  be  traversed  by 
the  hound.  Since  the  leaps  of  the  hound  are  not  equal  to  the  leaps  of 
the  hare,  we  cannot  place  2^=754-  -=-t  for  the  first  member  would  rep- 
resent a  number  of  units,  and  the  second  a  number  of  units  of  a  different 
kind.  We  know,  however,  that  5  leaps  of  the  hare  equal  2  of  the 
hound,  and  hence  that  each  leap  of  the  hound  equals  -q-  of  a  leap  of  the 

hx 
hare.    Hence  x  leaps  of  the  hound  equal  -^  leaps  of  the  hare.     Hence 
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Sac 

-^  is  the  distance  traversed  by  the  hound,  il  the  leap  of  the  hare  be  taken 

aa  the  nnit.     Hence 

7iU-  i^  —  }  ""^hole  distance  traversed  by  the  hare,  the  leap  of  the  hare 
«ot    »j    —  I         being  the  unit,  and 

&p I  whole  distance  to  be  traversed  by  the  hound,  expressed  in 

2  —  (         terms  of  the  same  unit. 

Hence,     —  =  76+  — 

35a;=1050+20x 
15aj  =  1050 
aj  =  70. 
Or  let  7x=nnmber  of  leaps  of  the  hound. 
Then  Kke = number  of  leaps  of  the  hare  in  the  same  time. 
Then  7x:l(h;+76::  2:6;  35as=20x+150;  150=150;  aj=10  .-.  1x=70, 
the  number  of  leaps  of  the  hound. 

15.  Divide  the  number  750  into  three  parts,  such  that  the 
second  may  be  1^  times  as  great  as  the  first,  and  the  third 
2^  times  the  first. 

Let  2x  represent  the  first  part.     Then 
3a;  represents  the  second  part,  and 
5x  represents  the  third  part,  whence 
2x+3x+5aj=750 
l(h;=750 
a;  =  75,  and  150,  225,  and  375  are  the  required  parts. 

16.  Divide  340  into  three  parts,  such  that  the  first  shall 
be  to  the  second  as  2  is  to  6,  and  the  second  to  the  third  as 
5  is  to  13.  Ana.  34,  85  and  221. 

17.  $1760  is  to  be  divided  among  three  partners,  so  that 
the  second  may  receive  If  times  as  much  as  the  first,  and 
the  third  14^  times  as  much  as  the  second.  What  are  the 
shares?  Ana.  $320,  $560  and  $880. 

18.  The  denominator  of  a  certain  fraction  exceeds  the 

numerator  by  10.     If  6  be  added  to  each  term  of  this  frac- 

49 
tion  the  value  of  the  fraction  will  be  ^^0*     What  is  the 

fraction?  Ana.  jj. 
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19.  In  a  certain  regiment  four  officers  were  assigned  to 
each  company,  when  it  was  found  that  the  number  of  offi- 
cers was  too  small  by  6,  to  allow  this  apportionment. 
Three  officers  were  then  assigned  to  each  company,  when  it 
was  found  that  6  officers  remained  for  extra  duty.  How 
many  companies  were  in  the  regiment?  Ans,  11. 

20.  A  party  of  boys  having  received  some  dimes,  wished 
to  divide  them  so  as  to  give  each  boy  the  same  sum.  If  they 
had  12  dimes  more,  they  could  have  received  seven  apiece, 
and,  on  giving  each  boy  6,  there  were  three  dimes  left.  Be- 
quired  the  number  of  boys. 

21.  A  speculator  has,  in  warehouse,  grain  as  follows: 
J  of  the  whole,  plus  100  bu.,  is  wheat;  \  of  the  remainder, 
plus  200  bu.,  is  com;  of  what  remains,  J  is  rye,  and  there 
are  1200  bu.  of  barley.  How  much  grain  in  tha  ware* 
house  ?    How  much  of  each  kind  ? 

Ana,  2750  bu.  of  wheat. 

22.  Yir  of  a  mixture  is  hydrochloric  acid,  -^  plus  20  gr. 
sulphuric  acid,  \  of  the  remainder,  minus  16  gr.,  nitric  acid, 
a9d  of  what  remains  one  half  is  orange  syrup  and  180  gr. 
distilled  water.  Required  the  amount  of  each  ingredient 
and  the  total.  Total  540  gr. 

23.  A  courier  rode  from  Mons  toward  Yichy,  at  the  rate  of 

m  miles  per  hour.     Half  way  between  the  towns  he  met 

with  an  accident,  so  that,  although  he  continued  his  journey 

without  delay,  he  was  able  to  ride  only  c  miles  per  hour  for 

the  remainder  of  the  journey.     The  whole  time  occupied  in 

traveling  from  Mons  to  Yichy  was  a  hours.     Required  the 

distance  between  the  towns.  .       2amc 

f  Am J—. 

m-f-c 

24.  Of  the  money  expended  by  the  Bed  Cross  Mining 
Co.  during  1874,  one  fifth,  less  $5000,  was  paid  for  tunnel- 
ing and  timbering,  the  tunneling  costing  60%  more  than 
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the  timbering.  Of  the  remainder,  one  half  increased  by 
$10,000  Y^as  paid  for  new  machinery,  35%,  less  $2500,  for 
wages,  and  the  other  $12,000  were  exx>ended  in  acquiring 
certain  mineral  lands.  Required  the  different  items  of  ex* 
penditure. 

25.  A  privateer  having  disposed  of  prizes,  the  money  ob- 
tained was  divided  as  follows:  f  of  the  whole,  plus  $30,000, 
was  paid  as  lawyers'  fees;  of  the  remainder,  y\j^  and  $7000 
in  addition,  was  paid  for  repairing  the  ship;  of  the  remain- 
ing sum,  ^,  with  $5000  additional,  was  divided  among  the 
officers,  and  the  residuary  $50,000  was  distributed  to  the 
crew.  Required  the  whole  amount,  and  the  separate  items 
of  disbursement.  Total  $400,000. 

26.  A  detachment  of  troops  leaves  X at  3  a.  m.  to  at- 
tack W ,  123  miles  distant,  and  proceeds  at  the  rate  of  2J 

miles  per  hour  (allowing  for  stoppages).     At  4  p.  m.  of  the 

same  day  the  pickets  before  W learn  of  the  intended 

attack,  and  at  5  p.  m.  a  detachment  sets  out  to  meet  the 
enemy.  If  this  detachment  travel  at  the  rate  of  3  miles  per 
hour,  at  what  time  will  the  two  forces  meet  ? 

Ans,  9  A.  M.  next  day. 

27.  The  troops  from  X being  surprised,  flee,  panic- 
stricken,  toward  X .     Rallying  his  troops  at  a  village 

near  X ,  the  commanding  officer  finds  that  ^  of  his  com- 
mand, plus  2500  men,  is  missing,  and  ^  of  those  present, 
minus  1000,  are  wounded;  of  the  remainder,  ^  are  cavalry 
and  12,000  infantry.  How  many  troops  were  in  the  detach- 
ment originally?  Ans.  30,000. 

28.  A  river  flows  ^  of  its  length,  minus  10  miles, 
through  a  barren,  mountainous  country;  half  the  remain- 
ing distance,  plus  15  miles,  through  broad  pasture  lands; 
of  the  remainder  of  the  course,  f  lies  through  a  low,  but 
populous  country,  and  the  remaining  75  miles  is  through  a 
marsh.  Required,  the  length  of  the  river  and  the  divisions 
of  its  course.  Ans.  Total  length,  300  miles. 
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29.  A  merchant  has  100  pieces  of  cloth,  of  four  kinds. 
The  number  of  pieces  of  the  second  is  greater  by  18  than 
•J-  the  number  of  pieces  of  the  first  kind;  the  number 
of  pieces  of  the  third  is  less  by  10  than  twice  the  number 
of  the  second;  and  there  are  four  times  as  many  of  the 
fourth  kind  as  of  the  first.  Required,  the  number  of 
pieces  of  each  kind. 

Arts.  10  of  the  1^,  20  of  the  2^,  30  of  the  3°,  40  of  the  4P. 

30.  At  what  time  between  6  and  7  o'clock  will  the  hour 
and  minute-hands  of  a  watch  be  together  ? 

Ana.  32^  minutes  past  6. 

31.  A  contractor  hired  a  certain  number  of  men  to  do  a 
piece  of  work  which  he  was  bound  to  finish  in  thirty  work- 
ing days.  He  agreed  to  pay  them  $4  per  day,  but  at  the 
end  of  the  first  week,  the  men  struck,  and  demanded  $5  per 
day,  to  which  demand  the  contractor  was  obliged  to  accede. 
Had  he  paid  the  men  |4  per  day,  as  agreed,  he  would  have 
gained  $2,000  on  the  contract,  but  in  fact,  he  lost  $1,000. 
Required,  the  number  of  men  employed.  Ans,  125. 

32.  A  vintner  has  two  casks:  one  contains  a  gallons  of 
wine  and  b  gallons  of  water;  the  other  contains  a'  gallons 
of  wine  and  b'  gallons  of  water.  He  wishes  to  draw  from 
them  wine  and  water  to  form  a  mixture  containing  c  gallons 
of  wine,  and  c  gallons  of  water,  (c  being  greater  than  at 
least  two  of  the  quantities,  a,  6,  a\  6').  How  much  will  he 
draw  from  each  cask  ? 

From  the  first  (5+^lgf^0=|^  ,  g^. 

33.  A  grocer  has  two  kinds  of  sugar;  the  one  worth  a 
cents  per  pound,  and  the  other  worth  b  cents.  He  wishes 
to  form  a  mixture  of  m  pounds,  such  that  any  pound  of  it 
may  be  sold,  without  either  gain  or  loss,  for  c  cents.  Re- 
quired, the  number  of  pounds  of  each  kind  of  sugar  that  he 

should  take.  .        a — c       o — b 

Ans.   rw;   — r«i. 

a — b       a — 0 
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34.  A  can  do  a  piece  of  work  in  a  days,  B  can  do  the 
same  work  in  h  days,  and  C  the  same  work  in  c  days.  How 
many  days  will  they  require  in  which  to  complete  this  work 
if  all  three  work  together  ?  abc 

35.  Two  chariots  are  driven  in  the  same  direction  on  a 

race-track  a  miles  in  circumference,  the  one  at  the  rate  of 

n  miles  per  hour,  the  other  pursuing  at  the  rate  of  m  miles 

per  hour.     When  will  they  be  together  for  the  first  time, 

second  time,  etc. ,  if  they  are  c  miles  apart  when  starting  ? 

,        _        c       c+a    c+2a  , 

Ana.   In .,  — ! — ,  — ■ — , hours. 

m — n  m — n  m — n 

36.  Divide  the  number  n  into  three  parts,  such  that  the 

h  c 

second  shall  be  -  times  as  large  as  the  first,  and  the  third  - 

a  b 

times  as  large  as  the  second. 

.ah                c 
Ans. ; n,  — ; w, n. 

a-f-6+c     a-f-6+c     a+b+c 

37.  Divide  the  number  N  into  four  parts,  such  that  the 
first  increased  by  a,  the  second  diminished  by  a,  the  third 
multiplied  by  a,  and  the  fourth  divided  by  a,  shall  be  equal. 

.  aN  aN      ,  N  a'N 

38.  A  merchant  with  a  certain  capital  expends  annually 
$nc,  and  each  year  augments  the  unexpended  part  of  his 

capital  by  -th  of  itself.     At  the  end  of  the  third  year  his 

original  capital  is  increased  j>f old.     Required,  the  original 
capital. 

39.  The  circumference  of  each  of  the  fore  wheels  of  a  car- 
riage is/ feet,  and  of  each  of  the  hind  wheels  h  feet.  How 
far  must  the  carriage  be  drawn  in  order  that  each  of  the 
fore  wheels  shall  make  a  revolutions  more  than  each  of  the 
hind  wheels?  .  afh        , 
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n.    EQUATIONS  WITH  MORE  THAN  ONE  UNKNOWN 
QUANTITY. 

360.  If  we  have  but  a  single  equation  involving  two  un- 
known quantities,  we  cannot  obtain  the  value  of  either  of 
them.  For  if  we  attempt  to  solve  the  equation  with  re- 
spect to  either  unknown  quantity,  we  shall  obtain  in  one 
member  this  quantity,  and  in  the  other  an  expression  in- 
volving the  second,  and  hence  unknown.  Thus,  in  the  equa- 

7— 4a; 
tion,  4tx+2y=l  (1),  2t/=7— 4a?  (2),  and  hence  y=  —^  (3). 

Now,  if  we  know  the  value  of  a?,  t/  becomes  known,  but  not 
otherwise.     It  is  plain,  however,  that  no  matter  what  the 

value  of  X,  y  is  always  equal  to  — ^ — ,  and  if  we  substitute 

fort/,  — - —  in  (1),  the  two  members  will  reduce  to  the 
2 

same  quantity,  no  matter  what  the  value  of  a?.     If,  how- 

'7       AfY» 

ever,  we  assign  to  a?  a  definite  numerical  value,  will 

reduce  to  some  number,  and  this  number,  taken  with  the 
assigned  value  of  a;,  will  satisfy  the  given  equation.  Thus, 
if  we  make  x  equal  to  1,   2,   8,   4,   etc.,   in  succession, 

we  have  y  equal  to  5,  —  -, 

~2'  —2'®*^^'*^*^  (1)^®- 
comes 

and  any  value  of  y,  taken 

with    the    corresponding 

value  of  a?,  will  satisfy  the 

given  equation.     Any  value 

of  ar,  taken  with  the  value  of  y  obtained  by  substituting 

the  value  of  a?  in  (3),  forms  a  Set  of  values.    As  we  can 

assign  to  x  an  infinite  number  of  values,  every  one  of 

which,  substituted  in  (3),  gives  a  corresponding  value  of  y^ 

which,  with  the  assigned  value  of  x  will  satisfy  (1),  there  are 

an  infinite  number  of  sets  of  values  of  x  and  y  thaJt  wiU  satisfy 


4  +  i=7,or    4+3=7 

8— 4-=7,  or    8—1=7 
A 

12— ^=7,oria-5=7 

18 
16  — if  =7,  or  16—9=7 

A 
etc.,  etc., 
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ihe  given  equation,  Sucli  an  equation,  t.  e.,  one  satisfied 
by  an  infinite  number  of  sets  of  values  of  the  unknown 
quantities,  is  said  to  be  Indeterminate,  The  values  of  the 
unknown  quantities  cannot  be  fixed  or  determined.  Thus 
we  cannot  say  that  x=l  or  8,  for  x=26  or  32,  just  as  well. 
We  cannot  say  that  y=2,  or  3,  or  7,  or  10,  or  12,  for  it 
equals  200,  or  75,  or  36,  or  512,  or  anything  else,  just  aa 
weU. 
We  might  have  solved  the  given  equation  vnth  reference 

7 — 2v 
to  a?,  thus,  x= — j-2  (4),  and,  by  substituting  any  number 

whatever  for  y,  deduce  a  value  of  x,  which  taken  with  thia 
value  of  y  would  satisfy  the  given  equation.  As  we  may 
treat  any  equation  containing  two  unknown  quantities  in  a 
similar  way,  we  see  that 

Any  single  equation  containing  two  unhfwwn  qvantUies  ui 
vndeterminaie. 

Suppose  we  have  the  equation  7a:+32/+2ft=12  (5),  whence 

x=i ^        (6).     If,  in  (6),  we  substitute,  in  succession^ 

2       3 
1, 2,  3, 4, 5  etc.,  for  y  and  «,  we  obtain  values,  1,  -,  — =,  eto.^ 

which,  substituted  for  a?,  in  (5),  must,  with  the  values  as- 

i     7+3+2=12 
sifinied  to  y  and  «,  satisfy  the  equation;  thus :  \     2+64-^=12 

(—3+9+6=12 
etc.,  etc. 
Similarly,  if  we  have  any  equation  contidning  more  than 
one  unknown  quantity,  we  may  deduce  an  expression  for 
one  of  the  unknown  quantities,  in  terms  of  the  others.  By 
assigning  values  at  pleasure  to  these  others  we  may  deduce 
the  corresponding  value  of  the  first,  and  thus  obtain  a 
Set  of  values,  that  will  satisfy  the  given  equation,  and,  as 
we  may  assign  any  values  whatever  to  these  others,  and 
therefrom  deduce  the  corresponding  value  of  the  first,  there 
will  be  an  infinite  number  of  sets  of  values  that  will  satisfy 
the  given  equation.  Hence  the  given  equation  v^ll  be  inde- 
determinate;  i.  e.,  in  general, 
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361.  Any  single  eqiuition,  containing  more  than  one  unknoum 
quantity,  is  indeterminate, 

362.  Let  U8  now  resume  the  equation  4x^2y=l  (1), 

7 — 4a? 
whence  y=  — r —  (3).    If  the  value  of  x  is  fixed  in  anj 

way,  the  value  of  y  will  be  fixed,  for,  on  substituting  the 

7— 4a? 
value  of  a?  in  (3),  y  must  be  equal  to  — 5 — ,  which  will  then 

be  Sk  fixed  number.    Again,  if  y  could  have  an  infinite  num- 
ber of  values,  as  a  value  of  a?  could  be  found  corresponc^ng         I 
to  each,  a?  would  have  an  infinite  number  of  values,  which         1 
is  contrary  to  the  original  supposition.   If,  then,  the  value  of 
either  a?  or  y  be  fixed  or  limited,  the  value  of  the  other  will 
also  be  fixed. 

Now,  suppose  that  we  have  a  new  equation,  4y — x=6  (7), 
and  suppose  that  the  values  of  x  and  y  in  (7)  are  the  same 
as  the  values   of  x  and  y  in  (1).      From  (7)  we  have 

5+a? 
y=  —J-  (8),  whence,  the  values  of  y  in  (7)  and  (1)  being 

5-l-a?      7— 4a? 
the  same,  —j-  =  — 5—  (9),  or  54-aj^l4 — 8a?,  or  9a?=9,  or 

a?=l.    In  order  then,  that  the  values  of  y  in  (7)  and  (1)  be 

the  same,  x  must  be  1,  under  which  supposition, 

7— 4a?      5 -fa?      3 

t/  = =  — ■ —  =  -. 

^2  4         2 

The  values,  y  =  7:  and  a?=l,  will,  then,  satisfy  both  (7)  and 
2 

(1);  and  these  equations  are  not  otherwise  satisfied.    These 
equations  are  said  to  be  simultaneous,  and  in  general, 

363.  Simultaneous  Equations  are  equations  in  which  the 
values  0/  the  unkrwwn  quantities  are  the  same  in  all,  at  the  same 
time. 

We  see,  from  what  precedes,  that,  in  order  to  obtain  fixed 
values  for  two  unknown  quantities,  we  must  have  two  simul- 
taneous equations  involving  these  quantities. 

In  a  similar  manner  we  may  show  that  for  the  determi- 
nation of  three   unknown  quantities  three  equations   ar« 
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needed;  for  determining/our  unknown  quantities /our  inde- 
pendent equations,  and,  in  general,  for  determining  n  un- 
known quantities,  n  independent  equations  are  needed. 

ELIMINATION. 
864.  Elimination  is  the  process  of  combining  several  equa^ 
dons,  involving  several  unknoum  quantitieSy  in  siLch  a  manner 
€ts  to  deduce  therefrom  a  less  number  of  equations,  involving  a 
less  number  of  unknown  quantities. 

(A.)  TWO  SIMULTANEOUS  EQUATIONS  ABE  GIVEN. 
365.  I.— To  deduoe  a  Rule  for  elimination  by  Addi- 
tion or  Subtraction. 

^*  3^—6^—1412!^®  *^®  given  equations.  Examining 
these  equations,  we  see  that  if  the  coefficients  of  x  were  the 
same  in  (1)  and  (2),  and  we  should  subtract  (1)  from  (2),  the 
resulting  equation  would  involve  y  alone;  i.  <?.,  a?  would  be 
eliminated.  Let  us,  then,  transform  the  equations  so  that 
the  coefficients  of  x  may  be  equal  in  the  two.  Multiplying 
both  members  of  (1)  by  3,  and  both  numbers  of  (2)  by  2, 
we  have  6^_i2^28  (4)'  ^^  subtracting,  member  from 
member,  (3)  from  (4),  we  obtain  — 21y=7,  which  equation 
involves  only  y,  x  having  been  eliminated  by  subtraction. 

Again,  it  may  be  seen  that  if  the  coefficients  of  y  in  the 
two  equations  (1)  and  (2)  had  been  the  same,  we  might,  by 
adding  member  to  member,  (1)  and  (2),  have  obtained  an 
equation  not  involving  y.  We  may,  therefore,  eliminate  y 
by  transforming  the  given  equations  so  as  to  make  the  coef- 
ficients of  y  equal,  and  adding  the  transformed  equations 
member  to  member.  Multiplying  both  members  of  (1)  by 
2,  we  have  4a?+62^=14  (5).  Adding  (5)  and  (2),  member  to 
member,  we  have,  7a?=28,  an  equation  involving  only  a;,  y 
having  been  eliminated  by  Addition. 

If  the  given  equations  contain  more  than  two  unknown 
quantities,  any  one  of  these  quantities  may  be  eliminated 
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by  Addition  or  Subtraction  in  a  manner  exactly  similar  to 
that  here  employed. 

From  the  foregoing  considerations  we  deduce  the 

BuLE. — Trannform  the  two  given  equations  so  thai  the  coeffi^ 
dents  of  the  quantity  to  be  eliminated  may  be  numerically  equal 
in  the  two.  If  these  coefficients  have  unlike  signs,  add  the 
equcUions,  member  to  member;  if  they  have  like  signs,  subtract 
either  equation  from  the  other,  member  from  member, 

866.  We  can  always  effect  the  required  transformation 
by  finding  the  lowest  common  multiple  of  the  coefficients  of 
the  quantity  to  be  eliminated,  and  multiplying  the  members 
of  each  equation  by  the  quotient  of  the  lowest  common  mul- 
tiple divided  by  the  coefficient  of  this  unknown  quantity  in 
the  other.  In  particular  cases,  however,  simpler  methods 
of  transforming  will  often  suggest  themselves,  but  for  these 
no  rule  can  be  given.  It  is  well  for  the  student  to  accustom 
himself  to  perform  the  operations  for  elimination  mentally^ 
writing  only  the  results. 

This  method  of  elimination  is  often  called  the  English 
Method. 

Deduce  a  single  equation  from  each  of  the  following 
groups: 
-    5a?— 3y=26     Ans.  —Uy=  18  13y—  2a?=17 

•  3a?  f  72/=12  or,  44a;^218  ^'    5y+  dx=  9 

4        4  4 

867.  n.— To  Deduce  a  Rule  for  elimination  by  Sub- 
stitution. 
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From  either  of  two  simultaneous  equations  we  may,  as 
in  (360),  find  an  expression  for  one  of  the  unknown  quan- 
tities in  terms  of  the  others,  and  (863)  we  may  substitute 
this  for  the  unknown  quantity,  in  the  other,  thus  obtain- 
ing an  equation  free  from  this  unknown  quantity.     If,  for 

example,  we  have  o^Ila^Zy  (o\  [  >   ^oi^   (2)  we   obtain 

x=  — --^    and  as  the  value  of  x  must-  be  the  same  in  (1) 
4 

and  (2),  we  may  substitute  this  expression  for  x  in  (1),  thus 
obtaining  4^ —  — -— ^  =5,  an  equation  involving  only  y,  x 

having    been    eliminated    by    Substitution.      Hence,    for 
elimination  by  Substitution  we  have  the 

Rule. — Find  from  one  of  the  given  equations  an  expression 
for  the  quantity  to  be  eliminated,  in  terms  of  the  other  quan- 
tities. Substitute  this  expressimi  for  the  unknown  quantUy 
itself  in  the  other  equation. 

'FiTAHfPT.ir.ft, 

868.  m.— To  Deduce  a  Rule  for  elimination  by 
Ck>mparison. 

From  each  of  two  simultaneous  equations  we  may,  as  in 
(860),  obtain  an  expression  for  one  of  the  unknown  quanti- 
ties to  be  eliminated,  in  terms  of  the  others.  From  the 
definition  (868)  of  simultaneous  equations,  we  may  equate^ 
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(i.  e.,  connect  by  the  sign  of  equality)  these  two  expressions. 
As  neither  contains  the  unknown  quantity  for  which  the  ex- 
pressions have  been  found,  the  resulting  equation  will  be 

free  from  this  quantity.    Thus  if ^f  iow—lO  J2V  ^®  ^*^® 

from  (1),  y  = — - — ,  and  from  (2),  y= — '^- — ,  and  since  the 

values  of  y  in(l)  and(2)are  the  same,  — ^ —  =  — i — ,  which 

equation  contains  only  x,  y  having  been  eliminated  by  Com- 
parison. 
Hence  for  elimination  by  Comparison,  we  have  the 

Bulb. — Find  from  each  equation  an  expression  for  the  qaarkf- 
tUy  to  be  eliminated,  in  terms  of  the  others.  Equate  these  ex- 
pressions, 

BTAMPT.IKfl. 

1.  '""  '  ' 


16y— 9ar=13. 

Ana.  69ii»=63. 

t+«=*- 

8 

3a!+73/=91. 

Ans.  17a^ll9. 

13y— 7«=12 
17y— 3«=28. 

Ans.  80e=160. 

9ar— 2y  =  10 
8«— 7y=12. 

Am.  19y=— 26. 

l+l-i  ^<i- 

3/ 

l-l 

=  3-|;or 

X     y 

0  +  7  — 1    x= 

=3(1- 

-Vi 

-8y  = 

=  12-9y; 

IV.— FreDoh  Method.  To  Deduce  a  Rule  far 
eliminaticm  by  the  use  of  a  Multiplier  of  -whioh  the 
value  is  to  be  determined. 

Let  the  given  equations  be  -j  ^^^  aj=i3  [2)*  "^'  ^^^* 
we  multiply  both  members  of  (2)  by  any  quantity,  as  m,  we 
have  2wii/4-wM;i=13m  (3).     Adding  (1)  and  (3),  member  to 
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member,  we  have  (4-|-2m)y+(m — 3)a:=ll+13m  (4).  If, 
now,  the  coefficient  of  x  in  (4)  were  0,  the  term  involving 
X  would  reduce  to  0,  t.  e,,  x  would  not  occur  in  the  equa- 
tion. This  coefficient,  m — 3,  will  reduce  to  0  if  »n=3. 
Hence,  since  m  may  be  any  quantity  whatever,  we  place  it 
equal  to  3,  and  (4)  becomes.  10t/=50,  an  equation  contain- 
ing only  y,  t.  e.,  x  has  been  eliminated.  If  we  had  wished 
to  eliminate  y,  we  should  wish  the  term  involving  y  to  dis- 
appear from  (4),  which  requires,  then,  m=  — 2,  and  under 
this  supposition  (4)  becomes  — 5x=  — 15,  or  5a;=15. 

We  could  have  obtained  like  results  by  subtracting  (3) 
from  (1),  member  from  member,  for  we  would  thus  have 
obtained  (4— 2m)y — (3-f-m)a?=ll — 13w  (5),  in  which  the 
substitution  of  «i=2  gives  — 5x=.  — ^15,  or  5aj==15,  and  the 
substitution  of  m=  — 3  gives  10i/=50. 

Since  we  can  assign  to  m,  arbitrarily,  any  value  whatever, 
we  may  call  it  an  arbitrary  multiplier.  From  the  foregoing 
considerations  we  deduce  the  following 

Bulk. — Multiply  both  members  of  one  of  the  given  equations 
by  an  arbitrary  multiplier.  Add  this  transformed  equation  to 
the  other  given  equation,  member  to  member,  or  subtract  it  from 
this  other,  member  from  member.  Place  {in  the  resuU)  the  coeffi- 
cient of  the  quantity  to  be  eliminated  equal  to  0,  and  substitute 
the  resulting  value  of  the  arbitrary  multiplier  in  the  equation 
obtained  by  addition  or  subtraction. 

This  process  is  often  called  JElimination  by  the  use  of 
Undetermined  multipliers. 

Examples. 

^-  Sy--Ax=  2-  ^-  4a?— 5y=  T  '^^'  y—^' 

3    24a?-25i/=:17  .    7y+2x=^2Q       .       l3^/-49 

"^^  13x+  2y=  5-  *•  32^  «±=10'     ^^-  ■^^2^*^- 
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(B.)    WHEN  MORE  THAN  TWO  SIMULTANEOUS 
EQUATIONS  ARE  GIVEN. 

870.  To  Deduoe  a  Rule  for  elimination  when  xnoze 
than  t'wo  equations  are  given. 

Let  3x—^y+z  =  4  (1) 
2a?+32/— 32=32  (2) 
— x-^-ly — z  =40  (3)  aod  let  it  be  required  to  deduce  i 
single  equation,  containing  but  one  unknown  quantity. 

A  little  reflection  shows  that  we  cannot  combine  (1),  (2)» 
and  (3),  at  random,  for  if  we  should  combine  (1)  and  (3), 
eliminating  2,  and  then  (1)  and  (2),  eliminating  t/,  the  re- 
sulting equations  would  still  have  three  unknown  quantities, 
for  z  would  occur  in  the  equation  arising  from  combining 
(1)  and  (2)  so  as  to  eliminate  y» 

If,  however,  we  combine  (1)  and  (2),  eliminating  s,  the 
resulting  equation  contains  only  x  and  y;  and  if  we  now 
combine  (1)  and  (3),  eliminating  2,  the  resulting  equation 
contains  only  x  and  y.  We  thus  have  two  equations  con- 
taining only  X  and  t/,  which  we  may  combine  so  as  to  elim- 
inate either,  and  thus  perform  the  operation  required. 

a?+  y+  2+  w=  8         (1) 


Again,  take  the  equations 


^x—2y—  z+5u;=12  (2) 
4a?+32/+2z—  w;=16  (3) 
2a?—  2/+5s+3io=20  (4) 
We  cannot  combine  at  random,  for  the  reason  already 
indicated,  but  if  we  combine  (1)  with  (2),  (3),  and  (4),  in  suc- 
cession, eliminating  w  each  time,  we  have  one  equation  for 
each  combination,  t.  e.,  three  in  all,  and  these  three  will 
contain  only  x,  y,  and  z.  The  first  of  these  we  may  then 
combine  with  each  of  the  others,  eliminating  z  each  time, 
and  obtaining  one  equation  for  each  combination,  i,  e.,  two 
altogether,  containing  only  x  and  y,  combining  which,  we 
get  a  single  equation  involving  one  unknown  quantity. 

In  general,  if  we  have  n  simultaneous  equations,  con- 
taining m  unknown  quantities,  we  cannot  combine  them  at 
■"xndom,  for  a  reason  already  indicated.     If,  however,  we 
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combine  the  first  with  each  of  the  n — 1  others,  elimiDating 
each  time  the  same  unknown  quantity,  we  shall  obtain  as 
many  equations  as  there  are  combinations,  i.  e,,  n — 1,  and 
as  we  have  each  time  eliminated  the  same  unknown  quan- 
tity, there  will  be  but  m — 1  unknown  quantities  left.  We 
have  now  a  group  of  n — 1  equations,  with  m — 1  unknown 
quantities,  from  which,  in  the  manner  just  indicated,  we 
may  deduce  n — 2  equations  containing  m — 2  unknown 
quantities,  and  by  continuing  the  operation  we  may  finally 
obtain  a  single  equation.     Hence  the 

BuLE. — Combine  one  of  the  given  equations  with  each  of  the 
others^  eliminating  the  same  unknown  quantity  each  time.  Treai 
the  resulting  group  of  equations  in  the  same  manner^  and  con- 
tinue the  operation  until  a  single  equation  is  obtained,  or  until 
the  operation  has  been  carried  as  far  as  is  desired. 

371.  SohoUum. — If  m=n,  the  final  equation  unU  evidently 
have  but  one  nnknown  quantity.  TjTm^n,  it  uyill  have  more 
than  one,  and  if  m<^n  it  vrill  have  none. 

372.  Scholium  II. — If  each  equation  does  not  contain  all  the  xm* 
known  quantities,  the  work  of  elimination  may  often  he  simplified, 

{  a;+y=18  (1)  J  be  the  given  equations.  From  (1) 
For  example:  let  •<  ^+2=  ^  (2)  >- and  (2)  we  obtain  x  —  2  =  9,   and 

(  z+x=l5  (3)  )  combining  this  with  (3)  we  obtain 
2a;  =  24.  lAbor-saving  devices  will  often  thus  suggest  themselves  to 
the  quick  or  practiced  eye. 

373.  The  method  of  elimination  by  the  use  of  an  arbi- 
trary multiplier  may  easily  be  extended  to  the  case  of  three 
or  more  equations.     Thus,  take  the  equations 

2x+Sy+  e=    11 
x—2y-\-2z=      3 
— 11a?— 6y+3«=— U 
Multiplying  both  members  of  (1)  by  m,  and  of  (2)  by  n,  the 
equality  of  the  members  will  in  neither  case  be  destroyed, 
and  we  shall  have 

2wia:-j-3w?2/+  mz=llm  Oi) 

nx — 2ny+2nfc=3n  (5) 
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Adding  (4),  (5),  and  (3),  member  to  member^  the  results 

must  be  equal  in  the  two  members,  and  we  have 

(2m+n— ll)a?+(3m— 2n-6)y+(m+2n+3)2=llm+3n— 14    (6> 

If,  now,  such  values  be  given  to  m  and  n  as  to  make  the 

coefficients  of  x  and  y  each  equal  to  zero,  these  quantities 

will  be  eliminated  from  the  equation. 

Tr.   fv.4a  .oo.   2m+  n— 11=0         ^^    4m-(-2n— 22=0  (7> 
Jn  this  case,  ^^^n-  6=0         ^^'  3m~2n-6=0(8) 

Adding  (7)  and  (8),  member  to  member,  Im        — 28=0 

or,    m        —  4=:0 

whence,  m  must  be  equal  to  4.     K  m=4,  2m-j-n — 11=:0 

or,  8   4-^— 11=0 
or,  n—  3=0 

or,  n=3 

Substituting  the  valuea  of  m  and  n  in  (6)  we  find 

(4-1-6+3)2=44+9—14,  13fc=53— 14=39; 
an  equation  involving  only  z. 

In  a  prfBcisely  similar  manner  this  method  may  be  ex- 
tended to  any  number  of  equations. 


Jsy- 

2y- 
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2i/_  3a?  +  4«=82 
2a?+  72=67 
lla:+152=   2. 


(6a?+72/  — 10«=2 
2.    \ix—  y+     «=21 
(3a?+2i/—  32  =  6. 


(3a?— 21/+  2=13 
8.    ^  5a: +  22/  — 32=17 
(2a?— 3i/  +  22=  9. 
Am,  3a?=18. 

^3ti?— 4«+  a?  +  3y 

I  4w7  +  22/  — 3a?— 62 

w — 2a?+22 —  y 

2w+%z—^y  +  Zx 

From  (1)  and  (3),  we  have. 
From  (2)  and  (4),  we  have. 


4. 


5  "*■  2       4 

5      3^ 

3^  ,  ^  ,  32 

10  "*"  6  "^  4 


=  T 


=  8 


=11 


=  0 
=  4 

=  4 
=  3 

2a:^82— 6u^— 6y 
2a;=  u+2« —  y— 4 
3ar=4w;+2i/ — 6«^— 4 
3ic=3  — 2M^— 8»+3y 


Prom  (9),  (10),  (11),  we  find 
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From(5)and(6),  wehave._8-62^yZ^+2-2/-*.  or^ 

Prom(7)and(8).wehave^«+|:^--*=|-2«-8^+3l/.o5 

In  (5),  «=4«— 3«>— 3y  and  in  (7)  x=  ^«>+2y— 6g— 4    ^^^^ 

4»_3«,-3y=^!£±2j^=«£Z*.  whence 

O 

13tt>— 18«+lly=4  (11) 
7tH-6y-4 

3  (12) 
13H-lly-4 

^**= 9 (13) 

|.2«=7-fy— 6«»  (14) 
From  (12)  and  (13).  we  find,  7«>+Sy^  ^  18«4-lly--4^ 

whence  {tt*Cl}  (15) 

From  (12)  and  (14)  we  find    "'"^^     -  =  7-|-y — 6w,  whence 

25w-f-2j/=  25  (16) 

Prom  (15),  y=  2—  2to  (17).      From  (16),  y=  ^^~^"^  (18) 

Prom  (17)  and  (18)  we  find,  2^2w=  ^!±^^  whence 

^w+  2x—  e»-^y     =  3  (1)    Prom  (2)  we  find 
2^4-102+  2y--3a:     =  8  (2)           S+3x^2io—10b 
-       —      '^=_1(3)    ''^— • 


2w—12z—4y= 
4w>-f4«+a?  =3(4)    substituting  in  (1)  we 

obtain,  3ti;+2a; — 62 ^ =  3;  whence, 

12w^-5aH-18^=30  (5) 

Substituting  the  value  of  y  in  (3)  we  have: 

a^— 2to— 122— 16— 6a?44w?+202=  — 1,  or 
2to— 5a:+82fc=15  (6) 

Prom  (6):  2t^=5a? — 82-|-15,  which,  substituted  jn  (5),  gives 
80»— 48H-90— 5a:+182=30;  or, 

25a:— 302  =  — 60)  .-v 

5ar— 62  =  — 12)  ^'^ 
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Substituting  in  (4)  the  value  of  2to,  we  have 
10a?— 16i&4-30+a?44a=3;  or, 
llx—12z  =  —27  (8) 

From  (7)  we  have  62=12+5a?,  which,  substituted  in  (8) 
givesllar— 24^— 10a;  =  — 27;  or,  a?  =  —8. 

2M^-3a;+22/— «  =  1  (1) 

Sw+5z—Sy       =4  (2) 

w+Sz+y+2x  =  4:  (3) 

^—.Zio—y—2z  =  1  (4) 

Multiplying  both  members  of  (1)  by  2,  4to — 6x+4y — 2z=  2 

Multiplying  both  members  of  (3)  by  3,  Sw'\-ex+3y+9z=12 

Adding,  member  to  member,  7w        +7i/-|-7«=14 

w        +y+z=2  (5) 
Erom  (3)  we  have,2i0-f4a7+6g-|-2i/ =  8 
From  (4),  -— 3ti?44a?— 2g— y  =1 

Whence,  5w        4-8«+3i/  =  7  (6) 

Adding  (2)  and  (6),  member  to  member,  we  have, 

8M^fl3^==ll  (7) 

Multiplying  both  members  of  (5)  by  3,  and  subtracting, 
member  from  member,  from  (6),  we  have: 
Bw+S8+Sy  =  l 
3u;+3g+3y  =  6 

2w+5z        =  1  (8) 

Multiplying  both  members  of  (8)  by  4,  we  have: 

8u^-2025  =  4, 
Subtracting  this  equation  from  (7),  member  from  mem- 
ber, we  have :  —  lz  =  +7. 

(     2x—  5t/+   Sz=         1  (1) 

8.    iSx+  ly+     z=       19  (2) 

(     8a?— 172/— 202J=— 115  (3) 

From  (1)  and  (2)  we  obtain,  by  multiplying  by  arbitrary 

multipliers,  m  and  n, 

2mx — 5m2/-f-3maj=    m  (4) 

— 3na?+7ni/4-  W2=  19n  (6) 

Adding  (4),  (5)  and  (3),  member  to  member, 
(2m— 3n+8)a:— (5m— 7n+17)2/+(3m+n— 20)s= 

t,i-|.19n_115  (a) 
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Placing  the  coefficients  of  x  and  2/ each  equal  to  zero,  (so  as 

to  eliminate  x  and  y)^  we  have 

2m— 3n+  8=0        (6)        ^^       10m— 16n+40=0 

5m— 7n+17=0        (7)        ^''      10m— 14n-f  34=0 

whence,  — 71+  6=^0 

and    n=6.      If   ri=6,    3n=18,    and    2m— 18-f  8=0;    or, 

2m — 10=0;  whence,  2m=10  and  m;=^.     Substituting  the 

values  of  m  and  n  in  (a),  we  have 

(15+6—20)3=5+114—115,  or, 
fc=4. 

3a?+2i/— 4»—  3w;=10  ,  ,    «       ■ 

4a:+5^-6^7t/,=  17  ,.     (''"^^l?^?, 

a;+  y-7«+llt^;  =  12  ^ 


(a; — ct/+c*«=c^ 


11. 


i  +  i=l.  1+1  =  1.  14-1=1 

a?  "^1/       4'  y  "^  g       12'  «  "^  ix;      24' 

l+l=i.^  l+l=i 

u;       V      40*  v       X       5' 


SOLUTION  OF  SIMULTANEOUS  EQUATIONS. 

874.  The  process  of  Elimination  generally  precedes  the 
Solution  of  simultaneous  equations,  but  the  two  operations 
are  totally  distinct.  It  is  often  desirable  to  eliminate 
when  we  are  wanting  in  either  the  desire  or  the  ability  to 
effect  the  solution. 

375.  To  Deduce  a  Rule  for  finding  the  values  of 
the  unknown  quantities  from  several  simultaneous 
equations. 

Since  we  know  how  to  solve  a  single  equation  containing 
but  one  unknown  quantity,  if,  from  the  given  equations,  we 
can  deduce  a  single  one  containing  but  one  unknown 
quantity,  we  can  find  the  value  of  that  unknown  quantity. 
If  we  substitute  this  value  in  an  equation  containing  only 
one  other  unknown  quantity,  we  may,  as  already  shown, 
find  the  value  of  this  second  quantity.  Substituting  in  an 
equation  containing  only  one  other  unknown  quantity,  we 
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may  find  the  value  of  tbis  third,  and  so  on,  until  the  values 
of  all  the  quantities  have  been  found.     Thus,  taking  the 

(     3Jl^-4y+  «=   4  (1) 
equations:         <      2a?+3y — ^20=32  (2)  we  deduce: 
(—  x-\''^y—  «  =  40  (3) 

£+3y  =  ^  (5)  *^^  fi^^ly  172/ =  136,  whence  y=8. 

Substituting  this  value  of  y  in  (5),  we  obtain  2ar-f  24=44, 
or  2x=4A — 24==20,  whence  a?=10,  and  substituting  these 
values  of  x  and  y  in  (1)  we  obtain  30 — 32+«=4;  or, 
— 24-2t=4;    or,  3=4+2;  or,  «==6;  and  the  values  a:=:10, 
y=S,  «=6,  are  the  values  required. 

In  a  similar  manner  we  might  treat  the  case  of  any 
group  of  simultaneous  equations  having  the  number  of 
unknown  quantities  equal  to  the  number  of  equations,  as, 
in  this  case,  we  may  always  deduce  a  single  equation,  con- 
taining but  one  unknown  quantity.     Hence  the 

Rule. — Apply  to  the  given  equations  the  rule  for  elimination^ 
continuing  the  process  until  a  single  equation  containing  bui  one 
unknown  quantity  is  obtained.  Solve  this  equation,  and,  by 
substituting  this  root  in  one  of  the  immediately  preceding  equor 
tions,  containing  but  two  unknown  quantities,  Jind  the  value  of  a 
second  unknown  quantity.  Substitute  the  values  now  found  in 
one  of  the  equations  containing  but  three  unknxnvn  quantities, 
and  thus  find  the  value  of  a  third  quantity.  Continue  ike  pro- 
cess until  the  values  of  all  the  unknown  quantities  have  been 
found. 

376.  If  the  given  equations  contain  more  unknown  quan- 
tities than  there  are  equations,  the  result  of  the  elimination 
is  (371)  an  equation  containing  more  than  one  unknown 
quantity,  and  therefore  indeterminate. 

If,  on  the  other  hand,  we  have  a  less  number  of  unknown 
quantities  than  of  equations,  the  process  of  elimination  en- 
ables us  to  get  rid  of  all  the  unknown  quantities,  and  the 
resulting  equations,  containing  only  known  quantities,  are 
called  Equations  of  Condition.  They  express  the  relations 
that  must  obtain  among  the  known  quantities  in  order  that 
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the  given  equations  may  be  satisfied;  in  other  words,  they 
express  the  conditions  under  which  alone  the  given  equa- 
tions can  be  satisfied.  But  if  equations  are  satisfied  only 
on  condition  that  the  known  quantities  entering  some  have 
certain  relations  to  those  entering  others,  the  equations  are 
not  wholly  independent;  some  depend  on  "the  others. 
Hence  such  equations  are  called  Dependent  equations.  In 
general: — 

Independent  Equations  are  equations  expressing  essen- 
tially different  conditions,  so  that  no  one  can  be  derived 
from  any  of  the  others. 

Dependent  Equations  are  such  as  do  not  all  express 
essentially  different  and  unrelated  conditions,  and  they  can 
not  all  be  satisfied  unless  the  known  quantities  have  cer- 
tain relations  to  each  other.  Dependent  equations  are 
always  so  related  that  one  or  more  may  be  derived  from  the 
others. 

Squations  of  Ck>ndition  are  such  as  contain  only  known 

quantities,  and  express  relations  of  those  quantities  essen- 

tial  to  the  solution  of  some  dependent  equations. 

( ax-i-byz^c       (1) 
Illustration.    Let  <  CK»^y=d      (2)  be  the  given  eqoaiioiia. 
(         bas=2ay  (3) 

c-f-cf  C'-d 

From  (1)  and  (2)  we  deduce  05=  -g-  5  y=  -^r-,  whence,  substitating  in 

(3),  n"^-  =  -^r — -  (4),  an  equation  of  condUion,  ezpressing the  rela- 
tions that  must  subsist  among  the  known  quantities  in  order  that  all 
the  given  equations  may  be  satisfied.  If  values  are  to  be  found  that  will 
satisfy  all,  (3)  may  evidently  be  derived  from  (1)  and  (2). 

For  example,  let  a=6,  6=3,  whence  (4)  becomes  -tt"  =  c— rf.    Now^ 

4  1 

if  c=9,  andd=7,  (4)issatisfied,anda:=1,  |F=3,   and  (1),  (2),  and  (3)» 


become  6(i.)  +3  (-i-)  =9  or  8+1=9 

3(T)=12(l)or4=4. 
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-Bat  if  e=15  aad  d=^  (4)  ia  not  sstiafied,  the  TahiM  z=  jo  —  %  ""^ 

y=  1=1,  satisfy  (1)  and  (2),  i  jll^^gl  Imt  do  not  satisfy  (3),  which 
becomes  6=:12. 

EXAHFLES. 

Find  the  values  of  the  unknown  quantities  in  the  follow- 
ing equations: 

3a!+2y=31      x=h      .„  v  (22i»— 18j/=— 15    a!=  7. 
5a>— y=17      j/=8      ^^•'\llx—^y=     88    y=:13, 

2x  _!=y=4y+^  «;=11. 


(3.) 
(4.) 


ar+y  _  a>—y  _     5y— 1 
2  3  4 


(8.) 


(9.) 


y=6. 


x-i,      3(^  5j^ 

2  2  3 

_    ,_      -.      16j/— 18  ,  10»— 15  „ 

8y +7ar— 24  =     \       +  — 5 y=3. 


-fy+7  as=27. 

4       ■27--    --    2     +^+-I  ^'^ 

(6.)  (7.) 

{ 2a!+3y4-4«=66  fls=5.  ( 12a?— 8y+  «=35  x=  8. 

-J  6a;— 4y+62=43  «=6.  \   5»— 6y-|-7«=63  y=  9. 

(3a^-7y+58=:  8  fc=7,  (   2a;+ y+3»=68  *=11. 

2a?— 3   ,  y— 2  6e— 14 

3^2  9 


x=  6. 


l  +  V+l^H^^, 

1  +  1  =  10  »=8. 

1  +  1=12  JM2. 

I +  i=   8  ^24. 


EQUATIONS. 


(10.) 

X      y~i 

2  31 

y"'"«~2 

3  2      8 


(12.) 

^+1^=1 
a       a 

y       ^      ^ 

-+-==2 
a       a 

l-f!£=3 
a       a 

w       X . 


V=    2a 


w=    Qa 


(11.) 

2x—Sy+5z+io=4S 
2a:— 32+2y— 10=36 
X — 2/+2to— 10«=  1 
4i^— a:+to+llfc=  7 


(13.) 

x+2y+g=  8 

2y^x+2B=:  9 

5x+y+z-}-w=U 


269^^ 


a:=20. 

y=i: 

«=  2. 
10=  1. 


x=l, 

y=2. 

«=3. 

to=4. 


a       a 
(14.) 

3a?-f  22/4-2  =27 
lar— 7y+w;=10 1 
3y— 22+2t;=21 
^—Sy+z+w =20 1 

^+2/ +2+^=27 


I  From  (2)  and  (4),  we  Yi&y&—ex+4y+z  -  10  (6) 
"    (3)   "    (5),  2»-y+4z-  33(7) 

(1)   "    (6),  8y+3z      »  64(8) 

(6)   "    (7),  y+13z  =  109(9) 

(8)   "    (9),  1012-808 

whence  2— 8 
Substituting  in  (9),  y+104=  109. -.3^=5.    Substituting  in  (7),  2a5— 5+32^ 
=33.*.a;=3;    whence,  (5),  3+6+8+r=27.*.t;=ll.    Finally,  from  (2), 
36— 36+ti7=10.Mi7=9. 


;t! 


(15.) 


a54-y=  5 
y+z=ll 

2+10=17 

io-|-v=23 
a?-t-i^=14 


1 

y=  4 

«=  7 

10=10 

v=13 


(16.) 


^+y+«=2i 

2/-(-z+i;=26 
24H-"W?=28 
v-fto+<=24 
<+«+2/  =19 
<-fv+io=24 


fc=  4. 
v=ll. 
10=  9. 
x=  6. 
!/=7. 
2=  8. 


PROBLEMS. 

1.  Find  two  numbers,  such  that  five  times  the  first,  dimin-. 
ished  by  four  times  the  second,  shall  be  equal  to  2,  and  four 
times  the  second,  diminished  by  three  times  the  first,  shall 
be  equal  to  18. 

Let  SB=  the  first  number,  and  y=  the  second  number. 


Then,  from  the  conditions. 

Eliminating  y,  2x=S0 .  *.  a;=10. 
4y=48.\  y=12. 


}6x— 4y=  2 
{ 4y— 3a=18 


(1) 
(2) 


Substituting  in  (1),  50—4^=2;. 
The  required  numbers  are  10  and  12. 
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2.  Arthurst  and  Brown,  working  together,  can  do  a  cer- 
tain amount  of  copying  in  12  hours;  Brown  and  Thomas 
can  do  the  same  amount  in  10  hours,  while  Arthurst  and 
Thomas  require  16  hours  to  complete  the  work.  How  many 
liours  would  be  required  by  each  to  do  this  work  ? 

Let  X  =the  nnmber  of  hours  required  by  Arthurst; 
y   =  the  number  of  hours  required  by  Brown; 
z   =  the  number  of  hours  required  by  Thomas. 

Then  —  denotes  the  part  performed  in  1  hour  by  Arthurst; 

—  denotes  the  part  performed  in  1  hour  by  Brown; 

—  denotes  the  part  performed  in  1  hour  by  Thomas. 

Sinc^  Arthurst  and  Brown,  working  together,  perform  the  work  in  12 
liours,  in  one  hour  they  perform  y^  of  it.  Similarly,  Brown  and  Thomas 
perform  ^  in  one  hour,  and  Arthurst  and  Thomas  ^t  ^  ^^®  hour. 

^    I    ^        1     /  Eliminating  y  from  (1)  and  (2),  we  have 

Hence— +  -=j2    (^)   1         1        1 

111  T^lc^eO  ^*^'  eliminating  x  from  (3) 

\        1         I  and  (4),  —  =  —.•.  z=24. 

T  +  T  =  r6    ^'^     ^         ^'        '' 

Substitutiiig  in  (4),  we  find  —  =  ■^.  *.  x=M,  aad  finally,  snbetitating 

in(l),!F=17f 

Hence  Arthurst  alone  would  do  the  work  in  40  hours.  Brown  in  Vjlf 
hours,  and  Thomas  in  24  hours. 

3.  Find  two  numbers,  such  that  three  times  their  sum, 
diminished  by  twice  the  less,  shall  be  equal  to  17,  and 
four  times  their  difference,  increased  by  three  times  the 
^eater,  shall  be  equal  to  27.  Ana.  5  and  2. 

4.  Find  a  fraction  such  that,  if  3  be  subtracted  from  the 
numerator,  the  value  of  the  fraction  will  be  f ;  and  if  4  he 
subtracted  from  the  denominator  the  value  will  be  ^. 

5.  There  are  two  grammar  schools  in  the ^th  ward. 

Double  the  number  of  pupils  in  the  first  exceeds  four  times 
the  number  in  the  second,  by  600;  and  f  of  the  number  in 
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the  first  exceeds  ^  of  the  number  in  the  second,  by  100. 
Required^  the  number  of  pupils  in  each. 

Am.  1500  and  600  respectively. 

6.  Find  two  numbers,  such  that  a  times  the  first,  in- 
creased by  b  times  the  second,  shall  be  equal  to  c,  and  d 
times  the  first,  increased  by  e  times  the  second,  shall  be 
equal  to/. 

7.  A  farmer  has  two  bins  full  of  com.  If  from  the  first 
he  take  twice  the  contents  of  the  second,  there  will  remain 
in  the  first  ^  of  the  difference  in  the  original  contents  of  the 
two  bins  minus  10  bushels.  If  the  second  bin  Leld  2^ 
bushels  less  than  it  now  holds,  seven  times  its  contents 
would  be  precisely  equal  to  three  times  the  contents  of  the 
first  when  full.    Bequired,  the  capacity  of  each  bin. 

Ana.  76  bu.  and  36  bu.  respectively. 

8.  A  number  is  expressed  by  two  digits.  If  18  be  added 
to  the  number,  the  sum  will  be  expressed  by  the  same  digits 
reversed;  if  64  be  subtracted  from  the  number,  the  remain- 
der will  be  greater  by  6  than  the  number  of  units  in  the 
given  number.    What  is  the  number?  Ana.  68. 

9.  A  grocer  has  two  kinds  of  sugar.  If  he  mixes  2  lbs. 
of  the  first  with  3  lbs.  of  the  second,  the  mixture  will  be 
worth  11  cents  ^  lb;  if  he  mixes  6  lbs.  of  the  first  with 
7  lbs.  of  the  second,  the  mixture  will  be  worth  11^  cents 
^  lb.     Bequired  the  value  of  a  pound  of  each  kind. 

Ana.  12}  cents  and  10  cents  respectively. 

10.  A  gardener  has  a  certain  number  of  roses  and  of 
pinks.  If  there  were  five  times  as  many  roses  and  three 
times  as  many  pinks,  the  number  of  the  former  would 
exceed  the  number  of  the  latter  by  60.  If,  on  the  other 
hand,  there  were  three  fourths  as  many  roses  and  one  third 
as  many  pinks,  the  former  would  exceed  the  latter  by  26. 
Bequired  the  number  of  each. 

Ana,  100  roses,  150  pinks. 
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11.  There  are  two  nambers,  each  expressed  by  two  digits, 
and  in  each  the  number  of  units  is  one  half  the  number  of 
tens.  One  third  the  sum  of  the  numbers  is  greater  by  1 
than  five  times  the  number  of  tens  in  the  first,  and  the 
difference  between  the  numbers  exceeds  three-sevenths  of 
the  greater  number,  by  8.     Required  the  numbers. 

Am.  42  and  21. 

12.  The  army  of  Cyrus  at  the  battle  of  Ounaxa  consisted 
of  Persians  and  Greek  auxiliaries,  in  all  130,000,  minus  the 
number  of  Greeks.  Had  the  Greeks  been  three  times,  and 
the  Persians  four  times,  as  numerous  as  they  in  fact  were, 
the  army  would  have  numbered  356,000,  plus  six  times  the 
number  of  Greeks.  Required  the  number  of  Greeks  and 
of  Persians.  Ana,  Greeks,  15,000,  Persians,  100,000. 

13.  The  population  of  M is  12  times  the  excess  of 

the  number  of  whites  in  the  town  over  the  number  of 
colored  persons.  Two  fifteenths  of  the  number  of  whites  is 
less,  by  7000,  than  one  fifth  of  the  number  of  colored  per- 
sons. Required  the  number  of  whites,  and  the  population 
of  the  town.  Ana.  Whites,  195,000;  population,  360,000. 

14.  A  man  has  two  houses  and  furniture  worth  $7000. 
When  the  furniture  is  in  the  first  house,  the  value  of  this 
house  is  less  by  $3000  than  double  the  value  of  the  second. 
When,  on  the  other  hand,  the  furniture  is  in  the  second 
house,  three  times  the  value  of  this  house  is  less  by  $14,000 
than  four  times  the  value  of  the  first  house.  Required  the 
value  of  each  house.         Am.   1°,  $20,000;  2^,  $15,000. 

15.  Afruiterer  had  two  baskets  containing  apples.  EEav- 
ing  sold  one  third  the  number  in  the  second  basket  he  found 
that  there  were  left  in  the  two  baskets  390  apples.  He  then 
sold  one  half  of  those  remaining  in  the  second,  and  one 
fifth  the  number  in  the  first,  and  found  that  the  number 
then  remaining  in  the  two  baskets  was  270.  How  many  did 
each  basket  contain  at  first?         Am.   1^,  250;   2^,  210. 
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16.  The  steamship  Cyprus  left  Queenstown  for  New- 
foundland on  her  first  trip,  and  then  returned  to  Queens- 
town  twice.  On  her  second  arrival  in  Queenstown,  it  was 
found  that  all  the  trips  eastward  were  made  in  equal  times, 
and  the  like  was  true  of  the  westward  trips,  and  the  whole 
time  actually  occupied  in  sailing  was  30  days.  During  the 
westward  trips  she  met  strong  head  winds,  and  made  only 
i6|^  miles,  while  on  her  eastward  trips  she  made,  on  an 
average,  53^^  miles.  Assuming  the  sailing  distance  at  3000 
miles  per  trip,  what  was  the  time  occupied  in  making  each 
Lrip  eastward  and  each  trip  westward? 

Ans.  7  and  8  days  respectively. 

17.  A  libraiy  is  furnished  exclusively  with  English  and 
French  books.  If,  from  one  third  the  whole  number  of 
hooks,  one  half  the  number  of  French  books  be  subtracted, 
the  remainder  will  be  1000.  Again,  if  to  three  times  the 
number  of  French  works  1500  be  added,  the  sum  will  be 
three  halves  of  the  number  of  books  in  the  library.  Re- 
quired, the  number  of  French  and  of  English  works. 

Ans.  4000  French;  6000  English. 

18.  A  gentleman,  visiting  his  farm,  found  that  if  to  one 
half  the  number  of  acres  of  swamp  land,  two  thirds  of  the 
number,  of  acres  of  meadow  land  were  added,  the  sum 
would  be  240  acres;  also,  that  one  half  the  meadow  land 
exceeded  four  fifths  of  the  swamp  land  by  86  acres.  Re- 
quired, the  number  of  acres  of  meadow  and  of  swamp. 

Ans,  300  meadow;  80  swamp. 

19.  Find  three  numbers,  such  that  the  sum  shall  be  30; 
half  the  sum  of  the  first  two,  increased  by  five  times  the 
third,  shall  equal  61;  and  the  first,  increased  by  five  times 
the  difference  between  the  second  and  third,  shall  equal  22. 

Ans.  12;  10;  8. 

20.  Find  three  numbers,  such  that  the  sum  of  the  quo- 
tients arising  from  dividing  the  first  by  a  and  the  second  by 
6,  the  sum  of  the  quotients  of  the  second  by  h  and  the  third 
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by  Cy  and  the  sum  of  the  quotients  of  the  first  by  a  and  the 
third  by  c,  shall  each  be  equal  to  4.  Ana.  *2a\  26;  2c. 

21.  A  laborer  is  engaged  for  d  days  on  condition  that  he 

is  to  receive  %a  for  every  day  that  he  works,  and  is  to  forfeit 

$5  for  every  day  that  he  is  idle.     At  the  end  of  the  d  days 

he  receives  %c.    Required,  the  number  of  days  on  which  he 

worked,  and  the  number  on  which  he  was  idle. 

.       c-\-dh    da — c 

An9.  — ^;  — T-T- 

a-f6     a+6 

22.  A  merchant  has  three  vessels  containing  wine.  If  he 
adds  a  gallons  to  the  first,  it  will  contain  as  much  as  both 
of  the  others.  If  he  adds  a  gallons  to  the  second,  it  will 
then  contain  tvnce  as  much  as  the  first  and  third  (together) 
originally  contained.  Finally,  if  he  adds  a  gallons  to  the 
third,  it  will  contain  three  times  as  much  as  the  first  and 
second  together  originally  contained.  Required,  the  num- 
ber of  gallons  in  each  vessel.  .        a    5a   7a 

23.  A  sold  his  farm  for  a  certain  sum;  B  sold  his  for  the 
same  sum.  A  received  in  payment  a  note  at  a  months^ 
which  amounted,  when  due,  to  |&.  B  received  a  note  for 
the  same  sum,  with  interest  at  the  same  rate,  but  in  e 
months  the  amount  of  the  note  was  %d.  For  how  much  vms 
each  farm  sold?    What  was  the  common  rate  of  interest? 

Am.  ^=^;  l?00(d--ft) 
0 — a  *      ch—ad 

24.  An  artisan  wishes  to  make  an  ornament  containing 
lOf  oz.  of  gold,  7  oz.  of  silver,  and  4^  oz.  of  copper.  He  is 
to  take  his  material  from  three  ingots,  each  composed  of  these 
metals  melted  together.  In  the  first  ingot  there  are  Hd  oz. 
of  gold,  6  oz.  of  silver,  and  4  oz.  of  copper.  In  the  second 
there  are  12  oz.  of  gold,  9  oz.  of  silver,  and  8  oz.  of  copper. 
The  third  contains  7  oz.  of  gold,  4  oz.  of  silver,  and  6  oz. 
of  copper.    How  many  ounces  must  he  take  from  the  first. 
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second,  and  third  ingots  respectively,  to  form  the  ornament 
desired? 

Let  X  =  the  number  of  onnces  taken  from  the  first; 
y  =  the  number  of  ounces  taken  from  the  second; 
z  =  the  number  of  ounces  taken  from  the  third. 
Since  in  the  20  oz.  of  the  first  ingot  there  are  10  oz.  of  gold,  in  1  os. 
there  must  be  ^  oz.  of  gold,  or  ^  oz.  of  gold.     Hence  in  x  ounces  of 

the  first  ingot  there  must  be  —-  oz.  of  gold.     Similarly,  in  x  oz.  of  thii 
2 

ingot  there  must  be  —  oz.,  or  —  oz.,  of  silyer,  and  r^oz.,  or  -jroz.,  of 

copper. 

Reasoning  in  a  manner  precisely  similar,  we  find  that  in  2^  oz.  of  the 

second  ingot,  there  must  be  — y  oz.,  or  ^  oz.,  of  gold,  -J-  oz.  of  silver, 
24  2  o 

and  -|-  oz.  of  copper.    And  in  the  z  oz.  from  the  third,  there  are  ~  oz. 
8  16 

of  gold,  --,  or  --,  oz.  of  silver,  and  --  oz.  of  copper. 
16        4  16 

The  desired  ornament,  then,  as  it  contuna  x  oz.  from  the  first  ingot, 

y  oz.  from  the  second,  and  z  oz.  from  the  third,  must  contain  a  +  I+Ta 

^    A    lo 
ounces  of  gold.    By  the  conditioiis,  it  must  contain  K^  ounces  of  gold. 

Hence  |+|+Z|=^or  8a:+8y+7»=172  (1). 

Keasoning  in  a  similar  manner,  we  obtain  for  the  number  of  ounces  of 

silver  in  the  ornament,  ^+J:+p  which*  from  the  conditions,  must 

equal  7,  or?5+^+i=:7,  orl2aj+15y+10z=280  (2). 

10      o      4 

Lastly,  we  have,  for  the  number  of  ounces  of  copper  in  the  ornament, 

l+l  +  jg,  which  must  be  equal  to  4ij  or,  |+|+jj=:^;  or, 

16x+102/+252=340  (3). 

Multiplying  both  members  of  (1)  by  8^  and  both  members  of  (2)  by  2, 
and  subtracting  the  former  from  the  latter,  member  from  member,  we 
have,  6^— z=44  (4).  Multiplying  both  members  of  (1)  by  2,  and  sub- 
tracting (3),  member  by  member,  from  the  resulting  equation,  we  obtain 
6^ — llz=4  (5).  Subtracting  (5)  from  (4),  member  from  member,  we 
have,  10z=40. '.2=4.  Substituting  this  value  of  z  in  (4),  we  ob- 
tain 62^=48. '.^=8.  Substituting  in  (1),  we  obtain  8a^f644-28=172; 
8a;=80.  *.x=10.  Hence  the  jeweller  must  take  10  oz.  from  the  first 
ingot,  8  oz.  from  the  second,  and  4  oz.  from  the  third. 
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25.  A  number  of  men,  women,  and  children,  took  passage 

in  the  steamer  for  L ;  if  half  the  number  of  women 

and  children  were  added  to  the  whole  number  of  men  on 
board,  the  sum  would  be  425;  if  one  fifth  the  number  of 
women  and  children  were  subtracted  from  three  halves  of 
the  number  of  men,  the  remainder  would  be  210;  finally, 
if  to  three  times  the  number  of  men,  twice  the  number  of 
women  were  added,  the  sum  would  exceed  twice  the  num- 
ber of  children  by  100.  Required  the  number  of  men,  of 
women,  and  of  children. 

Ana.  200  men;  100  women;  350  children. 

26.  A  boy  bought  apples  at  2  cents,  pears  at  2  cents,  and 
oranges  at  5  cents,  apiece,  paying  51  cents  for  all.  Had  he 
paid  3  cents  apiece  for  the  apples,  5  cents  for  the  pears, 
and  8  cents  for  the  oranges,  his  fruit  would  have  cost  him 
90  cents.  Another  boy  bought  apples  at  4  cents,  pears  at  5 
cents,  and  oranges  at  9  cents  apiece,  buying  as  many  of 
each'  as  the  first  boy,  and  paying  $1.06  for  the  lot.  Re- 
quired the  number  of  apples,  of  pears,  and  of  oranges. 

Ana,  12  apples,  6  pears,  3  oranges. 

27.  In  a  library  are  works  on  history,  poetry,  and  philos*- 
ophy;  i  of  the  number  of  works  on  history,  increased  by  ^ 
of  the  number  of  works  on  poetry,  exceeds  by  100  the  niun- 
ber  of  philosophical  works.  Twice  the  number  of  the  first 
kind,  diminished  by  four  times  the  number  of  the  third 
kind,  is  less  by  50  than  three  times  the  number  of  the 
second  kind.  Lastly,  the  number  of  works  of  the  first  two 
kinds  is  five  times  the  number  of  works  of  the  third  kind. 
Required  the  number  of  works  of  each  kind  in  the  library. 

Ana.  750,  250,  and  200  respectively. 

28.  A  prize  of  $70,000  was  divided  among  the  officers 
and  crew  of  a  privateer,  and  the  lawyers  employed  to  dis- 
tribute the  money :  ^  of  the  lawyers'  share,  increased  by  | 
of  the  seamen's  share,  was  less  by  $5000  than  the  officers' 
share;  twice  the  lawyers'  share,  diminished  by  three  times 
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the  officers'  share,  was  equal  to  $  of  the  seamen's  share,  and 
4  times  the  seamen's  share,  increased  by  |  of  the  officers' 
share,  was  equal  to  ^  of  the  lawyer's  share,  increased  by 
the  seamen's  share.    Bequired  the  amount  of  each  share. 

Ana,  Lawyers',  |36,000;  officers',  $20,000;  crew,  $16,000. 

29.  Three  men  have  a  piece  of  work  to  do.  A  and  B 
together  can  do  it  in  m  days;  B  and  C  together  can  do  it 
in  n  days,  and  A  and  C  together  in  b  days.  In  how  many 
days  can  each  do  the  work?  In  how  many  days  can  they 
finish  it  if  all  work  together? 

Let  x=  the  nnmber  of  days  in  which  A  alone  can  do  it; 
y=  "  *«  B      "  " 

z=  '«  "  0      "  " 

Since  A  and  B  can  do  the  whole  work  in  m  days,  in  one  day  they  can 
together  do  the  part  — ;  and  as  A  alone  can  do  the  whole  work  in  x 

days,  in  one  day  he  performs  the  part  represented  by  -.     Similarly  B 

in  one  day  performs  the  part  represented  by  -.  The  snm  of  the  parts  that 

they  can  perform  singly  obviously  equals  the  part  that  they  can  perform, 

working  together.     Hence,  -  +  -= —  (1),  and  by  a  precisely  similar 
"«'  X     y      m 

coarse  of  reasoning  we  obtain  -  +-  =-  (2),  and  --\ —  =  ^  (3 ).      Sub- 
y     z     n  X     z      o 

tracting  (2)  from  <1),  member  from  member,  we  obtain — .— (4). 

2     111 
Adding  (3)  and  (4),  member  to  member,  we  obtain  -= |-t, 

whence  a:=: — i  nh    mh'     Subtracting  (4)  from  (3),  member  from  mem- 

V  u*  •     2     1,1      1       ,  2mnb  ,  . 

ber,  we  obtam  ;=J+---;  whence,  .=  55:^:55=;^;  and  m  a  smu- 

lar  mamier  we  obtam  y= -^-p^^g-— . 

Now  let  tzz  the  number  of  days  in  which  they  can  finish  it  if  all  work 
together.     If  we  call  the  work  1,  or  unity,  A  does  z>    ^  L»  "*d  C  -,  in 

1    day.    Hence  all,    working   together,  do   --J — [--  in  1  day.     But 

X     y     z 

— { —  =  — .  Hence,  all  working  together  perform — | — in  1  day,  and 
X     y     m  m     z 

therefore  in  i  days  they  perform  1 1 — | —  \;  and  since  in  t  days  they 
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finish  the  work,  t  times  the  part  done  in  1  day  must  equal  the  whole 

work,  or  unity,  t.  f.,  1.    Hence,  t  (-+- )  —  1,    or,   sahstitating   the 

\m     %J 

yalne  of  2»  as  just  found, 

'  l:m+-^n.ii^)  =  ^•'  *"'  \  2mn6 )  =  ^'   "^^ 

V        2»6        7  "  n6+rii»-hn6 

30.  A  farmer  finds,  on  counting  his  horses,  cows,  goats 
and  sheep,  that  if  the  number  of  horses  be  increased  by  the 
number  of  cows  and  three  times  the  number  of  goats,  the 
sum  will  be  less  by  10  than  four  times  the  number  of 
sheep;  if  five  times  the  number  of  horses  be  diminished  by 
twice  the  number  of  cows  and  goats  together,  the  remain- 
der will  be  less  by  90  than  the  number  of  sheep;  if  three 
times  the  excess  of  the  number  of  goats  over  the  number  of 
cows  be  added  to  seven  times  the  number  of  horses,  the 
sum  will  exceed,  by  100,  three  times  the  number  of  sheep; 
finally,  if  10  be  subtracted  from  twice  the  number  of  goats  I 
and  sheep  together,  the  remainder  will  equal  seven  times  the            | 
number  of  horses,  diminished  by  one  half  of  the  number            | 
of  goats.     Required  the  number  of  horses,  of  cows,  of 
goats  and  of  sheep.                            ^ns.  40;  60;  60;  70. 

31.  In  a  wheel  are  three  iron  spokes.  The  longer  dis- 
tance, on  the  edge  of  the  wheel,  from  the  end  of  the  first 
spoke  to  the  end  of  the  third  is  20  c.  m.;  the  longer  dis- 
tance, on  the  edge,  from  the  second  to  the  first,  is  21  c.  m.; 
and  the  longer  distance,  on  the  edge,  from  the  third  to  the 
second,  is  19  c.  m.  Required  the  shorter  distance,  on  the 
edge  of  the  wheel,  from  the  first  to  the  second,  from  the 
second  to  the  third,  and  from  the  third  to  the  first. 

-4n«.  9, 11  and  10  c.  m.,  respectively. 

32.  A  boatman  who  rows  a  miles  up  a  stream,  and  back,  in 
k  hours,  finds  that  he  can  row  o  miles  with  the  current  in 
the  time  that  he  would  require  to  row  d  miles  against  it. 
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Required,  the  time  spent  in  rowing  up  the  stream,  and  that 
spent  in  rowing  down;  also  the  rate  of  the  current. 

be        bd        a 

33.   A  raikoad  train  left  Fulton  for  Troyes,  and  after 
traveling  for  a  hours,  met  with  an  accident  that  delayed  it  b 

hours,  after  which  it  went  on  at  —ths  of  its  original  rate, 

and  arrived  at  Troyes  c  hours  behind  time.  Had  the  acci- 
dent, and  consequent  delay,  happened  (2  miles  nearer  Troyes, 
the  train  would  have  arrived  at  this  town  e  hours  sooner 
than  it  actually  did.  Required,  the  distance  from  Fulton  to 
Troyes,  and  the  rate  of  speed  of  the  train  before  the  acci- 
dent. 

Let  X  represent  the  number  of  nailes  between  the  towns,  and  y  the 
number  of  miles  traveled  by  the  train  in  1  hour,  before  the  accident; 

my 
whence  —  is  the  number  of  miles  traveled  per  hour,  after  the  accident. 

X 

Then  -  is  the  number  of  hours  regularly  allowed  for  the  trip;  x — ay  is 

the  number  of  miles  traveled  after  the  accident,  and isthenum- 

my 

ber  of  hours  consumed  in  traveling  after  the  accident. 

Hence,  ^=^+a+6=-+«.  (1) 

Again,  x — (ay-{-d)  would  be  the  number  of  miles  traveled  after  the 

d 
accident,  if  the  delay  had  occurred  d  miles  nearer  Troyes.     o-f-  ~  would 

be  the  number  of  hours  consumed  in  traveling  at  the  original  rate,  and 

*^  the  number  occupied  in  traveling  at  the  reduced  rate. 

Ito  Hence,  ^^"^^"^  +«+  ^  +6=  f  +e-e.  (2) 

^^.  ^  my         ^^y^       y^ 

Clearing  (1)  and  (2)  of  fractions,  and  eliminating  x,  we  find 
''  r«=^;  whence.  x=  «i^(°+^-^)rf. 


er^ 


tivf^, 


em 


34.  A  freight  train  from  A ,  after  traveling  2  hours, 

1 1^;  met  with  an  accident  that  delayed  it  3  hours,  and  then,  pro- 
^  ceeding  at  ^  of  its  original  rate,  arrived  at  its  destination, 
^  B ,  5  hours  behind  time.     Had  the  accident  and  conse* 
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quent  detention,  oocnrred  48  miles  nearer  B  ,  the  train 
would  have  been  but  4  hours  and  24  minutes  late.  Re- 
quired, the  distance  from  A to  B ,  and  the  rates  of 

speed  before  and  after  the  accident.      Am,  200;  20;  16. 

35.  A  and  B  sfcart  together  to  ascend  a  mountain.  A 
would  have  reached  the  summit  70  minutes  before  B,  but, 
taking  a  by-path,  misses  his  way,  and  goes  2^  miles  and 
back  needlessly,  walking  at  f  of  his  former  rate.  Regaining 
the  main  road,  he  resumes  his  former  pace,  and  reaches  the 
summit  10  minutes  before  B.  0  starts  45  minutes  later 
than  A  and  B,  and,  walking  at  a  uniform  rate  of  2^  miles 
per  hour,  reaches  the  summit  15  minutes  after  B.  At  what 
rates  did  A  and  B  walk,  and  what  was  the  distance  from  the 
point  of  starting  to  the  summit  of  the  mountain. 

^718.  3,  2,  and  7  miles,  respectively. 
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SECTION  n. 
EQUATIONS  OF  THE  SECOND  DEGREE. 

3T7.  An  Equation  of  the  Second  Degree  is  one  in 

which  the  greatest  sum  of  the  exponents  of  the  unknown 
quantities  in  any  term  is  2. 

An  equation  toith  one  wnJcnown  quanHty  is  of  the  second 
degree,  when  the  highest  exponent  of  the  unknown  quan- 
tity in  any  term  is  2.  We  proceed  to  the  discussion  of  this 
class  of  equations. 

378.  To  Deduce  a  Rule  for  reducing  any  equation 
of  the  second  degree  to  the  form  a^+^px=q. 

a  kg 

Let  -^a^ — mx — n=fx*-\^--x-{'-^  be  any  equation  of  the 

second  degree,  with  but  one  unknown  quantity. 
Clearing  this  equation  of  fractions,  we  haye 

dagx*—dmJ>gx-'-^mg=Sbfgx'+dbkx+bg'. 
Transposing,  so  that  all  the  terms  containing  x  may  be 
in  the  first  member,  and  all  the  others  in  the  second, 
daga^ — dbfgx^ — Sbmgx — Sbkx=Sbng+bg^,  or 
S{ag-^fgy'Sb{mg+k)x     =gb{Sn+g). 
Dividing  both  members  of  this  equation  by  3^0—^, 
the  equality  not  being  destroyed,  we  shall  haye 
b{mg+k)        b{3n^) 

Hmg+k)     „         ,  H'^riri-g) 
If.  now.  wo  place -^^^_y^=2p  and  8(^^:^=9,  we 

haye,  a^-\-2px=q. 

Since  any  equation  of  the  second  degree  may  be  treated 
similarly,  we  deduce  the  following 

EuLE. — Clear  the  equation  of  fractions.  Collect  in  ihefirat 
member  all  terms  containing  the  unknoum  quantity ,  and  in  the 
second  all  the  other  terms,  and  reduce  each  member  to  its  sim^ 
plestform. 
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OoUect  into  one  term  all  terms  involving  the  square  of  the 
unknown  quantUy;  do  the  sam^e  with  those  involving  the  first 
power.  Divide  by  the  coefficient  of  the  square  of  the  unknown 
quantity. 

879.  Sdkioliiiin.  —  The  form  x^+2pa!=q  is  sometimes 
changed  to  a^'i'2px — 9=0,  which  is  evidently  eqaivalent 
to  it. 

880.  The  coefficient  2p  may,  in  general,  be  positive, 
negative,  or  zero;  so  also  the  term  q.  If  2p=0,  the  equa- 
tion takes  the  form  a^=q,  and  is  called  an  Incomplete 
Equation,  as  it  wants  a  term;  and  if  2p  is  not  equal  to  0, 
the  equation  is  called  a  Complete  iSquation  of  the  second 
degree. 

SOLUTION  OF  EQUATIONS. 

381.  As  the  solution  of  Incomplete  EquaHons  is  simpler 
than  the  solution  of  Complete  EqualionSy  we  shall  take  up 
Incomplete  Equations  first. 

To  Deduce  a  Rule  fbr  solving  an  Inoomplete  Equa- 
tion of  the  Second  Degree. 

From  (878),  we  know  that  the  given  equation  may  be  re- 
duced to  the  form  a^'i'0,x=zq,' or  a^=q.  Since  the  square 
roots  of  equals  are  equal,  i/aj*=l/^,  i,  «.,  «=l/^,  or  since 
the  square  root  always  has  the  sign  ±:,  x=ztV^q.  The 
equation,  then,  has  two  roots,  viz.  +\/q  and  — \/q,  nu- 
merically equal,  having  contrary  signs. 

Hence,  to  solve  any  incomplete  equation,  we  have  the 

"Rxjui. — Beduce  the  equation  to  the  form  x'=q.  The  first 
root  of  the  equation  wUl  be  the  square  root  of  the  second  member, 
(he  second  vnU  be  minus  the  square  root  of  the  second  member. 

Corollary  I. — The  sum  of  the  two  roots  equals  sero. 

Corollary  H. — The  product  of  the  two  roots  equals  the  mo- 
ond  member  with  its  sign  changed. 
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If  the  second  member  is  a  perfect  square,  we  m>ay  obtain  the 
roots  exactly,  whether  they  be  numerical  or  algebraic.  If  the 
second  member  is  an  algebraic  expression,  and  an  imperfect 
square,  we  may  reduce  the  radical  to  its  simplest  form  by  the 
rules  already  given.  If  the  second  member  is  numerical,  and 
an  imperfect  square,  we  may  approximnate,  as  nearly  as  we 
please,  to  the  true  roots  of  the  equation,  by  any  of  the  rules 
(already  demonstrated)  for  finding  approximale  roots, 

382.  It  might  be  supposed  that,  as  i/x'  has  two  signs,  +  and  — ,  we 
have  four  roots,  but  this  is  not  the  case;  we  gain  nothing  by  taking  into 
account  the  double  sign  of  x,  for,  considering  |/x^  as  +  or  — ,  we  have 
-{-SB=-(-|/g  (1)  ^  In  these  expressions  (1)  and  (4)  are  evidently  equiv- 
•^^-oe= — \/q  (2)  alent,  since  either  may  be  derived  from  the  other  by 
— x=^\/q  (3)  I  changing  the  signs  of  both  members  of  that  other; 
— 0^= — l/q  (4)  J  similarly  with  (2)  and  (3);  nothing,  therefore,  being 
gained  by  considering  the  double  sign  of  l/s?*  ^^^  ^  never  done;  we 
write  simply  sB=+i/g  and  «=— ^/g. 

EtAMFLBS. 

Solve  the  following  equations: 

1.  ^^1^=—^ 

CleaiiDg  of  fractions,  we  have,  So^-f  120  =1^ — 21; 

Traneposing,  8**— 12*^—120—24; 

Unitii^f  terms,      —  9**= — ^144; 

Beduciog,  ti^=      16. 

Hence  «=  4-4  and  a;=  — 4;  -f4and — 4  are,  then, the ze« 
quired  roots. 

To  yerify:        |(4)»+15 = ^  +15=6+16=21 

3(4)'—  6_48  — 6_42     _^ 
2  2      ~2 

Hence,  |(4)'+15=!^. 

Again,  I  (— 4)H15 = ^  +15=64.16=21 

3(— 4)'— 6  _48— 6  _  42_  „, 
2  2         T~     * 
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Whence,         |(-4)'+15=?t:§Z:« 

8.  2(^-10>-|:  =  ga*+12-^+l.  «=±6. 

.     ^     1      Bx'      5  .    ,.     2  _^2 

4.  a^--__  =  _a;»-2«'__.  ^±_. 

6.  4«'-3(«»-l)=!a!«+l+&r'-l. 

■  6        "^  3  10  7     ■*""6" 

,     aj"       1   .  3a!»     x'—9      1    ,  ,-  _^_ 

a    20  ,        10+*'      2a!»4-19         ,  27  _^,- 

--         m       ,       m      9m'-|-wur 1 


9m-|-3a?  *  6wv— 2a?     54m'— 6a?*     6 

Clearing  of  fractions,  we  obtain,  30m' — ^107na;^-45m'--|-15mj 
—45m* — 5ma?=54m' — Ba?*.  Uniting  terms,  30m'=54m' — 6a?*. 
OoUeoting  the  known  terms  in  the  second  member,  and 
transposing  — 6«*,  we  obtain,  6a?* = 54m' — 30m*;  W^  24m*; 
whence  a;'=4m*  and  w=  ±  2m. 

-^    x+m a? — n    2na? — 3m* 

X — n       2x — 2m      2(a?' — {m+n)X'\-mn) 
Clearing  of  fractions,  2:r* — 2m' — a?'4-2nap— n'^2rM? — 8m'. 

whence  a?=  ±  v^n' — m*. 
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IS. 


x+1  _  a?— 8   _      Ida?— 282 
a^— 8      2a?— U  ""  2a;»~-30a?+112' 


14.  — i z=m—ax,  x=  ±    :. 

m-^-ax  yob 

15.  -I1.+— —=14.- — -.  a?=di3a. 
a? — a      x-\-a           ar — a' 

• 

16.  '^ 


x-^      x-^      x-^     ^_g    ^      h{a-\<)'\'ajo 


a?4-a      a?-|-6      ap+c  (a?+aXa?+&)(aH-c)a?- 


■■-4, 


/^^5«6^ 


/a+6+c' 

17.  f +2  =  ?  +  l  ^±Va>. 

a      X      0      X 

888.  To  Deduoe  a  Rule  for   solving  a  Ckimplete 
Equation  of  the  Second  Degree. 

Suppose  the  given  equation  reduced  to  the  form 
a:'+2pa;=^  (1).  If,  now,  we  compare  the  first  member  of 
(1)  with  the  square  of  x+p,  we  see  that  it  differs  from  this 
square  only  in  not  having  the  term  p*.  In  other  words,  if 
p*  were  added  to  the  first  member,  this  member  would  be- 
come a  perfect  square.  Let  us,  then,  add  p'  to  the  first 
member,  and,  to  preserve  the  equality  of  the  members, 
add  the  same  quantity  to  the  second  member.  Equation 
(1)  then  becomes  a?'+2pa:4-p*=9+p'  (2). 

Extracting  the  square  root  of  both  members  of  (2),  we 
obtain:  ^-\'P=  ±i/g+P*,  whence, 

x=  — ydbi/g+p*.  

If,  then,  we  substitute  for  a?,  in  (1),  either  — iH-o/^+P**  ^^ 
— IP — 1/9^^  *^®  equation  will  be  satisfied. 

Thus:  (-p+i/g4?)'+2p(-l>+l/g4?)       = 

p'-Wq+p'-H-Hp'-^p'+WlW = «. 

Or,  (-1[>-'l/q+py+M-p-l/q+p')  = 

p»+2pl/^^Hy -f  ^+p»— 2p»— 2pvTf^»  =  q.         

In  other  words,  the  equation  has  iiw  roots,  — p+V^^+p*' 
and  — p — V^qTP' 
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As  a^'{-2px=q  may  represent  any  equation  of  the  second 
degree,  we  deduce  the  following 

BuLE. — Redvjce  the  equation  to  the  form  x'+2F3E=q.  The 
first  root  equals  half  the  coefficient  of  the  first  power  of  the 
unknown  quantity,  with  its  sign  changed,  piws  the  sqyutre  root 
of  (he  second  member  of  the  equation  increased  by  the  square 
of  this  half-coefficient.  The  second  root  equals  half'  the  coeff^ 
dent  of  the  first  power  of  the  unknown  quantity,  with  its  sign 
changed,  diminished  by  the  square  root  of  the  second  member, 
plus  the  square  of  this  half  coefficient, 

884.  The  process  of  adding  p^  to  both  members  of  (1),  is 
called  Completing  the  Square;  and  as|>  is  one  half  the  coeffi- 
cient of  X,  we  see  that,  in  general, 

The  Ckunpletion  of  the  Square  consists  in  adding  to 
both  members  of  the  given  equation  the  square  of  one  half 
the  coefficient  of  the  first  power  of  the  unknown  quantity. 

885.  CJoroUary  I. — The  sum  of  the  roots  equals  the  coeffi- 
cient  of  the  first  power  of  the  unknown  quantiiy,  wiJth  its  sign 
changed. 

888.  CkuroUary  n. — Ihe  product  of  the  roots  equals  ike 
second  member,  toiih  its  sign  changed. 

The  role  (383)  should  be  learned  ao  that  the  roots  of  any  equation  of 
the  second  degree  may  be  written  out  at  onoe,  without  the  slightest 
hesitation,  after  the  equation  has  been  reduced  to  the  form  a^2pxz:=q. 

SZAMPLES, 

1.  Solve  the  equation  a^ — 15a?-|-66=0. 

Reducing  to  the  forma:'+%>a:=g,  we  havea?*— 16a»= — 66. 

Hence  the  &rst  root  is, 


^^  .  225      —224+225 
2    •   -  ■^^-  " 


_15        1I_15      J._15     « 
"~  2  ■*"\  4  ■"  2  "*■  2  ""  2  ■"• 
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«nd  the  second. 


15        /    ^„  ,  225      —224+226  *„      ^      „     „ 


_15_1_14 
~2      2""  2 

and  8  and  7  are  the  required  roo^s. 
To  verify:  (8)'— 15x8+56=64— 120+56=0. 
(7)'— 15x7+56=49— 105+66=0. 
2.  ar»— 12a?+32=0.  x=8aadx=s4^ 

8.  a»— 17«+72=0.  fc|- 

4.  a!»+20iP+99=0.  {^H^Ji 

6.  «'+2a!— 143=0.  {^^""ll' 
Sa!*             4a!'      7«'— 21      48'+6 

Olearing  of  fractions, 
210a!»— 504a!+56»'=441a!»— 1323— 72**— 108— 378ar+126. 

Reducing  to  the  required  f orm»  «*+  mo*"^ —  "^?7^"    Then, 

_  63        ;i305       3969       138884 63       372_ 

•=      103"^  103  "*" (103)' ■"  (108)'  ~      103      103 "" 
309  436     „  ^28 

i08°'-io8=®'''-*i63' 

7.  «»— 23a;+182=0.  (8.)  70?— 6ate=48. 
1      2^      «+«_^_14_£_l  1      _1 

■2"''  3  6        12~24      8      2'     ''^2°'      8* 

,«v    «  .    <»    .  «— 3      7  .     61a?     9  «      « 

10.  2a!'— 27«H — ^  =  ^ai' = •;.  a!=8  or  2. 

4  4  a         i 


11.  £a!'+2a!— (i>!'+3a!)=2(a>— 80)— 8(a!+l)+ 


8^ 

7  • 


,„   8a!— 2   .  2a?— 6      10  18      1 

^^•2;^+3Si:5=T  *=8-°'^7- 

18.  ^+H=2.  »=12orl8. 

12        X 
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xA-6      X — 15      X — 12 

a?-Ml      a?-4-17      187 — a* 

16    17— aj*     ,„_     89a!+7— 3a!'     43a?  ,  42— Sir' 
■       5  11         —  11  ■•"      55     ' 


2        '  •      5  8 

'—3      4a:'— 15      1 
4     "^       4*         2' 


,-    as"— 3   ,  4«'— 15      1      3«'— 10     ,..„,,      ,„ 
18.  —r-  +  — j-^  -  5  =  —5 (a^4.6)4«+7. 


19.  ^_i+M!H:i)_2e=.(.+i.ii^-i8. 

a:t=9  or  — ^1. 
xc-l-6  6  a? — 6  1 

^•^^+-ir=ii=^+— •         -=s-i2j. 

a,+  i      12-4(l+D       J 
21.  1  = 1 •  ^13  as=l±,/2. 


X 

X  X 

22. 

23       8      I      6    -    7      I  1 

a!+l  "^  ar-j-8  ~  x+5  "^  a!'+9a!'+23ar+15* 

«— — 2or— 24 

2*-  5=3+5=6  =  -^-  *=^°'2. 

„_   «— 7  ,  x—8      14  ,„       ^5 

2S-^+^=i5  «=10or4g. 

--    x—6  ,  x+5      2ar+51  „  _ 

26- ^+^  =  -^+13-  «=llor-.7. 

o-r    ,      c\'»— 6   .  *"+!      a;"— 2a!   .    .    „      ^ 
27.  («-6)-2-  +  -^=  -7—  •+«»— 6a?-6. 
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x=—W  or  5 


30. 

(a;_l)«-|-(a^-2)H(«— 3)*-K«-4)*=4(»— lXa^-2Xa^-3Xa^-4) 


10 

31. 
{x—iy+{x—Sy-i-{x—5y-{^x—7)*=4(x—lXx-d){x-5)(x-7) 

20±l/=20 

32.  ^ 6 • 

34-2ig     2— 3a;     16— «»_    1 1 6 

2ar'-3     6         30ar'— 50    „,  .  ... 

^^-  8^=^-2=-20S=C:30-   Place ar-=y.t.«.,Bubsti- 

tate  1/  for  ar^,  and  find,  from  the  resulting  equation,  the 
Talue  of  y  (888);  or  consider  ar^  as  the  unsown  quantity, 

7  4 

and  find  (888)  its  values;  thus,  ar^=  £  or  1,  and  hence  x=  = 

or  1;  or,  finally,  -  may  be  substituted  for  ar^  in  the  given 

equation;  whence  -=2  or  1,  and  x=  =  or  1. 

34.  24+|.H^+l)5=i^^i^^ 

-,„    m — n     1      m+n      1  m*+rif 

35.  ; = — • — ; .  ^c=mn  or . 

X — n'     n     X'\-mr     m  m — n 

86.  nfhSf—        -=?^P— to*. 

Transposing  and  factoring,  (m+Z)«'— 7mp= — --_. 
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Beducing  to  the  form«*+2pa?=g,  a?*- 
.    x=^       ^      ■!■     \    nm      ^        n*      4mn+w* 

^^    ma?  ,  (6— 2a?)ni      (a^— 26)6  V      ^.  . 

37.  -r — [-^ ^—  =  ^ '-.  afe=— or26-f-m. 

O  X — Wl  X — Wl  Wl 

«^   a? — a          c            X — c       a>4-c           .                 2a? 
88. jr =2^7 :—-?-■•    a?=2a— c  or 


a — c       2a — X      2(a — c)        2a  2a — o* 

39. 

he — ha — 3ac        x — 2a  ,  3a? — a      2(a?+6)aa? — cx—^ 
a? — hx — cx-\-hc  "*"  a? — h    *"  x — c    *"   a?*— (6-f-c)a?+6c 

2a?     ,X'\-a  2(a-6) 

""    ■^a?--c"^a?— 6  "^'a?'— (6+c)a:+6c' 
Clearing  of  fractions,  transposing,  and  uniting  terms, 
2aa^— 4aa?+2a6flc=4 — 26-|-2o.    Reducing  to  the  form 

^  2---6  ^  i/(4+4a)(-^+Si)+fly 

2    "■  2i/a 

a?+2d      2<f +c  _  g 

3a — c      a? — 3a        *  a?=6a — (?or8a — 2d— c. 

.,       a      ,     3a  2aa?        Or—x  ,  16— 5a'      _, 

41. 1 5— :j  = Tj-     The    sum 

a — a?  '  a+x      a*--a^        a?      '    aa?-fa?' 

4a 
of  the  fractions  in  the  first  member  is  — r— .     The  equation 

a+x  ^ 

may,  then,  be  put  under  the  form,— j- 1 -—j  ==^» 

or,  clearing  of  fractions,  and  reducing,  4a'-|-4aa^4-'a;V=16, 
whence  a?=  ±4 — 2a.  It  may  frequently  be  conyenient, 
as  in  this  case,  to  change  the  order  of  the  steps  required 
by  the  rule  (388). 


40. 
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a — X      a-f-o      a — x 

^^    mx  ,  nx         ,  .  mvf 

43. =  m*'\ . 

n     *    m  X 

44.  ; = ; .  ic=a  or  — 6. 


45,  m'-+^' — 2na?+^ — ^.— ^=0.     Transposing  and  factor- 

i»g>  {j^ — r*)£B^— 2rip'a?=— p*(m*+n').    Beducing  to  the  form 

«  .  ^               9       2np*              ja^-^-v? 
«»+2pjr=^,  g'— -ri^aafe  "~^  p' '  *  whence, 


46.  ^cPx^+(A^+abd?x)-^^cd^a?'^ 

x==z —   ■    ■  ^  . — -=  or 


2a+3di/o  2a— 3rfi/c 

47.  (a? — o)(a? — b)+{x — b){x — c)=(ap — c)(x — a). 

«i=6±l/6»-- a6--6o-}-ac. 
.Q    a— ar*      6— or*      a+6  2 

4o,  —  —  "- — 

49. 


2a? — TO  ifc      m* 

2(2aj^ifc)~2a4^      ^^—2kx+2mx-^k' 


60.  aaj"+a&=2aft*a4.te«. 


11  11 

a^6^  a'^b^ 


1  1     "*        1  !• 


.,    (l+a:)(r+(l— a^K        cd  c  d 

61.  ^     '    %  '  ^ ^  = -J.  a-=-_^  or  ', 

1— «  a? — or  c+d       0 — (2 
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62.  a:»+maj+<te+/m=/'-md+/n.      53.  ^=!^=J 

iUa — oy       o 

g^    2ar^--6  _      a 6] 

•  4ari— 2a  "^  2ari+6      4ar»_2(a— 6)ar'^-a6* 


g+ar*  g— ar*  3flH-46-f-ari" 


as=  —  ~  or 


3a  "*  3g6— 2g«* 


66.  2^_^aj=i.^^y4.eimi>6— 6a?. 


g 
x=amp  or 


g_    a?+5m 5m-\-k  _  ^  36m' 


g6 — mp^ 


6m— k      x+&m  36m'— 6(ifc— a?)m— to' 

58.  5±?+^^=g. 
a? — g  '  4? — 6 

69.  _^-j^ (a+6)=^-^. 

g — ^a?      b+x      a — 6  a? — ^26      26 — c  ^ 

DO.    ; = r-r,  61.    ^ ; : 77~= *• 

g+a?      a — x      a+b  Ba-\-c      a?-— 3g 

^o   g+c(g4-a?)  ,  g-Hg_      a  ^  _a   1+c 

bJ.  — r— 7 r-i = r — .    x= — g  or — ^  ,  ^  . 

g-|-c(g — X)        X        a — 2ca?  c  34-2c 

63.   (7g'+5m'H-ifc')(a:'4a4-l)=(7g'4^ifc'+m')(a:'— a?+l)' 

PROBLEMS. 

1.  Find  a  number  sucli  that  three  times  its  square,  diinin- 
ifihed  by  26  times  the  number,  shall  equal  169. 

Let  X  :=  the  required  nnmber.     Then,  from  the  conditiona, 

,     26       169     „ 
3x^--26x=169;  (1)      ^— "o^*^^-    ^^^ 


-1?-+-    /16?  ,   16?_,13^    |169      607  _  676  _  13^26 
"  3  "- \  8  "*■   9   —  3  ""V  9"*"9""9*"3^8 


39  13      ,«  ,1 


EQUATIONS.  293 

These  roots  both  verify  the  equation:  thus, 
3(13)»— 26X13=507— 338=169 
J      13\'    o./— 13\      169  .338     607     ,^^ 

The  first  root  evidently  satisfies  the  conditions  of  the  problem  at 
stated,  and  so  also  the  second  root  if  we  regard  its  sign. 

It  is  to  be  observed  that,  if  we  had  denoted  the  required  number  by 
— X,  our  equation  would  hav^ebeen  ^•^7lax=\^^  (2),  of  which  the  rooti 

are  — 13  and  4-,  differing  from  the  roots  of  (1),  only  in  the  signs.     This 

is  precisely  what  we  should  anticipate,  for  either  (1)  or  (2)  may  be 
changed  into  the  other,  by  changing  the  sign  of  x, 

2.  A  farmer  bought  a  certain  number  of  sheep  for  $240. 
Had  he  paid  the  same  sum  for  a  number  of  sheep  less  by  3, 
each  sheep  would  have  cost  $4  more.  Required,  the  num- 
ber of  sheep  purchased. 

Let  X  =  the  number  of  sheep  purchased. 

240 
As  X  sheep  cost  $240,  one  sheep  cost  —  dollars.     If  the  number  of 

sheep  had  been  less  by  3,  it  would  have  been  x — 3,  and  the  cost  of  each 

240 
•heep  would  have  been  — -  dollars. 
X — 3 

Hence,  from  the  conditions,  the  cost  of  a  sheep  in  the  second  case 

240  240 

being  greater  by  $4  than  in  the  first,  — r  is  greater  by  four  than  »-, 

X — o  X 

^iASi      ^      240^,^          240       240     ,      „^^       «^^ .  „*v^^  •    ,« 
or 5—4= — (1).    .-. — ' =4,    240aj  — 240a^-^■720=4aJ«~12a5 

X — 4  X  X — 6         X 

or,      4x^—  12a;=720 
x«—    3a:=180 


3    ^        /720  ,   9      729      30         24 
2=^\T-  +  4=T=2-^'-2 


=15  or  —12. 

The  root  15  satisfies  the  conditions  of  the  problem  as  stated,  for  if  15 
sheep  cost  $240,  one  costs  $16,  and  if  12  sheep  had  been  purchased  for 
$240,  each  would  have  cost  $20,  t.  e.,  the  cost  of  each  in  the  second 
case  would  have  exceeded  the  cost  in  the  first  case  by  $4. 

But  — 12  will  not  satisfy  the  conditions  of  the  problem,  taken  in  its 
ordinary  sense.  We  have  found,  however,  that  the  negative  sign  always 
indicates  the  opposite  of  what  is  meant  by  the  positive  sign.  We  might, 
therefore,  surmise  that,  as  the  positive  result  indicates  the  number  of 
sheep  bought,  the  negative  result  may  refer  to  a  number  of  sheep  sold. 
This  is,  in  fact,  the  case;  the  second  root  satisfies  the  conditions  of  the 
following  problem: 
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A  fanner  sold  sheep  for  $240.  Had  he  received  the  same  earn  for  m 
nnmber  of  sheep  greaier  by  3,  he  would  have  received  $4  less  for  each 
sheep.    Beqnired  the  number  of  sheep. 

If  X  denote  the  number  of  sheep  sold,  the  statement  of  the  problem 
reduces  to  as* — 3x=180,  and  as  this  is  the  same  equation  given  by  the 
former  problem,  it  necessarily  gives  the  answers  to  both.  Whenever  the 
equation  of  a  problem  has  two  roots,  if  the  problem  does  not  admit  of 
two  solutions  there  is  another  problem,  of  which  the  statement  gives 
the  same  equation,  and  the  two  roots  of  the  equation  are  the  answers  to 
the  two  problems. 

3.  Find  two  numbers  in  the  ratio  of  7  to  12,  the  difference 
of  whose  squares  is  380. 

Let  Ix  be  the  first  number;  then  will  12x  be  the  second;  and,  from 
the  conditions,  (12a;)M7«)'=380;  or,  144a»— 49x«=380.-.  95«*=380; 
«'=4,  and  a;=db2. 

7a;=±14  and  12aB=±24;  .  -.  d=14  and  dz24  are  the  numbers. 

4.  Find  two  numbers,  such  that  the  difference  shall  be 
to  the  greater  as  5  is  to  7,  and  the  difference  of  their  squares 
shall  be  405. 

Let  7a:==the  greater  (arithmetically);  then 
6flg=the  difference, 
and     2a;=:theless.    Hence,  (7aj)«— (2a5)'=405;  or,  49flj»-4as«=4a5. 
45x'=405;  flB'=9 .  *.  e==b3,  and  d:21  and  ±6  are  the  numbers. 

5.  Find  two  numbers,  such  that  the  sum  shall  be  to  the 
less  as  h  is  to  a,  and  the  difference  of  their  squares  shall  be  3a*. 


Ans, 


,  the  lees. 
b'—'lab 


6.  A  man  bought  sheep  for  |a.  Had  he  purchased  h 
more  for  the  same  sum,  he  would  haye  paid  to  less  for  eaoh» 
Required,  the  number  purchased. 

Let  as=:the  number  purchased. 

Then  -  =the  number  of  dollars  paid  for  each. 

X  "^ 

Had  he  purchased  b  more  for  ^,  --7-7  would  be  the  number  of  dollan 
paid  for  each. 


,        a      .  6.1    fi 

^-c=-;  whence,  «=--dz  2^- 
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7.  A  and  B  set  out  at  the  same  time  from  two  places,  and 
travel  toward  each  other.  When  they  meet,  they  find  that 
A  has  traveled  a  miles  more  than  B;  A  would  have  traveled 
B's  journey  in  c  days,  and  B  would  have  traveled  A's  jour- 
ney in  b  days.  Eequired,  the  distances  traveled  by  A  and 
B  respectively,  and  their  distance  apart  at  starting. 
Let  05= the  number  of  miles  traveled  by  A;  then 
z=the  number  of  miles  traveled  by  B; 

- =the  number  of  miles  traveled  by  A  in  one  day; 

X 

T=the  number  of  miles  traveled  by  B  in  one  day; 

X         ex 

= the  number  of  days  on  which  A  traveled; 


X — g    X — a 

e 
X — a__b{x — a) 
—- "z — — *he  number  of  days  on  which  B  traveled. 

X  X  ^ 

Since  they  started  together,  and  traveled  until  they  met, 

caf        ft(aj— a)  a(J=Pl/*c)  a(c=Fl/5c) 

x—a  X  h—e  h—e 

The  whole  distance  is  ^^^^^^c^) ^okVI:^V1s 

8.  In  the  town  of  L the  number  of  schools  exceeds 

the  number  of  churches  by  20,  and  the  product  of  the  num- 
ber of  schools  and  the  number  of  churches  is  625.  Be- 
quired,  the  number  of  each.     An^,  35  schools;  15  churches. 

9.  On  one  of  the  public  squares  in  L the  whole 

number  of  trees  is  to  the  number  of  oaks  as  7  is  to  2;  and 
if  from  the  square  of  the  number  of  elms  we  subtract  the 
square  of  the  number  of  oaks  the  remainder  will  be  336. 
Bequired,  the  number  of  each.       Am,  20  elms  and  8  oaks. 

10.  An  army  corps  leaves  S ,  and  proceeds  toward 

M ,  and  at  the  same  time  the  troops  of  the  enemy  leave 

M ,  and  march  toward  S .     When  the  troops  meet  it 

is  noticed  that  those  from  S have  traveled  50  miles 

farther  than  their  opponents.  They  would  iu  4  days  have 
marched  the  distance  their  opponents  have  come,  while  ii 
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would  have  taken  the  latter  9  days  to  perform  the  march 
accomplished  by  the  troops  from  S- .  Bequired,  the  dis- 
tance from  S — —  to  M .  Ans,  250  miles. 

11.  A  detachment  of  the  S troops  was  marching  in 

column,  showing  10  men  more  on  each  flank  than  at  the 
head  of  the  column.  Had  the  number  of  men  in  front 
been  increased  by  1000,  the  detachment  would  have  been 
drawn  up  in  10  lines.  Bequired  the  number  in  the  detach- 
ment. Ans.  11,000. 

12.  The  population  of  Wilton  is  to  the  population  of 
Salem  as  ^  to  f ,  and  to  the  population  of  Merton  as  ^  to  f . 
The  sum  of  the  squares  of  the  numbers  indicating  the 
population  is  7,240,000.  Bequired,  the  population  of  each 
town.  Ans.  1200,  1600,  and  1800,  respectively. 

13.  A  merchant,  purchasing  cloth,  spent  $560.00,  and 
the  number  of  dollars  paid  for  a  yard  was  to  the  number 
of  yards  as  6  to  7.  Bequired,  the  number  of  yards,  and  the 
price  per  yard.  Ans,  28  yds.  ®  $20  per  yd. 

14.  A  garden  plot  18  metres  long  and  12  metres  wide  is 
to  be  surrounded  by  a  gravel  walk  of  uniform  width,  the 
area  of  the  walk  to  be  precisely  equal  to  the  area  of  the 
plot  itself.     Bequired  the  width  of  the  walk.     Ans,  3  M. 

15.  In  Montebello  Castle  are  two  courts,  each  in  the 
form  of  a  square,  one  of  which  is  paved  with  marble,  and 
the  other  with  granite.  The  second  is  12  metres  longer 
than  the  first,  and  they  together  contain  2664  square  metres. 
Bequired,  the  width  of  each. 

Ans.  42  and  30  metres,  respectively. 

16.  A  woman  purchased  a  piece  of  silk,  and  one  of 
velvet,  26  yds.  in  all,  for  $356.  Each  piece  cost  as  much 
per  yd.  as  there  were  yds.  in  the  piece.  Bequired,  the 
number  of  yards  in  each.  Ans.  10  and  16. 

17.  The  Crystal  Springs  Water  Company  has  two  reser- 
voirs in  Beims,  the  top  of  each  being  in  the  form  of  a 
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square.  The  area  of  the  water-surface  of  the  first  is  to  the 
corresponding  area  of  the  second  as  a  is  to  6.  A  side  of  the 
first  is  shorter  by  d  than  a  side  of  the  second.  Required^ 
the  lengths  of  the  sides. 

Let  x=.  a  side  of  the  first;  then  a>^=:  a  side  of  the  second.  The 
surface  being,  in  each  case,  a  square,  sc'  and  {x+d)^  will  be  the  respective 
areas.  Hence,  from  the  conditions,  x' :  (x-f^)* ::  a  i  borx^  :  x'^-{-2xd 
+d* ::  a:  b.  The  product  of  the  means  being  equal  to  the  product  of 
the  extremes,  ba[^^=asD^-2adx-{'acP; 

whence  (6— a)**— 2a<&8  =  acP;        or,  «"—  ——«==  -?— 

0 — a       b — a 


6— a  ~  "Y  6— a  "^  (6— a)«  ""  (6— a)' 

_  ad  ^di/'HT _a±i/^  _  ,  \/a(Vb+l/i) 

Bedndng  the  fraction  to  its  simplest  form,  by  striking  out  the  common 

factor  i/S  +  \/a,   »=  ih     .J^  ^  .,d.     Taking  the  positive  value, 
yb — ya 

a5+d= — -= d,  smce      .-   — tt  +d=d^^- — „  '^     .. 

yb — ya  yb — ya  V  b — ya 

^^~y= y^d.     Hence  the  required  lengths  are    y-       y^-d,   and 

-d.    The  negative  values  are  answers  to  another  problem,  of 


which  the  enunciation  gives  rise  to  the  same  equation  used  here. 

18.  A  gentleman  having  175  deer,  wished  to  put  them  in 
a  certain  number  of  pastures,  putting  the  same  number  of 
deer  in  each.  Before  having  his  intentions  carried  out, 
however,  he  determined  to  reserve  two  of  the  pastures  for 
other  purposes.  He  was  then  obliged  to  put,  in  each  pas- 
ture, 10  more  deer  than  he  would  have  put  there  originallj. 
Required,  the  number  of  pastures  that  were  to  have  been 
used  at  first.  Arts,  7. 

19.  Three  bins  are  filled  with  corn.  It  would  require  m 
bushels  to  fill  the  first  as  many  times  as  there  are  bushels 
in  the  second^  and  d  bushels  to  fill  the  first  as  manv  times 
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as  there  are  bushels  in  the  third.  The  sum  of  the  squares 
of  the  number  of  bushels  in  the  second  and  the  number  in 
the  third,  is  c.     Required,  the  contents  of  the  bins. 

Let  X  =  the  nnmber  of  bnshels  in  the  first.    Then,  since  m  bushels 
wonld  suffice  to  fill  the  first  as  many  times  as  there  are  bushels  in  the 

second,  and  m  bushels  would  suffice  to  fill  the  first  —  times, 

X 

m 

—  =  the  nnmber  of  bushels  in  the  second. 

X 

Similarly,      .  =  the  number  of  bushels  in  the  third.    Hence,  from 
X 

the    conditions,     -j4"3  =  ^(l)>    or    m*-^(P  =  ca^;      whence. 


^     c 


=m- 


m     •       m                 m              mVc  /—^ 

~        _~_^~ "^\^ 


X         jm*+cP      VmJ'+cP      i/m'-Hf         AfS?T^ 
d  d  di/c  I     ^ 


«      l/wi'-HP     l/m'+tP        \m*-HP 

Hence,     ^/"»'+<P.    tn./     <?      .       and      dj     <>      ,      aie  the 

respective  contents. 

20.  A  man  has  3  purses.  The  product  of  the  number  of 
dollars  in  the  first  and  the  number  in  the  second,  is  63;  the 
product  of  the  number  in  the  first  and  the  number  in  the 
third,  is  77.  The  square  of  the  number  in  the  third,  in- 
creased by  the  square  of  the  number  in  the  second,  is  202. 
Required,  the  contents  of  the  different  purses. 

Arts.  $7,  $9,  $11. 

21.  A  commission  merchant  receives  an  order  to  purchase 
18  Mjr.  G.  of  sugar,  if  it  can  be  purchased  at  the  rate  of 
$18  per  Myr.  G.    If,  however,  the  sugar  should  be  dearer 
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or  cheaper^  he  is  to  buy  as  many  Myr.  G.  less  or  more  thaix 
18,  as  each  costs  more  or  less  than  $18.    In  filling  the  order 
he  expended  $316.     How  much  sugar  did  he  purchase  ? 
Ana.  16  Myr.  G.,  or  21  Myr.  G. 

22.  A  railway  train  left  Miltown  for  DanYille,  and  trav- 
eled a  miles  per  hour.  After  it  had  traveled  6  miles,  the  ex- 
press, whose  regular  time  between  the  two  cities  was  n  hours, 
left  Danville  for  Miltown.  After  the  express  had  traveled 
as  many  hours  as  it  went  miles  in  one  hour,  it  passed  the 
Miltown  train,  on  time.     Required,  the  distance  from  Mil- 


w. 


town  to  Danville.  Ans.  -^(n — a±\/{n — a)* — 46). 

RADICAL  EQUATIONS. 
887.  If,  when  an  equation  has  been  so  transformed  as 
to  be  free  from  radicals,  it  can  be  reduced  to  the  form 
a^-\-2px=q,  it  may,  of  course,  be  solved  at  once  by  the  rule 
already  given.  The  directions  previously  laid  down,  for 
clearing  an  equation  of  radicals,  will,  with  the  rule  just  re- 
ferred to,  enable  us  to  solve  any  radical  equation  of  the 
second  degree.  The  work,  however,  may  frequently  be 
shortened  by  the  use  of  special  expedients,  such  as  ration- 
alizing the  terms  of  fractions,  etc.  The  student  must  rely 
on  his  own  skill  and  ingenuity  to  determine  the  best  course 
to  pursue  in  any  particular  case. 

EXAMPT.RR. 

1.  Let  it  be  required  to  solve  the  equation 

-^2a?— 7— 2v/3^=8-f-6=6.    (1) 
Transporing,      -^2ar— 7— 2|/3a?— 8      =1.     (2) 
Squaring  both  members  of  (2),  we  obtain  2a&— 7— 2i/3flR— 6=1  (3); 
2siJ--8=2i/3®— 8;  or,  |/3a^-8=a^-4.     (4) 

Squaring  both  members  of  (4),  we  obtain  3a; — 8=x' — &r4-16;  reducing^ 
11    .      /     96  ,  121       11^6     ^      ^ 
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To  verify  the  first  valne: 

To  verify  the  second,  we  most  note  the  double  sign,  that  is  to  be  un- 
derstood before  every  radical  of  an  even  degree,  as  understood  before  the 
second  radical  in  the  given  equation.    Then,  taking  the  negative  sign, 

^e-7-2(-i/S=8)=|/-l+2=+l=l. 

2.  V^a?— 1  +l/3a?+l=2.  x=l  or  g. 

3.  2Va?+6— l/i^=6.    Verify. 

4.  1+41/4^+1=^^"*"^^"^.    Clearing  of   fractions, 


x+^xi/4a+l.=l/{4:X+iy—2;  i/(4a?+l)»=(4a?+l)i/4a?+l. 

Hence,  a?-f4a?l/4a:+l=4a?l/4a?+l+l/4a?+l — 2.     Uniting 

terms,  a?+2=i/4a?+l;  whence,  squaring, 

ar'+4a?-f4=4a?+l;       ic*=— 3      a?=±:i/=^. 


5.  'x/ft  +« — \/^+x^l/l—x=0. 


a?=2or. 


^-  V^  H^'-3=m+l-^-j^  -2. 

7.  i/i+i— i/ofc=l — i/a6— <p. 
l/i      ^  21— i/i       6 


«^=a5 — ^1  or  0. 
«=49  or  196. 


V3 
2 


'  l+l/l+i      1— 1/1=5 

^2    l/a^'-fg— l/a:'-H»^  a 
'  \/x'+a+\/sc'~a       2 


«=db 


ab 
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Multiplying  both  terms  of  the  first  member  by  the  nu^ 
merator,  we  obtain, 

■^^ 2S ^  =  "2*   (^^^+«-^^^-«)  =a«; 

Transposing,  l/a:'+a=iba+i/a^II^. 

Squaring,  «*+a  =  a»di2ai/PII^l4^--o,  or 

2a— a»  =  ±2a\/x'—a;  dividing  both 

a  

members  by  2a,     1—  "g" = ±v'ai'—a;  whence 

1— a+^=a;»— a,  or  l+|.  =  a:«. 
la'  CaTZ 


tVT+'=->^=±!^. 


•*•*•  — .  — ~"  =  — •  ap— •  -f-  — J —     ^ 

Va'-i-or'-^       n  2i/mn  * 

-_    l/c+a;+i/o— ar         /^  ^  ^, . 

lo-  7= =  \—  ;b=  ±2i/cwi— m*. 

16.  ^^  _^  ^_a_  _  j,,^_J_  ^jj     Multiplying  botU 

members  of  (1)  by  -J— ,  we  obtain  —  +  2*1?  =  6«; 

^     X  X  yl  X 

or  1+1  +  2y|  =  6«  (2).    Arranging  the  terms  of  (2), 

"^y^  "^  i  ~  ^'  (^)"    Extracting  the  square  root  of  botl\ 
members  of  (3): 

1+'^- ==  ±6;  whence,   l=|i6  =  — ^?,   and  squaring, 
(Izfby  =  ^ ;  or  x{l::fby=a     .  •.     x=  ^j^- 
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17.  8±V^^_25  x=  +  '^ 


^3   d— |/2dy— y*__    y 
*  d+i/2dy-y'      d-y' 


19   m+a;+T/2m^4V^^  DiTiding,  as  indicated  in 

ihe  first  member,  we  obtain^ 

'+  '^^="  <^)=  """•    A^"--"  <'). 

And,  squaring  both  members  of  (3), 
2mx+x'  =  (c»^2c+l)(m+a?)«=  (c»— 2c)(m+a?)*-Hm+a?)* 
2ma4^  =  (V— 2c)  (m+a?)«+m«+2mar-f«*. 
fjniting  terms,  and  transposing, 

til' 
(2o— c')(m4^)'  =  m';  whence,  (m+a?)*  =  ^^__., 

l/2(>-c»'  -l/2o-c»  1/2;=;? 

on   ^     ./-TTT'         ^""^                ^      ±cV3o— 2m 
20.  m—Vcr+ar=        /zfr^"  *= 1 • 


21.  JH-t/^-^^^2. 

Squaring,  -  =(a? — 2)';  rationalizing  the  denom- 

X — yai^ — 9 

inator  in  the  first  member,  q  =(^ — 2)*,  whence, 

9 

a?+i/5?=9 


=a>— 2;  a?+l/a!'— 9=3a?— 6,  or  i/aj*— 9=2(a?— 3), 


3 

. •.  a:»— 9=4(0?— 3)(a:— 3) . •.  aH-5=4(a?— 3)  or,  9-na:"=4(a^— 3)« 
.-.  4(3 — a?)=— (3+a?)  .•.  a?=5.  Or,  we  may  solve  directly 
•.the  equation  a?*— .9=40;' — 24aJ+36,  whence,  a?=5  or  3. 
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GENERAL  PROPERTIES 

OF  EQUATIONS  OF  THE  SECOND  DEGEEB. 

As  evezy  equation  of  the  second  degree  may  be  reduced 
to  the  form  (ff^+2px=iq  (1),  p  and  q  being  numerical  or  lite- 
ral, positive  or  negative,  entire  or  fractional,  (1)  may  repre- 
sent any  equation  whatever  of  the  second  degree. 

888.  The  General  Properties  of  the  Equation  of  the 
Second  Degree  are^ve,  viz: — 

I.  Every  equation  of  the  second  degree  has  two  roots,  and 
only  two. 

Taking  a?*-|-2pa?=g  (1),  and  completing  the  square  (381), 
we  obtain, ar»+2paH-p*=^+p«  (2);  or,  (x-^y=(\/q-{py  (3); 
any  quantity  being  the  square  of  its  own  square  root.  Trans- 
posing in  (3),  we  have  {x-\'pf—{V^Wf=^  (4)-  The  first 
member  of  (4),  being  the  difference  of  the  squares  of  two 
quantities,  is  the  product  of  the  sum  and  difference  of  these 
quantities.    Hence,  factoring,  we  have, 

(x+p-{Vq^')  (H-p— l/g-hp')=0  (5). 
Equation  (5)  may  be  satisfied  by  making  either  factor  of  the 
first  member  equal  to  zero,  the  other  factor  being  any  quan- 
tity >0  or  <0,  since  the  product  of  zero  by  any  quantity  is 
zero;  and  the  equation  can  be  satisfied  in  no  other  way. 

Placing  x-\p — i/^f-|-p*=0,  we  have  x= — p+l/g^+p*. 

Placing  the  other  factor  equal  to  zero,  we  obtain 
a^4^4-V^i^-P^=0;  whence  rr=—p — l/^-flP*« 
Either  of  these  values  of  x  will,  if  substituted  in  (6),  satisfy 
the  equation,  and  no  other  values  of  x  will  satisfy  this  equa- 
tion, for  the  product  of  two  quantities  cannot  be  zero,  unless 
one  of  the  factors  is  zero,  and  neither  of  the  factors  in  the 
first  member  of  (5)  can  be  zero,  unless  x  has  one  of  the  two 


304  EQUATIONS. 

values  just  given.  As  each  value  of  a;  is  a  root  of  the  equa* 
tion  (6),  it  will  be  a  root  of  (1),  from  which  (6)  was  derived. 
In  other  words,  the  equation  (1)  has  two  roots,  and  only  two. 
This  may  also  be  shown  in  another  way.  That  the  equa- 
tion has  always  two  roots,  — p+V^q-\-p^  and  — p — l/^-fpS 
appears  from  (383).  We  are  to  show  that  it  can  have  no 
more.  Suppose  that  it  has  three  roots,  a,  b,  and  c.  Since 
every  root  of  an  equation  must,  when  substituted  for 
the    unknown    quantity,   satisfy    the   equation,   we    have 

(6)  a^'\-2pa=q  ^  Subtracting  (7)  from   (6),   member  from 

(7)  b^'i-2pbz=q  > member,  we  have  a»— 6»+2p(a— 6)=0  (9); 

(8)  c^+2pc=q)  or,  dividing  each  member  of  (9)  by  a— 6, 
a+6-f  2p=0  (10).  Similarly,  from  (8)  and  (7),  we  find 
h+c+2p=0  (11).  Subtracting  (11)  from  (10),  member  from 
member,  we  obtain  a — c=0,  or  a=c,  i,  e,,  the  supposed 
third  root  is  identical  with  the  first.  In  a  similar  manner 
we  could  show  that  any  quantity,  assumed  as  a  root  of  the 
equation,  must  be  identical  with  either  (a  or  b)  one  of  the 
roots  obtained  as  in  (883),  i.  6.,  the  equation  cannot  have 
more  than  two  roots. 

n.  The  first  member  of  every  equation  of  the  form  x'-|-52p3C 
— q=0,  may  be  resolved  into  two  binomial  factors,  of  the  first 
degree  loith  respect  to  the  unknown  quantity  y  one  the  unknown 
quantUy  minus  the  first  root,  and  the  other  the  unknown  quan- 
tUy  minus  the  second  root. 

If  we  denote  —p+Vq+p^  by  of  and  — p — \/q+p*  hj  af% 
H-P — l/^-H>*  will  be  denoted  by  X'—x\  and  a?-f-p-{"^9~t^ 
by  x—af" ;  hence  equation  (5)  of  (I)  will  become  (a?-V)(a?— a/") 
=0,  in  which  the  first  member  is  evidently  factored  as  indi- 
cated in  the  proposition. 

It  follows  from  what  has  just  been  proved  that,  if  we 
know  the  roots  of  an  equation  we  may  find  the  equation 
itself  by  subtracting  them  in  succession  from  the  unknown 
quantity,  and  then  multiplying  the  resulting  binomials  to- 
gether by  (76),  or,  which  is  the  same  thing,  we  may  write 
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out  the  equation  at  once  by  the  use  of  m  and  IV.  Thus, 
if  the  roots  of  an  equation  are  5-jrV — 12  and  5 — l/ — 12, 
we  may  form  the  binomial  factors,  x — 5 — l/ — 12  and  x — 5 
+l/— 12,  and  write  out  the  product,  (76)  a:*— 10a?+37,  which 
will  be  the  first  member  of  the  equation,  0  being  the  second. 
Hence  the  equation  is  se^ — 10a?-|-37=0.  The  proposition 
just  demonstrated  may  also  be  expressed  thus: — 

If  B,i8  a  root  of  the  reduced  equation,  x'-|-2px — ci=0,  then 
is  the  first  number  of  this  equation  exactly  divisible  by  x- — ^a. 

It  also  appears,  from  what  has  already  been  said,  that 
the  converse  of  this  is  true,  t.  a., 

y  the  polynomial  x'+2px — q  is  exactly  divisible  by  x — a, 
(hen  is  B.a  root  of  the  equation  x'+2px — q=0. 

The  applicability  of  these  principles  to  the  theory  of  Fac- 
toring is  obvious  and  interesting.  In  order  to  determine 
whether  a  factor  of  the  form  x — a  enters  a  given  polyno- 
mial, we  have  only  to  see  if  the  substitution  of  a  for  x  will 
reduce  the  given  polynomial  to  zero. 

m.  The  algebraic  sum  of  the  roots  of  an  equation  of  the 
second  degree  is  equal  to  the  coefficient  of  the  first  power  of  the 
unknown  quantity,  vnth  its  sign  changed. 

See  (381-5). 

rV.  The  product  of  the  two  roots  of  an  equation  of  the 
second  degree,  equals  the  second  member  with  its  sign  changed, 
i.  e. ,  equals  the  absolute  term. 

See  (381^). 

By  the  use  of  11,  m  and  IV,  we  are  enabled  to  write 
out,  at  once,  any  equation  of  which  the  roots  are  given. 

Examples. 

1.  Find  the  equation  of  which  the  roots  are  — 7  and  -|-3. 

The  algebraic  sum  of  the  roots  is  — L  Hence  the  coef* 
ficient  of  x  i?  -)-4- 

The  product  of  the  roots  is  — 21.  Hence  the  absolute 
term  is  — 21,  or  the  second  member,  if  the  completely  l^nown 
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tenns  be  placed  therein^  is  +21,    The  equation,  then,  is 
«'44a?— 21=0,  or  rc»-+4aj=21. 

The  Roots  are:  Beqaired,  the  Equation. 

2.  —12  and  +5. 

3.  —7  and  —8.  Ana.  iC*+15a:+66=0. 

4.  +19  and  —1.  Ana.  a;*— 18a?— 19=0. 

5.  +i/^and— i/^.  Ana.  «»-f5=0. 
<5.  2+i/=7  and  a— i/=7. 

7.  3di|/^=S2.  ^n«.  aj*— 6a?+51=0. 

8.  7±i/T9.  ^rw.  «»— 14a?+30=0. 

9.  — .5zbl/21  Ana.  a;*+10a?+4=0. 
10.  — ll=fci/=^S. 

Find  the  binomial  factors  of  the  first  members  of  the  fol- 
lowing equations: 

1.  a;*— 4ar-f-4=0.  4.  a*— 29a?+108=0. 

2.  a?*— 7a?+12=0.  6.  a;*+18a?— 109=0. 

3.  a?*— 14a?— 27=0.  6.  aj»— a?+7=0. 

7.  2a:»+a?— 6=0.  Ana.  2{x+2){x-^). 

8.  aaj*— 10a>— 25=0.  Ans.  (a?— 6)3(<r-f|). 

9 

The  process,  just  illustrated,  of  building  up  equations 
from  their  roots,  is  known  as  the  Composition  of  Equa- 
tions. 

V.  Jf  the  aecond  member  (q)  of  an  equoHon  of  the  aecand 
degree  be  negative^  it  cannot  be  numerically  greater  than  the 
aquare  of  half  the  coefficient  of  the  firat  power  of  the  txn- 
known  qiuintUy,  if  the  roota  be  real. 

To  prove  this  we  shall  first  show  that,  the  sum  of  two 
quantities  being  constant,  their  product  will  be  the  greatest 
possible  when  they  are  equal.  Suppose  2p  is  the  sum  of 
the  quantities,  and  let  2d  represent  their  difference;  then 
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p-\-d=  the  greater  quantity,  and  p — d  the  less.     If  q  rep- 
resent their  product,  we  shall  have, 

{p+d)(p-d)=p'-d^q  (1). 

Nbw^  the  less  we  subtract  from  p',  the  greater  must  be 
the  result;  i.  e.,  the  less  the  value  of  d,  the  greater  will  be 
the  value  of  q.  Hence,  the  product  will  be  the  greatest 
possible  when  d=0;  wben  the  quantities  become  equal, 
and  the  product  becomes  p^.  It  is  plain  that  the  greatest 
Talue  of  the  product  would  be  p*,  mnsi  if  p  were  negative, 
for  p'  would  always  be  positive. 

We  see,  then,  that  if  the  sum  of  two  quantities  is  nu- 
meikttUy  2/>,  the  greatest  value  of  the  product  of  those 
quantities  is  p*.  Now  in  the  equation  of  the  second  de- 
^ee,  the  sum  of  the  roots  is  numerically  2p,  and,  if  the 
second  member  be  negative,  the  product  is-f-?*  Hence, 
the  greatest  value  that  the  product  of  the  roots  can  have, 
%.  e.,  the  greatest  numerical  value  that  q  may  have,  isp'. 

That  no  limit  can  be  put  on  the  numerical  value  of  the 
second  member  if  positive,  appears  from  the  fact  that  if 
we  consider  the  pi'oduct  in  (1)  to  be  negative,  (as  it  would 
be  if  the  second  member  of  a^+^px^q  were  positive),  it  may 
increase  numerically  without  limit,  as  long  as  d  increases. 

DISCUSSION  OF  THE  FOUB  FORMS. 

888.  An  Arbitrary  Quantity  is  a  quantity  to  which  we 
may  assign  values  at  pleasure. 

380.  To  Discuss  an  equation  or  problem  is  to  make  all 
possible  suppositions  on  the  arbitrary  quantities  therein, 
and  to  explain  the  results. 

381.  In  the  general  equation  iiif-{-2px=q,  if  p  and  q  are 
not  both  positive,  or  both  negative,  one  is  positive  and  the 
other  negative.  Hence,  every  equation  of  the  second  de- 
degree  must  be  expressed  by  one  of  the  Four  Forms : 

a^+2pa7  =     q  1. 

«•— 2pa?=     q  n. 

af+2px  =  --q  m. 

a^—2px  =  —q  rV. 
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Solving  these  equations,  we  obtain  the  roots: 

a?=  — yzizv^^4y      (1) 
x=  +p±i/q+p*      (2) 

x= — p±:V — ^+P*  (3) 


+p±l/-q+p'  (4) 
Under  these  forms  (1),  (2),  (3),  (4),  must,  then,  be  ex- 
pressed the  roots  of  every  equation  of  the  second  degree. 
We  ahall  proceed  to  the  discussion  of: 

A.  The  Four  Forms  themselves,  and 

B.  T/ie  Roots  of  the  Four  Forms. 

A.     DISCUSSION  OP  THE  FOUR  FORMS  THEMSELVEa 

This  discussion  is  based  on  the  General  Properties  of  the 
equation  of  the  second  degree.     (388.) 

I.  In  the  first  form  the  product  of  the  roots  (388,  IV)  is 
— q;  hence  they  have  contrary  signs  (62).  Their  sum 
(388,  III)  is  — 2p;  hence  (43)  the  negative  root  is  nu- 
merically the  greater. 

n.  In  the  second  form  the  product  of  the  roots  is  — q; 
hence  they  have  contrary  signs.  Their  sum  is  +2p;  there- 
fore the  positive  root  is  numerically  the  greater. 

m.  In  the  third  form  the  product  of  the  roots  is  -f-^ 
(388,  IV);  hence  they  have  the  same  sign  (388,  m).  Their 
sum  is  — 2p;  therefore  they  are  both  negative. 

IV.  In  the  fourth  form  the  product  of  the  roots  (888, 
IV),  is  -\-q;  hence  they  have  the  same  sign.  Their  sum 
being  (383,  III)  +2p,  they  are  both  positive. 

Suppose  ^=0  and  2>>0.     Then, 

I.  The  product  of  the  roots  in  the  first  form  is  ssero; 
hence  one  of  the  roots  is  zero.  Their  sum  is  — 2p;  there- 
fore the  other  root  is  — 2p. 

II.  In  the  second  form  the  product  of  the  roots  is  0; 
hence  one  of  them  is  0.  Their  E(um  is  +%>>  ^^^  therefore 
the  other  root  is  -\'2p. 
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m.  In  the  third  form  the  product  of  the  roots  is  0,  and 
their  sum  is  — %).  Henc6  one  root  is  0,  aiid  the  other  is 
— 2p.  The  third  fotm,  tteii,  uiideir  the  hypothesis  ^=0, 
becomes  the  same  ks  the  firs'!;. 

IV.  When  g=0,-  the  fourth  form  becomes  identical  with 
the  second. 

It  is  usual  to  disregard  the  sign  of  zero,  as  this  sign  is 
unimportant.  This  is  not  always  the  cas6,  but  the  excep- 
tions will  be  noted  at  the  proper  time. 

Again,  suppose  p=0,  and  q  is  not  zero. 

I.  In  the  first  form  the  product  of  the  roots  is  — q\  hence 
they  have  unlike  signs.  Their  sum  is  0;  hence  they  are 
numerically  equal,  as,  in  adding,  one  precisely  destroys  the 
other. 

n.  In  the  second  form,  the  product  being  — q,  the  signs 
of  the  roots  are  unlike,  and  the  sum  being  zero,  the  roots 
are  numerically  equal.     This  form  is,  then,  identical  with  I. 

ni  and  IV.  In  these  forms  the  product  of  the  roots  is 
-^q-y  hence  the  roots  have  the  same  sign.  The  product,  q,  not 
being  zero,  neither  root  can  be  zero.  The  sum  of  the  roots 
is  0.  Hence  we  have,  in  each  form,  two  quantities  having 
the  same  sign  (and  neither  of  which  is  zero),  whose  sum  is 
zero.  But  there  can  be  no  such  quantities,  since  a  sum 
«qual  to  zero  can  be  obtained  only  in  one  of  two  ways,  viz: 
1°.  Adding  quantities,  each  of  which  is  zero.  2°.  Adding 
A  positive  quantity  to  a  numerically  equal  negative  one. 

It  is  impossible,  then,  to  find  quantities  that  will  satisfy 
the  equations  III  and  FV.  But  since  this  is  the  case,  there 
must  be  something  impossible  or  absurd  involved  in  our 
supposition.  Now  if  p  is  0,  p*=0,  and  q,  being  greater  than 
zero,  is  greater  than  p^.  Hence  our  supposition  that  p=0, 
^>0  conflicts  with  (388,  V),  an  essential  property  of  equa- 
tions of  the  second  degree,  and  we  should  therefore  expect 
it  to  lead  to  some  impossibility  in  satisfying  the  equation. 

It  should  be  observed  that  when  p=0  the  equations  are 
of  the  class  called  Incomplete. 
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Finally,  suppose  p=0  and  q=0. 

Under  this  hypothesis  the  product  of  the  roots,  in  each 
form,  is  0;  hence  one  root  in  each  is  0.  The  sum  of  the 
roots  is  0;  hence  both  roots  in  each  form  are  0. 

B.    ROOTS  OF  THE  POUR  FORMS. 
x=—p±l/q+p    (1)  x=-^±\/'—q+p'    (3) 

x=+p±l/q-h>'    (2)  x=+p±l/^q+p'     (4) 

As,  in  obtaining  the  four  forms,  we  have  made  every  pos- 
sible supposition  on  the  signs  of  p  and  q,  we  shall  now 
speak  of  their  numerical  values  only.  Neither  p  nor  q  can 
be  less  than  0,  in  any  form,  for  the  only  effect  of  such  a 
supposition  would  be  to  change  the  sign  of  p  or  q,  and 
therefore  to  change  this  form  into  one  of  the  others. 

Since  q+p'>p\  \/q+P>\/p^;  i.  e.,  Vq+p^>p. 

Since  p' — q<Jf>^,  "/p'— 5<l/p*;  i-  «.,  V^p' — q<.P>  ^^^  as> 
in  adding  quantities  having  different  signs,  we  always  prefix 
to  the  result  the  sign  of  the  greater  quantity,  the  signs  of 
the  roots  in  (1)  and  (2)  will  be  the  same  as  the  signs  of  the 
radical  parts,  and  in  (3)  and  (4)  the  same  as  the  signs  of  the 
rational  parts.  Again,  in  each  of  the  first  two  forms  the 
quantity  under  the  radical  sign  is  positive,  for^'  is  positive 
whatever  the  sign  of  p,  and  q  is  not  negative  in  either  (1)  or 
(2).  The  roots  in  the  first  two  forms  will,  then,  always  be 
real,  whatever  the  relative  values  of  p  and  q. 

(1.)  In  the  first  form,  as  the  radical  gives  sign  to  the  root» 
the  first  root  will  be  positive,  and  the  second  negative. 
The  roots  in  this  form  may  be  expressed  thus: 
First  Boot,  --{p—Vq+p^)     I /388 1) 
Second  Boot,  — (p+l/^+P*)  3 

As  p  and  \/q-\-p^  are  here  both  positive,  their  sum  is 
numerically  greater  than  their  difference.  Hence,  the  sec- 
ond root  in  this  form  will  be  numerically  greater  than  the 
first  root. 

(2).  In  the  second  form,  as  the  radical  gives  sign  to  the 
root,  the  first  root  will  be  positive,  and  the  second  negative. 
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The  positiye  root  heing  the  arithmetical  sum  of  p  and 
v/g-f-p*,  will  be  numerically  greater  than  the  negative  root, 
which  is  the  arithmetical  difference  of  the  same  quantities. 
(3).  In  the  third  form,  as  the  rational  part  gives  sign  to 
the   root,  both  roots  will  be  negative.     Expressing  the 

roots  thus:   j      ^T  /      ~f^\  [    ^®  s^®  ^^**  *^®  second 

root  is  numerically  the  greater.  The  sign  of  the  quantity 
under  the  radical  sign  will  evidently  depend  on  the  relative 
values  of  p^  and  q.  Now  p'  may  be  equal  to  q,  or  it  may 
be  either  greater  or  less  than  q.  If  p^^q,  p' — q  is  positive, 
and  the  roots  are  both  real.  If  p*=q,  the  radical  part  of 
each  root  reduces  to  0,  and  both  roots  reduce  to  — p;  the 
equation  has,  then,  under  this  supposition,  two  equal  roots. 
If  p'<^,  p^ — q  is  negative;  and  hence  the  radical  part  of 
each  root  become^  imaginary.  Now,  an  imaginaiy  quantity 
is  one  that,  in  the  ordinary  sense  of  the  term,  has  no  ex- 
istence, and  if  such  be  the  character  of  the  roots  under 
this  supposition,  we  must  examine  carefully  into  the  hy- 
pothesis to  see  if  any  impossibility  or  absurdity  is  involved. 

We  have  found  (888|  V)  that,  when  the  second  member  is 
negative,  it  cannot  be  greater,  numerically,  than  the  square 
of  one  half  of  the  coefficient  of  the  first  power  of  the 
unknown  quantity.  Hence  the  supposition,  in  (3)  or  (4), 
that  p'<^,  is  absurd,  and  we  should  expect  the  values  of 
the  roots  corresponding  to  this  supposition  to  be  impossible 
or  imaginary.  Whenever  a  supposition  leads  to  imaginary 
results,  we  interpret  these  results  as  indicating  that  the 
supposition  is  absurd. 

(4).  In  the  fourth  form,  the  rational  parts  giving  signs  to 
the  roots,  both  roots  are  positive,  and  the  first  is  evidently 
the  greater,  numerically.  If  p^=q,  the  two  roots  are  equal, 
each  being  -j-p.  If  p^^q  the  quantity  under  the  radical 
sign  is,  in  each  case,  positive,  and  both  roots  are  real.  If 
p*<9,  p' — q  is  negative,  and  both  roots  are  imaginary. 
These  imaginary  roots  result  from  the  same  absurdity  be- 
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fore  pointed  out,  viz.,  the  supposition  that  in  (4)  p'  can  be 
less  than  q. 

It  will  be  noticed  that  the  roots  of  an  equation  of  the 
second  degree  can  never  be  imaginary,  unless  the  second 
member  of  the  given  equation  (when  in  the  reduced  form) 
is  negative.  It  will  be  seen  also,  that  if  one  root  is  imagir- 
nary,  both  must  be  so. 

We  might  also  remark,  in  this  connection,  that  if  one  of 
the  roots  is  irrational,  both  must  be  irrational. 

Suppose  p=0,  and  q  is  not  zero. 

(1)  and  (2).  The  first  and  second  forms  become,  under 
this  hypothesis,  the  same.  The  first  root  in  each  becomes 
+\/q,  and  the  second  — i/q;  i.  e.,  the  roots  in  each  form 
are  numerically  equal,  and  have  contrary  signs. 

(3)  and  (4).  These  become  identical.  The  first  root  re- 
duces to  +1^ — Q,  aiid  the  second  to  — i/ — q.  These  roots 
being  imaginary,  there  must  be  some  absurdity  or  im- 
possibility involved  in  the  supposition.  Examining  the 
hypothesis,  we  see  that  it  is  merely  one  form  of  the  sup- 
position p^<^q,  for  if  p=0,  p^=0,  and  if  ^  is  not  zero, 
p^<Cq,  which,  as  we  have  before  found,  is  absurd.  We 
should  therefore  expect  the  roots  to  be  imaginary,  both 
being  so  if  one  is  so.  It  will  be  seen  that  the  supposition 
p==0,  makes  the  given  equations  Incomplete  equations. 

Again,  suppose  ^=0,  p  not  being  zero. 

The  first  and  third  forms  now  become  the  same,  as  also 
the  second  and  fourth. 

(1)  and  (3).  Here  the  first  root  becomes  — p+p,  or  0,  and 
the  second  root  — p—p,  or  — 2p. 

(2)  and  (4).  Here  the  first  root  becomes  +p+p,  or  +2p, 
and  the  second  root    +p — p,  or  0. 

Finally,  suppose p--=0  and  ^=0. 

Under  this  hypothesis,  both  roots,  in  each  form,  reduce 
toO. 

The  suppositions  now  made  embracing  all  that  can  be 
made  on  the  relative  values  of  p  and  q,  the  discussion  ia 
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complete,  and  it  will  be  seen  that  the  dame  resnlts  are  ob- 
tained by  discassing  the  roots  of  the  four  forms,  as  by  dis- 
cussing the  forms  themselves. 

SIMULTANEOUS    EQUATIONS 

OF  THE  SECOND  DEGREE. 
392.  As  already  shown,  any  equation  containing  more 
than  one  unknown  quantity  is  indeterminate,  and,  to  deter- 
mine the  values  of  any  number  of  unknown  quantities,  we 
must  have  given  as  many  simultaneous  equations  as  there 
are  unknown  quantities.  The  rules  for  elimination  have 
been  deduced  from  principles  common  to  all  equations,  no 
matter  what  the  degree  may  be.  The  treatment  of  higher 
equations  by  these  rules  is  not,  of  course,  as  simple  as  the 
treatment  of  equations  of  the  first  degree,  but  it  may  be 
stated  that,  in  general.  Elimination  is  always  possible,  what- 
ever the  degree  of  the  simultaneous  equations;  the  Solution 
of  a  resulting  equation  may  or  may  not  be  possible.  We 
proceed  to  the  discussion  of  simultaneous  equations  of  the 
second  degree. 

A.    TWO  EQUATIONS,   INVOLVING  BUT   TWO  UNKNOWN 
QUANTITIES. 

893.  General  Case. — In  general,  (he  soluMon  of  two  simul- 
taneous equations  of  the  second  degree  requires  the  solution  of 
an  equation  of  the  fourth  degree. 

Every  equation  of  the  second  degree  containing  but  two 
unknown  quantities  is  of  the  form 

Aa?'+Ba;2/+Ca;+D2/'-l-E2/+G=0;  (1) 

for  we  may  add  all  the  terms  involving  a?,  and  denote  the 
algebraic  sum  of  their  coefficients  by  A,  we  may  add  all  the 
terms  involving  xy,  and  denote  the  algebraic  sum  of  their 
coefficients  by  B,  and  so  for  the  other  terms.  Further,  the 
equation  being  only  of  the  second  degree,  cannot  contain 
any  other  terms  than  those  here  indicated.  If  any  equation 
should  not  contain  all  of  the  terms  here  indicated,  we 
should  know  that  the  coefficients  of  the  missing  terms  are, 
in  each  case,  zero. 
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To  discuss  the  most  general  case  of  two  simultaneous 
equations  of  the  second  degree,  containing  two  unknown 
quantities,  let  us  take  two  equations  of  the  most  general 
form,  Ax'+Bxy-^x+'Df+'Ey+a       =0.  (1) 

AV4-B'a?2/+C'j?+Dy-fE'i/+G=0.  (2) 

Though  we  may  select  any  method  of  elimination,  let  us 
take  the  method  by  substitution,  as  the  shortest.  Trans- 
posing, we  obtain  from  (1),  Aa;*-f  (Bi/+C)a?=  — Dy" — By — G. 
Solving  with  respect  to  x, 


X=' 


By+0^     l/By+Cx^      ly+Ey+Q 
~2A"'^\V    2A    ;  ~  A 


If,  now,  we  substitute  this  value  of  ^  in  (2),  we  shall  obtain 
an  equation,  containing  t/*,  and  also  radicals  under  which  is 
found  2/*.  To  free  this  equation  from  radicals,  then,  we 
must  square  an  expression  containing  t/',  i.  e. ,  we  must  ob- 
tain an  equation  containing  y*,  which  equation  will  be  of 
the  fourth  degree. 

As  we  have  not  yet  learned  how  to  solve  equations  of 
the  fourth  degree,  we  shall  not  proceed  further  with  the 
discussion  of  the  general  case.  Special  gasbs,  however, 
admit  of  solution  by  the  use  only  of  principles  already 
proved,  and  to  the  discussion  of  these  we  proceed  at  once. 

I.  If  two  equations,  one  of  the  first  degree,  and  the  other  of 
the  second,  contain  two  unknown  quantities^  and  no  more,  the 
values  of  these  quantities  may  be  determined. 

Let  Aoy'+Rry-f  Ca?+Di/H%+G^=0  (1)  represent  any 
equation  of  the  second  degree,  and  Mx-\-Ny-\'li=0  (2) 
represent  any  equation  of  the  first  degree,  each  equation 
containing  two  unknown  quantities,  and  no  more. 

The  value  of  a?,  from  (2),  is ^—   (3).     If  this  value 

be  substituted  for  x  in  (1),  the  highest  power  of  y  in  the 
resulting  equation  will  be  the  second,  i.  e,,  we  shall  have 
an  equation  of  the  second  degree  involving  only  y.  Solv- 
ing this  equation,  we  deduce  the  value  of  y,  and  this  valae^ 
substituted  in  (3),  gives  the  value  of  x. 
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HZAMFLES. 

1.  Given,  a?+2y=ll  (l),and3aj*— 2j/"+5=0  (2);  required, 
the  Yalues  of  x  and  y. 

From  the  first  equation,  we  find  a;=ll — 2y;  substituting 
this  expression  for  x,  in  the  second,  we  obtain 

363— 132H-122/"— 22/'+5=0;  2/«_H^y=-?^® 


66  _^    / 
'=16  ^\- 


10  ^  10 


3680   .  4356      676      66  .  26      92      40 


100    '    100       100  ""10  "^10  ""10       10 

=9.2  or   4 
Hence,  a:=ll— 18.4=— 7.4;  ar=ll— 8=3. 

Q      ( 2a:*— 3an/+5a;+72/»— 21^-101=0  (1) 

^-    1  5a?-i/=ll  (2) 

Prom  (2),  y=  — 11  +5fl?.     Substituting  this  value  of  y  in  (1), 

we  obtain, 

2ar»—15a:*+33a?+5a^fl75a:»—770a?+847—10a?+22— 101=0. 

Reducing,  16ar»-742a^-768;  a;»_ZgT=-^; 

371  I     768     /37lx"     —124416+137641      1322^ 


i~  y      162"'"Vl62>^  "" 


162""  \   162^V1627""     (162)'     ""(162)» 
_371^115  486   256_    128 
""  162  ""  162""  162  ^^  162  ""  ^'  81 ' 

261 

Substituting  this  value  of  x  in  (2),  we  find  y=4  or  • 


81 


„     (a:+2y=9    t/=4or2     .    j  a?— 31/=  1    «i=4or— 5 
ta?'+2i/'=33    a?=lor6    ^'  \2x'—^y^26    y=lor— 2 


6. 


2x^^^^  =  4.+x  ar=2or6. 

.,    i_-?±?y  y=6or3. 

.     6                ay  ^37 

a!*—  ^y*=10— ^  «=5  or  — ^. 

2        l-|-3y  -           IS 


3^=-F-  y=dor-2- 
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,7. 


lOx+y  ...        1 


5  ^• 


y-x  =  2       y=4or^  T+Z=^'      (^) 


3 


-  +-=1.      (1) 
m      n 


X       y 


y  X  7W — X 

From  (1)  -  =irl^—  =:=  — ^-  Substituting  in  (2)^  remember- 

Ti      . "                             y                    wi          wi 
ing  that  -  is  thd  reciprocal  of  -,  we  obtain  —  -] =  4; 

or,  m'=4ma?— da?*;  whence,  a^ — ma?=:=  — ^ 


11. 


wi     „  _    ...    ,.  n 

a?  =  -5.   Substitutmg,y=^. 

r  3jr+2i/=12  a:=  —23  or  2. 

^-  j  8a;^— 2i/»+a?2/=20.  y=40^  or  3. 

in    i  6ar+7t/+a?2/=38  a:=l  or  3. 

^"-   j  2a;+i/=10— 2/.  y=4  or  2. 

^^=  .06a:+  .026y  a?=0  or  —1. 

.5w+2.25a^  ^  c  . 

a?--y=     ^     g ^  y=0  or  —2.4 

Definition. — An  equation  is  homogeneous  when  the  sum  of 
the  exponents  of  the  unknown  quantities  is  the  same  in 
every  term  into  which  these  quantities  enter. 

n. — From  two  homogeneous  equations  of  the  second  degree 
we  may  always  deduce  a  single  equation  of  the  second  degree,  by 
substituting  for  one  of  the  unJcnown  quantities  a  new  unknown 
quantity  multiplied  into  the  other. 
Let  Aa;»+Ba?2/+02/'=G  (1)  and 

AV+B'a?2/+0V=G'  (2)  be  any  two  homogeneous 
equations  of  tiie  second  degree.  Placing  y^^=pXf  and  sub- 
stituting in  (1)  and  (2),  we  obtain 

Aa!'+Bpx'+Gp^x'=^Q   (3) 
AV+B'pa;*4-C'pV=a'  (4) 
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From  (8)  we  have,  (A+Bp+Op»)aj«=G,  or  afc=  ® 


4ttd  from  (4),  a^= 


A+Bp+Cp''- 
G' 


A'+B^+CTp' 
Hence,  since  the  equations  are  simultaneous, 
G         _  G^ 

A+Bp+Cjo» ""  A'+B>-f  Cy 
or(A+B/>+Cp')G'=(A'+B'p+Cy)G  (5), 
(6)  being  a  complete  equation,  in  which  p  is  the  unknpwi^ 
quantity,  we  may  solve  it,  and,  finding  p,  we  may  substitute 
its  value  in  (3),  and,  solving  the  resulting  incomplete  equa- 
tion, obtain  x.  Substituting  the  value  of  ^  in  (1),  we  find 
the  value  of  y  from  the  resulting  complete  equation  of  the 
second  degree. 

!EXAHPLES. 

1.  2a;*+3«2/+2/'=20  («)     Substituting  px  ioi  y,  in  both, 
5ar*-f-4:i/*=41  (6)     equations,  we  obtain 

2ar'+3pa:»Hrp'ar^20  (c)         5ar»-H^V        :==41  (d) 

Hence,  the  equations  being  simultaneous, 

2W;^=5:W''  °rl00+80p'=824-123p-Klp' 
Beducii^,  39p'— 123 2>=  — 18; 
,123  18  .       a  6  ,  , 

^-WP=-395  °'P-   13P  =  -13<*> 

Solving  («),     

41         /      6      1681_  —812+1681     1869 
'^26~'V     18"'"(26)»~        (26)'       ~(26/ 
41^87     78        4-2 
=  26-26=26  ""^  26' =  ^°'' 13 
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Substitnting  in  (d),  we  obtain: 

to»4^6a:»=41    and    5a?»+^ar»=    41 

41:^=.  41  Seix" = 6929 

aA=   1  21a:»=  169 

^       169 


l/21 

IBince  y=pa: 

13  2  2 

t/=  ±1X3=  db3  and  y=  ±  — =  v  -- h  — ^=- 

^  ^         l/21^  13--1/21 

The  Talue  of  y  might  also  be  obtained  by  substituting 

ithe  value  of  a?  in  (h)  or  (a).     Thus,  taking  the  first  value 

of  ar,  5-f42/'=41;  or  4j/4=36.    Hence,  j/*=9  and  2^=±3. 

845 
Taking  the  second  value,  -^  +  42/'=41; 

orj/»=^andy=±-^ 

3a^ —  2xy+  t/^=  6 )     Comparing  with  equations  (1) 
7a;*— lLw/+52/'=19 1     and  (2)  of  the  discussion,  we 

«ee  that  in  this  A=3,  B=—  2,  0=1,  and  G=  6 
A'=7,  3-=— 11,  e=5,  and  G'=19 

Hence  (5)  becomes  57— 38p+19p"=42— 66p+3()p». 

Reducing,  we  obtain  lip' — 28p=15,  or  p' — TT^^'^iT* 

„  14^     /15  ,  196      361      14^19     ^  5 

Hence p=jjdz^jj+j^  =  j^  =  jjzhjj=3  or  --. 

Substituting  the  value  3  in  the  expression  for  a^^  we  obtain 

'^^  3=1+9=1  •••  «=±1- 

Taking  the  second  value  of  p, 

■L^         6         _  6 m  11 

10.  j5 -363+110+25-         *  *  *=*^- 

^^iri2i         121  *^ 


XQUAUUBK  3X9 

Sincey=pir,y=±lX8=r±8;y=±:-— =X  - 


3. 


l/83  11         v/^ 

^+^=8  «=±8or±-l 


4 


|/6 


(  a;*+«2/— y*=6  ar=2  or  — 2. 

(«-_y d       3  (a;»_26j/'=24. 

„    {(13a:)'4-2j^=177  ar=±l. 

t(2y)'— 13a;*=    8  y=±A. 

8  j  «'-^ry=25+ ^  aB=10  or  6|/^. 

(3a;'— (20+6y^l80  ^6=6  or     6»/=2. 

( j;»+3u;^28  «=6  or  i/2i. 

««_^     1=17-^  «=lor/2l 


I 


2 2  T.^xvx_- 


i  2"*"   3        2""2fVerify. 
(5a:»— 10t/»+ani=ll) 


10.  ^  ^ 

-icy +a!y=ll  - 

SYMMETRICAL  EQUATIONa 
Symmetzioal  Equations  are  those  in  which  the  un- 
known quantities  are  similarly  involyed;  i.  e.^  the  unknown 
quantities  may  interchange  positions  without  altering  the 
expressions. 

Illustration.  «*+y*+z*=36,  a:H«H-«H-y'+2^===2(X— yz,  aH-y=7, 
a5*+y*=10,  and  a;*+a:V+y*=56,  are  symmetricaL  a-— y=8  ia  not  a 
■ymmetrical  equation,  if  x  and  y  be  considered  the  nnknown  quantities; 
for,  though  there  is  a  •\-x  in  the  equation,  there  is  no  -(-y,  and  — y 
oocnrs,  bnt  — as  does  not. 

m.  Two  symmeirical  equations  of  the  second  degree  corUain^ 
ing  but  tvoo  unknown  qudniiHes  may  he  solved  by  substituHngfor 
one  of  the  quantities  the  sum  of  two  auxiliary  unknown  quan* 
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iiiiea,  and  for  the  other  the  difference  of  the  same  aiLxUiaries; 
loe  can  then  deduce  from  the  equaticna  a  single,  determinate 
equation  of  the  second  degree. 
Let  a  a^+a  y'+B  xy+c  x+c  y+G  =0  (1) 

aV+ay+B'a?i/+(/a?-|-c'2/-f-G'=0  (2)  represent  any 
Bymmetrical  equations  of  the  second  degree,  containing  only 
two  unknown  quantities.  Factoring,  and  writing  A  for  a, 
C  for  c,  and  A'  and  (J  for  a'  and  &,  respectively,  we  have 
A  (a:»-f2/')+B  ary-^G  (a?+2/)+G  =0  (3) 
AV+2/')+B'an/+C'(^+y)+G=0  (4) 
Now  the  sum  of  x  and  y  being  2s,  and  their  difference  20, 
place  x=8'\'Z  and  y=s — z,  «  and  2  being  auxiliary  unknown 
quantities;  we  then  have,  since 

iC*=8*+2fi2+2';  y^=8^ — 2s2+2*;  xy=^^ — «*,  etc. 
A  (28«+2z^)+B  (s'— z')+C  .  2s  -fG  =0  (5) 
A'(2^+2z")+B'(8'— 2')+C'.  2s  +G  =0  (6)  or, 
(2A  +B  )sH(2A  — B  K+20  s+G  =0  (7) 
(2A'+B')s*+(2A'— B'K+2C'8+G  =0  (8) 
Denoting  the  coefficients  of  s'  and  f?y  in  (7),  by  M  and  N,  and 
in  (8),  by  M'  and  N',  M  s'+l^  2^+2C  s+G  =0  (9) 
MV+NV+2C's+G'=0  (10) 
Eliminating  2"  by  subtraction  (365)  from  (9)  and  (10),  we  have 

(MN'— M'N)s'+2(CN  — C'N)s-f GN— G'N=---0  (11) 
which  is  an  ordinary  complete  equation  of  the  second  de- 
gree, and  may  therefore  be  solved  as  in  (383).     Having  s, 
by  substituting  in  (5)  or  (6),  we  obtain  the  value  of  0,  whence^ 
9  and  z  being  known,  x  and  y  are  known. 

Examples. 
a*+i/«=52  (1);  a:+2/+a:y=34  (2). 

I'lace  f^^ltl.   Thena;»+i/^28'+28fc=52,ora»+a^ae(3) 

«+y+'»V=28+8'— «*=:34  (4).     Eliminating  «*,  (36&) 

28-f-28'=60,  8*+s=30  .-.  8=5  or— 6. 
o  u  «x  X-      .    /ox  25+«'=26.  whence  e=  ±1 
SobeUtatingia  (8).  36+^=26,  whence  «=  ±  i/I^. 


Hence 
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x=6  or  4,  and  — 6±i/^10 
y=4  or  6,  and  — 6q:i/— 10* 


(1.)  (2.) 

( 5a;»+5y'+4n/=366    ar==4or6.1    j  Ta^'+Tj^+a^t^S? 
I  ai'+y'+x+y  =62.     y=6  or  4.  [  t  —x'-^j/'+x+y^^  —2. 

(3.) 

-+-==      /r=6or30  (4.) 

"^^   2/  ^  ja^+v*— («+2/)=78    afe9or3 

-=.1        V=30or6       \^+^+y        =39    2/^  or  9 
l^ary      18        ^ 

5      (8{a;»+2/»)-3a^=81+a:+i/(l). 

Let  x=z-\-8;  whence,  a^=^+2zs-\^^ 
y=2 — 8  y^=z^ — 22»+8'. 

SubBtituting  for  x  and  y  in  (1)  and  (2)  their  values,  b-^8  and 
e — 8,  respectively,  we  obtain 

IGg^+ies'^— 32'+3s'=81+22;  or,  132»+198»— 2^=81  (3) 
2s^+  2s^— 2«  =  8;  or,      «*•+     s»—  «=  4  (4) 

Multiplying  both  members  of  (4)  by  19,  and  subtracting  the 
results  from  the  members  of  (3),  we  obtain 
— .62»+172=5  or  62»— 17«=  —5 

Eeducing,  i^——z  =  —  - 

17        /     5      289—120+289' 
^~12^      6  "^144""        144 
_17^13  _30      ±  _^      1 
""  12  ""  12'  ~  12  ^^  12'  ~"  2  ^'^  3' 
Substituting  the  first  value  of  z  in  (4),  we  obtain 

-  — -— -=^-^«;  or— j=-««.-.s»=jand«=±^ 

1  K         f{  A 

Hence,  a!=«+«=d=  ^  +  ^  =  ^  or  ^,  =3  or  2. 
2-*-2  =  2°'2'=^*'''- 
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Taking  the  second  Talue  of  2,  we  have 

g  +«•—  §  =4;  or  9««=36+3— 1=38 .-.  8*=  ^  and  «=zb^ 

TT  1^   P  1/38 


6. 


4x4^y=^xy  x=4:  or  2,  and 5-  dz  i-^ — . 

0  6 

13  __  1/377 


«+2/+aj"+j/*=26         2/=2  or  4,  and  • 


xy=a. 


( x^y4-<xy=ll.  «=2  or  8. 

^-  I a;»4.2/-Hp+2/=18.  y=3  or  2. 

jrc^— a?4-?/»— y=32.  ar=5or4. 

»•  1 4a:y-K4-2/'=121.  y=4or5. 

dn/H2a±:i/6— 2a 

10  ■[  ^+a^+!/'=a  (1)  1  Subtracting  (2)  from  (1).  we  find 

*  t        re*  +ff=b  (2) )  xy=a — 6,  and  from  this  equation 

and  (2),  we  obtain  the  Talues  of  x  and  y,  as  in  example  9. 

IV.  When  toe  have  two  equations,  involving  different  powen 
of  the  same  algebraic  expression,  or  equations  from  which  we 
may  deduce  an  equation  involving  the  powers  of  any  algdnmc 
expression,  we  may  often  solve  by  regarding  this  expression  as 
the  unknown  quantity. 

Thus,  if  we  have  x^'i'y*+2xy+2x=12X>^2y  (1) 

xy-^=  8  (2) 

we  may  write  (1),  (a?+t/)'+2(a7+2/)=120  (3). 

Solving  (3)  with  regard  to  (x-\-y),  L  e.,  regarding  x+y  as 
the  unknown  quantity,  we  find: 

V         x-^y=  -l±|/T2i=10  or  -12;  ^  JJ_  _^^  [gj 

Combining  (4)  and  (2),  by  I,  we  obtain 

lOy— 2j^=     8  — 12y— 2j/»==     8 

^— 6y=— 4  y'-j-eyzzz— 4 

whence,  y=4  or  1  y=  — 3dr|/6  . 

Substituting  these  values  of  y,  we  find 
«5=6  or  9,  or  — 9ipy'6. 
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liXAMFIiES. 

3    |a^-fa:4-2/=18— 2/*(l^    Multiplying  both  members  of 

•  \  xy=6  (2)    (2)  by  2,  and  adding  to  (1), 

we  obtain  rc'-|-2a:2/4-2/'+a?-J-y=30 


=  5  or  — 6 
«=3  or  2;  or  — 3ifci/3 
2^=2  or  3;  or  — 3q:v^3 


=  5  or  — 6 
We  may  now  solve  by  (I):    x=^  or  2;  or  — 3±:|/3 


°-  t8«>H-4(a;-fy)'=372  y=±5  or  ±18* 

f-<B»+6a!3^-V-H»— 12y=  4  as=:ll  or  —  ¥• 

2 
a;»— 2a!y43y'— 4ar-|-6y=68  y=8  or  —  ^ 


I  a^—2xy-\-y=x—^. 


6 


i 

''•  tl0y+2al^-18a^--90=— »+/— 18y+81  (2). 

(1)  May  be  written:  4(ar+6)'— ia=a2(af+5)(2^-9)  (4). 

(2)  May  be  written:— 2(a?+5)(y—9)=2^y— 9)"  (5). 
Regarding  2  (a?+5)  and  y— 9  as  the  unknown  quantities, 

we  may  solve  (4)  and  (5)  by  II,  since  they  are  homogeneous. 
We  thus  obtain, 

2(ar+5)=  i-^;  x^=  d=8^|;  and  y-9=  ±  ■^. 

Whence  «= —6±3^=;  and  ysgiip'W-. 
9. 

1 12(0:2/— M—%+rf«)  =9  (2) 
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Begarding  3(iP — b)  and  4(y-}-<2)  as  the  unknown  quanti- 
tias,  (1)  and  (2)  are  symmetrical,  and  may,  therefore,  be 
solved  by  HI.  Multiplying  (2)  by  2,  and  adding,  member 
to  member,  to  (1),  and  solving  the  resulting  equation  with 
regard  to  3(ir— 6)-{-4(i/+d),  we  obtain  3(a; — &)+4(y-f  <f)==6 
or  — 5. 

Taking  the  positive  value,  we  find  3(a; — b)=^y-\-d)=  ±:3, 

Q  Q 

or  X — h=  dzl,  x=b±:l,  and  y-j-cZ=  dt  -,  y= — ddz-, 

4  4 

Taking  the  negative  value,  we  obtain, 

%— 6)=  — 6±  i/^=ii       S(y+d)=  — 5t  v^—n. 

a^-b= g y+d= g 

x= g y= g 


10. 


j  4a?*'— 14a?+2l2/— 132=  —92/*  (1)- 

1  ^=6  (2). 

(1)  May  be  written:  4a:'— 7(2a?— 32/)+9i/*=132  (3). 
Multiplying  both  members  of  (2)  by  12,  I2xy=l'l  (4). 
Subtracting  (4)  from    (3),   member  from    member,   we 
obtain  4ar^— 12a;i/-f9i/=^— 7(2a;— 32/)=60  (5).    Solving  (5)  with 
regard  to  2a; — 3i/,  we  obtain, 

«  «  7_^  /rrr49  289  ?  i?  _ 

2a;-32/=-±^60+  ^=— =-±-=12  or  -5. 

Taking  2a? — 32/=12  (6),  and  combining  with  (2),  we  find 
2/*+42/=4;  whence,  2/=— 2±l/8=—2(lqFl/2). 
Substituting  in  (6),  2a?+6(lTl/2)=12;  2afel2— 6±6v/2 

=      6(l±:l/2) 
x=      3(l±:l/2) 
For  2a? — 3i/=  — 5  (7),  we  have,  after  combining  with  (2), 
31/*— 5i/=12;  Substituting  in  (7), 

2/^—5  5^=4  2a^— 9=— 5    and  2a?-f4=— 6 

^  ,  2a?=     4  2a?=— 9 

5   .     Mti9  _  q  ^^       4  ^_     2  9  1 
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11-  {^^-^^^1'-"+'"    Verify. 

V.  Special  Gases. 

The  solution  of  simultaneous  equations  of  the  second  de- 
gree is  possible  in  some  cases,  not  yet  discussed.  Of  these 
cases  it  is,  however,  neither  conyenieni  nor  important  to 
attempt  a  classification.  We  shall  illustrate  the  most  com- 
mon artifices,  leaving  the  pupil  to  depend  on  his  own  skill 
in  applying  these,  or  inventing  new  devices  for  the  particu- 
lar examples  he  may  meet.  It  often  happens  that  we  may, 
by  eliminating  (365)  one  of  the  terms,  deduce  an  equation 
that  we  may  solve  directly.    Thus,  having  ^_  J^sHq    we 

deduce  at  once  7a;'=49  .  •.  a?=l  and  it=  ±lV  7.  We  should 
in  general  try  the  common  methods  of  eliminating  and 
solving,  before  passing  to  special  expedients. 

Examples. 
1- {£?i5:^a  g:j    Adding  (1)  and  (2). 

«'+afc=— q-— ;  se= "^ ^ ;  sabtracting(2)from(l), 


,      .  ...        a—b         — ldbv/l+2a— 26 

member  from  member,  %f-\Af=  — jp ;  y=  ■ 


2    '"—  2 


V^v+a/^=»  00 


p+2/      ^  3a?  ^  ''   Squaring,  we  obtain,  from 

^  xy—x-'y=64k  (2.)  (1), 

[Sx^x+y)f=0,  8a?— (a?-ft/)=0  .-.  Sx=x+y 

2a?=y; 
Substituting,  in  (2),  20?*— 3a?=54  y=2a?. 

=■12  or —9. 

21      ^  18  9 

-j.  =  6or--j=-2. 
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^-  ta^— l=an/  (2) 

Write  (2):  a; 

Adding, 

Subtracting, 
Multiplying  (5)  and  (6), 

—=48    (1)  -^=24 

■'    i/i  '"'        Divide  (1)  by  (2). 


j  lOa^'+Sa:!/— 18i/»+25a?— 21/=— 95 

\  6a^+2an/— 182/'+26a?+282/=28— 4a:»— ^ 


(1) 
(2) 


Write  (1) :  {2x+3y){5x^6y)+25x—2y=  —96  (3) 

Transpose  in  (2),  and  write  thus: 

(2a?-f-32/)(5a:— 6i/)-f26a:+28i/=28  (4) 

Subtracting  (3)  from  (4),  member  from  member, 

a?+30y=123  (6) 

which  may  be  combined  (I)  with  eii^her  (1)  or  (2). 

'^'  \  ^4!^^^S32    (2) }  ^^®^®  equations  may  be  solved 

by  transforming  (1)  thus;  V^xy=22 — (ar-f-y),  squaring,  and 
combining  the  resulting  equation  with  (2),  by  (HI)  or  (IV), 
but  it  is  better  to  divide  (2)  by  (1),  member  by  member,  thus 
obtaining  x — \/a:y^y=6  (3),  which,  added  to  (1),  gives 
a?+t/=14  (4).     Combining  (4)  with  (1),  we  have 

64 

l/^+14=22  .-.  i/an/=8  .-.  x=:—l 

substituting  in  (4),  t/' — 14y= — 64. 

^   {x'+xy=a  (1) 
^'y+xy=:b  (2) 

Adding, (a?+i/)*===a4^.\a?+2/==ib|/^q:^ (3).  Subtracting, 
«* — y^=a — b  .'.  (a?-f-t/)(i» — y)=a — 6  (4).     Dividing  (4)  by 

(3),  member  by  member,  x — y= — ^'^        (5).     Adding  (6) 


9.. 
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to  (3),  member  to  member,  2x=       ^1.  . .-.  x=±:  — ^. 

Hence  t/=db  — 

The  equations  may  also  be  solved  by  m,  11,  and,  after  the 
first  step,  by  I. 

a^-f-t/»=  -jflji/.  it={^  or  4  or  —  2. 

x—^u=^'  y==0or2or— 4. 

y      4 

Regarding  — y  as  an  unknown  quantity,  the  equations 

are  symmetrical. 

10.  JJ^=12_J:^;  3^?^±?^=30. 
\4a;+22/      27^/2a;+t/*  ^^      4 

B.    THREE  OR  MORE  EQUATIONS  rNVOLVING  THREE  OR 
MORE  UNKNOWN  QUANTITIES. 

894.  The  solution  of  the  general  case  is,  of  course,  im- 
possible, as  equations  of  the  fourth  degree  would  result 
from  the  first  steps  of  the  elimination. 

Special  cases  admit  of  solution;  we  shall  call  attention  to 
some  of  these,  and  illustrate  some  by  examples,  our  limits 
forbidding  an  exhaustive  treatment. 

If  we  have  several  equations  of  the  first  degree,  and  one 
of  the  second,  we  can  always  solve,  for  the  problem  is  fin- 
ally reduced  to  the  case  A  I,  after  all  the  quantities  except 
two  have  been  eliminated  from  the  equations  of  the  first  de- 
gree. 

In  general,  if  we  have  m  equations  of  the  first  degree 
and  n  of  the  second,  involving  in  all  m-f-n  unknown  quan- 
tities, we  may,  (370)  from  the  equations  of  the  first  degree, 
deduce  a  single  equation,  containing  not  more  than  n-f-1 
unknown  quantities.  This  we  can  combine  with  one  of  the 
equations  of  the  second  degree,  obtaining  a  single  equation 
of  the  second  degree,  having  eliminated  an  unknown  quan- 
tity.    We  now  have  n  equations  of  the  second  degree.     If 
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n=l,  or  2,  we  may  solve  by  methods  already  discussed.  If 
n>2,  and  we  meet  at  any  step  of  the  process  with  equa- 
tions to  which  A I — ^V  will  not  apply,  we  must  depend  for 
the  solution  entirely  on  such  special  expedients  as  may  be 
suggested  by  the  nature  of  the  case. 

Examples. 

(  3a:— 21/+  «=4  (1)    From  (1)  and  (2) 

1.  i  6a^4-31/— 4z=3  (2)  ( 16a:— 10y4-  6«=20 
(   a:*— 1/«+«*=8(3)               •]    15a?+9y— 12g=  9 

(       — 192/+17fc=ll 
172H-11 
2^= -19- 

Substituting  in  (3),  x"—     \g       +2*=8  (4). 

From  (1)  and  (2),  eliminating  y,  we  obtain  19a: — 5e=18; 

whence,  x=  — ^^— »  which,  substituted  in  (4),  gives 

324+180g+25g'      ITg*- llg 

(19)'  19       +^— ^' 

or  324+180«+25«*— 823«*+209f+361«*=2888; 

or  632'-f3892=2564. 
Solving  this  equation,  we  may  obtain  e,  which,  substi- 
tuted in  the  value  of  x,  will  give  x,  and  this,  substituted  in 
(1),  will  give  the  value  of  y. 

(  a:-fi/+«=6  x=l 

2.  •{  *+4a:+2.y=2a4-6  y=2 
(        x'+y^^=U  fc=3. 

( a^z^y^-^i^ — 2nye  (1)    Adding  2yB — 2y8  to  the  second 

3.  -j  x+y+e=a  (2)    member  of  (1),  we  obtain 
{y^b                   (3)    a:«==(y+,)«_2(l+n)y«(4); 

whence,  substituting  the  values  of  y+B  and  ys  from  (2) 

and  (3),  x'=(a^xy^2(l  +n)6.  ■  .x=  ^  — ^+^)^ 

Adding  2yz — 2y2  to  the  second  member  of  (1),  we  obtain 
also,  a^={y — 2)'+2(l — n)yz;  whence,  ^  and  t/2  being  known, 
we  may  find  y — z.  Having,  then,  the  sum  and  difference 
of  y  and  e  (from  this  operation  and  from  (2)  ),  we  find 

V  and  z.  * 
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a?-fv4-«=6      x=2  or  —18 

dx=2yz      y=l  or  3  and  25.07^  or  —1.076 

2a^+ 1  y2=y'+s^       «=3  or  1  and  —1.076  or  25.076. 
o 

C       Sx'-4e=&y+2  x==2  or  —40 

5.  4    2z+x+2a^=S+y  y=r3  or  1389 
( Sy-\^e+5=2x+x'                          «=»  —2  or  —884. 

6.  ]  2/'-h»t/+2/«=20        Verify. 
(  e'+zx  +«2^=10 

7^=v       aj     I>ividmg(l)b3r(2),?  =  f  ...  ..«=B»; 


XV 


^  '^  Substitutmg  in  (3),  we  obtain . 


^=27    (4.)  «'=4.-.  e=±2; 

X 

2 

Substituting  this  value  of  e  in  (1),  a;2/=±:2  .-.  ap=±-. 

Dividing  (3)  by  (4),  member  by  member,  we  obtain,  —  =  — . 

4       4  11 

or,  substituting  the  value  of  a;,  -j=:^;  whence,  --g  =  ~  ; 

ory'=27  .-.  y=zS;  hence  we  obtain,  (2),  «=  ifc  3 . 2=  it  6, 
(l)x=±^, 

f.    j  m4-«=2«  (1).  u»+a:»+2/*-f  «*=4c»  (3). 

^-  X  x+y=2f^  (2).  u«=a^  (4). 

Adding  2ub  to  the  first  member  of  (3),  and  subtracting 
2xy=2m,  so  as  to  preserve  the  equality  of  the  members  of 
3),  we  obtain, 

(5)  u'+2uz+sf+x'—2xy+y'=4c',  or  (u+«)»+(aj— y)*=4o». 

Substituting  in  (6)  the  value  of  u-f^,  from  (1),  we  obtain 

As'+Ca?— y)'=^';  (a>-j/)^=4c'— 48*  ...  a?— y=  ±2i/?==?; 

Prom  (2),  x-\-y=28\ 

Hence,  2x=28"±2^/c'—t^;  a:==«'dti/?^;  y=trq:y^^^^. 

Similarly,  by  subtracting  2ut — 2a?y=0,  from  the  first 
member  of  (3),  (M~0)*+(a?4-2/)'=4c». 
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Since,  (2),  a?+y=2^,  (u-^)»=4c»— is'*;  u— 2=  di2i/^ 
and,  (1),  u+«=2s. 


hence,  2tt=2s±2i/c*— sT';  ti=8zb  v/c*+a'*;  «=8ipi/'c*— «''. 

o      {3eyz=2k.  xzv=AQ.  ate2.  fc=4. 

•     \anfv=ZQ.  yev=eO.  y=3.  v=6. 

(  20t/*44{»»— ass-fSa*  =50  (1).      Let  x  =py  and  «=  ^t/. 
10 .  J  3a:»+a?0H-32»=25  (2).     Then,  from  (1),  (2),  (3), 

(  9a:'—a:z+9z'— 211/^50   (3).         we  obtain, 

y»(20+V-^ W)=50;  or  y^=  ^o+J^q+B^  <^)' 

y'(3i>»+P^+3^')        =26;  or  y^=  3^.^^^^^,  (5); 

y.( V-^+93'-21)=50;  or  t/^=  ^p.^^!^^^,^^^  (6); 

50 25 


50  50 


(8); 


20+4p'— TO+59*  ~  V— P^+^s*— 21 
From  (7),  6p'+2p5+65»=20+^'— P^+5^, 

or  2p'+3p5+g»=20  (9); 

From  (8),  20+^'— p^+5^=9p»— p5r+93'— 21, 

or  BpH4^=41  (10). 

Equations  (9)  and  (10),  being  homogeneous,  fall  under  (II). 

13  2 

Solving  them,  p=  ±1  or  ±    .-^;  5=  ±3  or  ±  "/=• 

By  Bubstitnting  these  values  in  (4),  (5),  or  (6),  the  Talues 
of  y  may  be  found,  knowing  which,  we  know  x  and  2. 

11.  ay=:ix+4y  (1);  a?«t=6a?+5«  (2);  yz==&y+6B  (3). 
Write(l):l  =  i+^;(2):l  =  i+^;(3):^  =  i  +  i^ 

Eliminate  by  (365) 

1_1^^.  1      1^1    2^13     _120 
'y      z       20'y^z      6*  y      60*^^13'  ' 
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SECTION  m. 
BINOMIAL  EQUATIONS. 

395.  A  Binomial  Equation  is  one  that  contains  only 
one  power  of  an  unknown  quantity,  exclusive  of  the  zero 
power. 

Such  an  equation  can  always  be  reduced  to  the  form 
ixf^==q,  by  uniting  all  the  terms  containing  the  unknown 
quantity  into  one  term,  and  uniting  all  known  terms  into 
one  term  in  the  other  member.  Transposing,  we  have 
af* — 9=0,  in  which,  the  second  member  being  zero,  the  first 
is  a  binomial,  whence  the  name. 

896.  To  Deduce  a  Rule  for  solving  a  Binomial 
Equation. 

Let  af*=q  represent  any  binomial  equation,  reduced  to 
its  simplest  form.  We  may  have  the  cases:  n  positive,  and 
entire  or  fractional;  and  n  negative,  and  entire  or  fractional. 

I.  n  positive  and  entire.     It  is  obvious  that,  in  this  case, 

we  may  at  once  extract  the  nth  root  of  the  two  members, 

obtaining  a;=±v^g  if  n  is  even,  and  x=^^/q  if  n  is  odd. 

r  T. 

n.  n  positive  and  fractional.     Let  n=  — .     Then  xt  =q. 

Baising  both  members  to  the  s£k  power,  9f=^(f\  extracting 
the  rlh  root  of  both  members  of  this  equation,  x=q^ . 

m.  n  negative,  and  either  entire  or  fractional.  Let  n 
=  — p.     Then  ar^^=q.    Multiplying  both  members  by  sc^, 

we  haveaf^=9a5P  .•.  a5«=:-  .-.  aj=db^|-,  or  JJ-,  according 

as  p  is  even  or  odd. 

Hence  we  deduce  the  following 

BuLE. — Reduce  the  equation  to  the  form  X*=q.     The  value 

of  'X.is  then  q,  vrith  an  exponent  equal  to  - . 
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897.  Corollary. — 7\do  roots,  equal  toith  corUrary  signs,  imS 
l>e  obtained  if  the  number  of  units,  in  (he  exponent  of  IL,  is 
even;  one  root,  having  the  sign  of  q,  vnll  be  obtained  when  the 
number  of  these  units  is  odd,  Jfnis  even  and  q  negative,  both 
roots  obtained  wiU  be  imaginary. 

Examples. 
Reducing  to  the  form  ar^sq,  we  find  69a^=sd63,  whence, 

2 

2.  7a?^— 21+       7=  +6=4a?^+l.  x=±S. 

3.  6^-36+ '"^-^=3^-   ^-^  ■  ' 


7  5  ~3 

^3  27^3       ^^ 

S98.  If  an  equation  involves  but  one  power  of  any  alge- 
braic expression  whatever,  we  may,  of  course,  find  the  value 
of  this  expression  from  (886)^  and  may  thus  often  find  one 
or  more  roots  of  an  equation  veiy  high  in  degree,  involving 
different  powers  of  the  unknown  quantity.  To  take  a  single 
and  easy  example,  let 

V+452/»+9V+902f'+63^— 3=  —d^^4l^+e. 
Uniting  terms,  9(2/* +2/)*=s9  .•.  y*-f.ya=l.    Hence 
1_^   /6  l±\/l 


y=— o^Vt 


2""^4  2 
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SECTION  IV. 
TRINOMIAL  EQUATIONS. 

889.  A  Trinomial  Equation  is  one  that  contains  only 
two  powers  of  an  unknown  quantity,  excluding  the  zero 
power. 

Such  an  equation  may  always  be  reduced  to  the  form 
a:^+2paf=5,  by  a  method  similar  to  that  pursued  in  (378). 
Transposing,  we  obtain,  J5**-|-2paf* — ^'=0,  in  which  equation, 
the  second  member  being  0,  the  first  is  a  trinomial,  whence 
the  name. 

400.  We  cannot  solve  all  trinomial  equations;  we  can,  in 
general,  solve  only  those  in  which  the  exponent  of  the  lower 
power  of  the  unknown  quantity  is  one-half  the  exponent 
of  the  higher  power.     Such  equations  will  be  of  the  form 

401.  To  Deduce  a  R\ile  for  solving  an  equation  of 
the  foim.  x2«+2px"=:q.    (1). 

If,  in  this  equation,  we  consider  o^  as  the  unknown  quan« 
tity,  the  equation  may  be  written  (a?*/+2p(a*)=g  (2),  a  com- 
plete equation  of  the  second  degree.  Solving,  with  refer- 
ence to  afy  we  obtain,  0^"= — p±:T/g-]-p'.     Hence  (383) 

a?  ==  ±  \  — :Pihl/^+p*,  or  \^p±Vq+p^,  as  n  is  even  or 
odd.     Hence  the 

Rule.— Jny  equation  beingreduced  to  the  form  x**-f-2px*=q, 
to  find  the  values  ofx.:  Ifnhe  even,  take  plus  or  minus  the  ntb 
root  of  half  the  coefficient  of  the  lower  power  of  x,  with  its 
sign  changed,  increased  or  diminished  by  the  square  root  of  the 
second  member,  plus  the  square  of  this  half  coefficient.  If  n 
be  odd,  take  simply  the  nth  root  of  this  quantity. 

402.  If  n  is  even,  the  application  of  the  rule  gives  four 
roots,  i.  e.,  two  sets,  the  roots  in  each  set  being  numeri- 
cally equal,  with  contrary  signs.    The  sign  of  — pii/^-j-p* 
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being  detennined,  as  in  (387),  we  can  tell  the  number  of 
real  and  of  imaginary  roots.  If  n  is  odd,  we  obtain  but  two 
Toots,  one  having  the  sign  of  — p+i/g-f^*,  the  other  hav- 
ing the  sign  of  — p— l/^-J^*. 

403.  We  have  foand  that  every  equation  of  the  first 
degree,  containing  but  one  unknown  quantity,  has  but  one 
root,  and  every  equation  of  the  second  degree  has  two 
roots,  and  only  two.  We  shall  find,  similarly,  that  every 
equation  of  the  m^  degree  has  m  roots,  and  no  more. 
Hence  the  equation  x^*+2paf'=q,  has  2n  roots,  of  which 
we  can  find  not  more  than  4  by  (401);  the  others  we  find 
•by  methods  treated  in  the  higher  Algebra. 

C/learing  of  fractions, 

12a?*— 42a:»— 294— 3a:»— 21===9a?*--63a^-f4a?*— 19a?— 63; 
uniting  terms,  a?* — 37afe=  — 252 


—  ±»/28  and  ±3. 

2-  j^  -® = a?-  «*-i^lO  and  — g^lS- 

8.  2iB'— 7a!^99. 

4.  a^l^i— 4»#^-f3— 0.  Bednomg  to  the  form 

Saf-10       1 
•  5(a!'— 6)~20' 

6.  «•— 8a!»-.618.  Ans.  <b— «  or  —#'19. 

7.  «•— 86a5'+216=.0.  Ans.  x^2  or  8. 
«.  «"+.958a!'=.047.  uln«.  «= —1  or  0.6461. 
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9.  a?-f4|/ic=21.  Ans.  as=9or49. 

In  verifying  this  equation,  \/x  must  be  taken  +3,  onleas  we  under- 
stand the  double  sign  before  the  radical,  when  -|-3  may  be  used  with 
the  upper,  and  — 3  with  the  lower,  sign.  Why  is  this  the  case? 
Would  |/sB=:  +7  satisfy  the  equation  as  it  stands  ?  Why  ? 


*               ^     8a             "*     28a 
10.  3ac5^=— 9aa?a»» ^ +27aa?» 5-. 


^n«.a^Q«  or  (--).. 


404.  The  rule  (401)  may  also  be  applied  to  the  solution 
of  any  equation  from  which  we  wish  to  find  the  value  of 
any  algebraic  expression  occurring  therein  with  only  two 
exponents,  of  which  the  higher  is  double  the  lowex. 

1.  Take  the  equation, 

12a?-fi^— 210=5— 8«»— 6a— 3^+205. 

We  may  write  the  equation, 

12(a?+  -)— 210=5— 3(a?+  J  y+205. 

Transposing, 

Solving,  x-| =10,  or  — 14.    Hence, 

X 

si?—10x=^  —  a,  and  a^==+5it:|/2g^tt7  «»4-14a!^— a,  and 


2.  |/a?+12-|Vfl?+12=6.  Am.  «=4  or  69. 

^       V^x— a      ,  l/a>--a+l     18 
l/a^— a+1        vx--a        ^ 

4.  «»+16+^+a;=42— 1. 

ST  X 

An».  10=4^  or  2,  and  ll^!^!. 
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5.  v^3a?— 14+6l^3a^-14— 7====4v'3a?— 14— 3i^3a?— 14— 1. 

Verify. 

6.  a'+2aa;'+5a'a:-f-4a'=0;  multiplying  through  by  a?, 
a:*+2aa;»+5aV+4a»a:  =  0;  or  (a;»+aa?)'-f4aV+«^)=0. 
Whence,  x^-j-ax^s  — 4a",  or  0. 

7.  X* — 2a;' — 7x*'-^-Sx+12=0;  the  equation  may  be  writ- 
ten, (a;»— a?)'— 8(«»— a?)+12==0. 

8.  0^— 6a:'-}-3a;*=18.  Ans.  x=±\/^^. 

405.  An  equation  may  often  be  reduced  to  the  form  now 
under  discussion,  by  transposing  all  the  terms  to  the  first 
member,  arranging  with  reference  to  the  unknown  quan- 
tity, and  extracting  the  square  root,  making  the  highest 
exponent  even,  if  necessary,  by  multiplying  through  by  the 
unknown  quantity,  and  the  corresponding  coefficient  a  per- 
fect square.  If  the  root  is  a  factor  of  the  remainder,  or 
part  of  the  remainder,  this  root  will  be  the  quantity  with 
reference  to  which  the  given  equation  may  be  solved. 

9.  Take  the  equation  a:^— 14r»-|-56a?'— 49a^60. 

a:*— 14»*-f56a;' — 49a:— 60  |^— 7a?       Proceeding  as  directed, 
X* — 14aj"+49a5'  we  find  that  the   partial 

7a;* — 49a? — 60.  square  root  a^ — 7a?,  is  a 

factor  of  the  first  part  of  the  remainder.     Arranging  the 
given  equation  then,  with  reference  to  sc^ — 7a?,  we  have, 
(»'—7a?)'+7(ar*— 7a?)— 60=^=0, 
,     ..  7        177749     289  7      17     ^ 

7        /69     1  ,  , V 

a?"- 7a?=— 12,  a?=  o  —  \  4  =  ^  ^'  ^• 

With  equations  of  the  fourth  degree  it  is  unDeeeeaaiy  to 
go  further  than  two  terms,  in  extracting  the  root. 

10.  a^f5a?-f 4p=5(a?»+6aH-28)*. 


a;=4  or  —9,  or  —  ^(Sdzi/— 61). 
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11.  i/l+x—x'—2(l+x-^x')=:^' 

l/3dbl/il\         l/3d:2i/ll\ 

12.  a^+20a;'=69.  sc=^3  or  —^23. 

13.  x*-\-^ — iaa^+ax+a^=0.    Dividing  by  ar», 

^+^-4a+^  +  J=0,  or  (x+^y+Qs+^^=6a. 

2  2 

14.  X— 1=2+— ir.  Transposing,  a;— 3= -7=; 

K  a?  1/  a? 

4 

squaring,  ar*— 6a7+9=-,  or  a;"— 6a:*+9a^4;  whence, 
a? 

a?* — Ga^+Oar* — 4a;±=0.    Adding  aj'+a:  to  both  members, 

ix^—6a^+10x'—3x=x'+x,  or  (ar»— 3a?)*+(a;^— 3a:)=a:»+a?  .-. 

ar* — 3a:=a?  or  — ^a?— 1.    Taking  a^— 3a;i=a?,  a=4; 

taking  ar* — 3a^= — x — 1,  a:* — 2a;^= — 1  .-.  a;=l. 

15.  a?*— 2a;'+a?=132.     This  may  be  written 

(ar*— a:)^— (a:*— a:)=132. 

17  289 

16.  x'+  ■jar'=34ar-hl6.    Adding  -^x"  to  both  members, 

,     17  ,     289  ,     289  ,  l 

^+T^+l6"^=l6"^  +  84a;  +  16,  a;^_ior-8. 

406.  It  may  often  be  useful  to  remember  that  if  a  polyno- 
mial equals  zero,  the  product  of  its  factors  equals  zero;  and 
hence  we  may  place  each  factor  separately  equal  to  zero. 
This  is  merely  an  extension  of  a  principle  already  (388)  em- 
ployed. For  example,  let  6a?*— 2aa^+14a?'-j-18a;»— 3aa:*+ 
42a: — a*a:+7a=0.  The  factors  of  the  first  member  are, 
3ar* — aa;+7  and  2a?'+6a:4-a,  placing  either  of  which  equal  to 
0,  we  obtain  an  equation  that  we  can  solve  exactly.  This  is 
one  more  illustration  of  the  importance  of  practical  skill 
in  factoring. 

407.  Double  Radicals.  —  The  solution  of  trinomial 
equations  of  the  fourth  degree  frequently  gives  rise  to  ex- 


338  *       EQUATIONS. 

pressioDS  of  the  form  \a±:i/b,  called  Double  RadimU  u 
and  h  being  numerical  or  literal,  positiye  or  negative,  entire 
or  fractional.  As  these  expressions  require  the  extraction 
of  the  square  root  of  radicals,  we  always  reduce  them,  when 
such  reduction  is  possible,  to  the  form  a'±\^'  or  i/a''d:V^. 
These  forms  are  more  convenient,  as  they  indicate  merely 

the  extraction  of  roots  of  rational  quantities.  \aihl^ 
may  represent  any  double  radical  deduced  from  an  equa- 
tion of  the  fourth  degree,  for  the  most  general  form  of  such 
:a  radical  would  be  \a±:f\/U'\  which  may  be  reduced  to 
ihe  above  form  by  placing/ under  the  second  radical,  thus: 

^a+v7^  or  y^a+\/b  (I). 

408.  To  Deduce  a  Formula  fbr  reducing  any  Radical 
of  the  form  \a±Vh  to  the  form  V^±.Vh\ 

Let '\a+l/6=^+g  (1))  p  and  q  being  quantities  the 
^  ../^  /2\  C  values  of  which  are  to  be  de- 

termined so  that  they  may  fulfill  these  conditions.  Squar- 
ing the  members  of  (1)  and  (2),  we  obtain 

a+i/6=p»+2p5+3'  (3) 

a^Vh=Tff—^+<f  (4) 

Multiplying  (1)  by  (2),  member  by  member, 

l/a* — b=p^ — (f=^c  (5),  placing  i/a* — 6=c. 
Adding  (3)  and  (4),  member  to  member,  we  find  2a=2(p'-f-^) 
or  a=p*-lHg^  (6).    Adding  (5)  and  (6),  member  to  member, 

we  find  2p*=a+c  .-.  p=±:^—^.    Subtracting  (5)  from 


a — c 


(6),  member  from  member,  23^=0— <?  .'.  7=dz-y- 
Hence.  i>+g-^MVfe=±(-^^  +  -^^) '  (7) 

p-g=V^-i7^±(^«^_^  (8) 
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If  a^ — b  is  a  perfect  square,  c  will  be  rational,  and  (7)  and 
(8)  are  the  formulsB  required.  If  a* — b  is  not  a  perfect 
square,  c  is  a  radical,  and  the  transformation  is  of  no  ser- 
vice. Before  applying  (7)  and  (8),  therefore,  we  must  satisfy 
ourselves  that  a' — b  is  a  perfect  square. 

Examples. 
Beduce  the  following  radicals  to  their  simplest  forms: 

1.  l/8+2i/l5  — 1/8— 2t/  15. 
Beducing  to  the  form  (1),  we  obtain 

l/8+i/60  — 1/8— i/60.     i/^C5'=  i/64-60=2. 
Hence  the  formula  may  be  used, 

a+c_8+2_10  «— <^_S— 2 

■^"-""2"~T~^'      2    "~    2    ""'*• 
Hence  we  have  d:(i/5+i/3),  from  which  we  subtract 
±  (1/5  — 1/3) ,  obtaining  2i/3. 


2.  l/a6+4c»— d*+2i/4a6c'— a6(f. 

In  (I),        a»=a*6"+  8a6c»— 2aM»— 8cPc*+d*+16c* 

g'— &=a'6'—  8a5c«4-2a6<f— 8(Pc*+16c*+d* 
l/a' — 6=  4c* —       cP — ab=c 
a=  4dC^ —       d^+ab=a 
a-fc=  8c'—     2^  SII^2a6  .-. 


l/a5+4c»— <P+2i/4a^>c— 06^"=  ±:(i/4c»— cP+i/od). 


8.  l/ll+2i/30+i/ll— 2i/30.  ^ns.  2/6. 

4.  1^18+81/5—1/18—81/5.  ^n«.  4i/2. 


5.  1/3— 4i/— 1.  -4n8.  2—1/=^. 


6.  l/&c+2V^P-\/6c— 26i/55^^.  ^na.  d:26. 

7.  1/8O+I81/— 64. 
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8.  v/30— 6|/39+18.  Ans.  ilr(i/39— 3). 


9.  v^6an^4-4/— 16i;»  +  2|/24  xyz'—dexyv'. 


Ans.  Hz(2i/«*— 4v^+i/6irt/)- 


10.  1/4+31/— 20+V^4--3i/— 20.  Arts,  6. 


The  general  discusEaon  of  the  donble  rasdical,  va±:\/b, 
is  not  of  sufficient  utility  or  importance  to  Justify  our  giv- 
ing it  space  here. 


SECTION  V. 

SIMULTANEOUS    EQUATIONS    OF 
HIGHER    DEGREES, 

409.  Simultaneous  equations  of  higher  degrees  than  the 
second  may  often  be  solved  by  the  rules  and  expedients 
already  discussed  in  connection  with  equations  of  the 
second  degree.  The  principal  devices  resorted  to  are  those 
discussed  in  A,  11,  III,  IV,  and  a  few  that  cannot  be  con- 
veniently classified.  As  we  cannot  here  enter  into  a  com- 
plete discussion  of  the  subject,  we  shall  illustrate,  by  a  few 
examples,  the  most  important  methods  of  solution;  ex- 
amples that  will  give  the  student  an  idea  of  the  ways  of 
operating;  practice,  assisted  by  ingenuity  and  close  obser- 
vation, will  render  him  skillful  in  the  treatment  of  the 
different  cases  that  may  arise. 

Examples. 
1.  x+y=a  (1);  a^+y^=c  (2).    Here  we  may  divide  (2) 
by  (1),   member  by  member,   obtaining  a?^-xy+y^==  — , 

an  equation  of  the  second  degree,  in  which  we  may  substi- 
tute the  value  of  ar  or  y  from  (1).  Or,  place  x=z8'\^, 
y=8—z,  since  (1)  and  (2)  are  symmetrical.     Substituting  in 

(1),  2s=a;  (2),  2s»+6s2^=c,  and  «=  it  \^-^>  whence. 
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«=«dz-^E^,  and  y=8±yj^^.    Snbatitutiiig  for  8  its 
yalue,  ---,  we  obtain. 


4*K 

\     3a 


?  . 


3a 

2.  a?+y=6,  a:*-t-yS=272. 

Prom  (1)  a?*-|-4ajV+6ay44ay +iA=1296. 

rBom(2)a?* +y*=  272. 

Hence,  by  subtraction,        4K'3/+6i»^*+4affy"       =1024, 

or,  2a:y(2a:'+3ary+2j/')=1024    (3) 

From  (1),  aj*+2a:y+j/'=36;     2a:2/(ar'+4a:y+2j/*)=144aw/  (4) 
Subtracting  (3)  from  (4),  member  from  member, 

2iy=144an/— 1024, 
Solving  with  reference  to  xy^  xy=:sQ4k  (5),  or  osy=S  (6). 
Combining  (5)  and  (6)  with  (1),  we  find  2/^=2,  or  4,  and 
8±:t/— 56;  a?=4  or  2,  and  3qil/— 55. 

3    os-\-y+i/x'j-y=  12  (1)    Solve  (1)  with  regard  to  ar+y 
^+2/*  =189  (2)    and  combine  the  result  with 

(2),  as  in  Example  1.  Ans.  ^J  ^  * 

.    xy+xy'=12(l)    We  may  write  (1)      a!y(l+y)=12  (S) 
*•  X  -hcj/'=18  (2)  and  (2)      a(l-tV)=18  (4) 

Dividing  (4)  by  (3),  member  by  member, 

I  (l-i/-IV)=  I  or  2-2y+2j^3yj     y'-2.6y=  -1 

.-.  y=2  or  0.6.    Substituting  in  (4),  <e=2  or  16. 

-   a?y+!t^  =  6  .^   «=2  or  1 

^-  a!»j/'+a^y'=12  ^"«-  t/=l  or  2' 

n   ci!^+xy'=SO  .  .    «^2or3 

»-«'+y»=35  ^•j/^or2' 

„   «y +ay +«y+«y+2a!'i/^=600  (1) 
'•  a!-fy-fyW14  (2) 

We  may  write  (1):  a!y+{/+2y)xy+cn/'+xy=600 

«y(l  +y'+22/)+«j/(l-f^)=600 

aY(l+y)'+^l  -h/)=600 
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Solving  with  respect  to  scy^i+y),  we  have, 

xy{l+y)=  —  2  ±\/-j-  =  —  2  It  -g-=  24  or  —25. 

24 
Taking  the  positive  value,  oET^ss——;;   which,  substitaied 

in  (2),  gives  (2/»+2/)«-14(2/'+y)=  -24; 

24        24 
whence,  y'-f-i/=12  or  2,  and  x=  —  or  -5-  =2  or  12. 

1         |49  1     7 

Taking  J/'^-y=12;  j/=  — ^  ±'^^=— ^±^=8  or  — 4. 

Taking j/'+y=.  2;  y 1±^|  =-i±|=lor— 2. 

25 

If  we  take  the  second  value  of  x,  viz. : =- — ,  we  ob- 

j/'-j-y 

tain,  from  (2),  (y'+y)— 14(y'-h/)=25;  _ 

y«+y=  -f  7±i/25+49=74;  =  +7±l/74; 

»*=— 2±\-4  -h/74 = — 2(l±l/29±4i/7i) 

26 

anaa;=: := 

7dbl/74 

8.  »»+^  +j/^=84  (1);  «+  --h^l4  (2).     Dividing  (1) 

jr  y 

by  (2),  member  by  member,  we  obtain,  — [-y — flp=6  (3). 
— hy+^»=14.    Adding  (2)  and  (3),  member  to  member, 

y 

_  -f  2/ \=20  .  • .  —  +  y  s=  10.     Substituting  this 

y     J  y 

value  for — |-t/,  in  (2),  we  find  a7-|-10=14    .•.    a5i=4.  •.• 

Z  +t/^10,  a?+y^lOy  .-.  16=«10y— j/»,  or  j/»— 10y=  —16; 
whence  y=5±l/9=8  or  2. 

9.  2(a:»-yX«^)-32a:2/  (1);  ^=^^  (2). 

Clearing  of  fractions  and  reducing,  we  have, 

(a^-yXx-^)=16xy  (3);  («*— yX**— y')=64(tey  (4). 
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Dividing  (4)  by  (3),  member  by  member, 

a^'\-oi^+xy^"{'l/^=40xy  (5) 
Prom  (1),  a^—a!^y—(n/^-{-'if=16xy  (1) 
Hence  x^y+^y^       =l2xy 

xy{x+y)       =12o^ 
Whence,  (a?+t/)=12,  and  a?=12— j/,  and  a^+2ity^y^:=liA, 
a^-H/«=144— 2^2/  (6). 

From  (3)  and  (4),  (x'-^Xx-^-yy^^iOxy  (5);  (a^4-j/')12= 

27 
40xy  (7).     Combining  (6)  and  (7),  we  find  ajy«27  .-.  x=s:  — . 

y 

Whence,  27+2/*=122/,  j/»— 12t/s=  —27,  j/±=6±l/9==6±:3=9 
or  3,  and  x=s3  or  9. 

^^-  ^+ffr^x'+y'='20Sxy  {2) 

Factoring  in  (2),  and  dividing  each  member  by  osV^  ^^^ 
dividing  each  member  of  (1)  by  xy. 

Let  a:+-=»  and  t/4-  -  =v;  whence,  t;4-«=18; 
^  2/ 

v'+2*=212;  whence,  t*=14  or  4;  «s=4  or  14. 

a5*+l=4a:  or  14a7;  t/^-f  l=14y  or  41/;  whence, 

ate2±i/3,  or  7±4i/3;  j/a=7zb4i/3,  or  2ibl/8. 

PROBLEMS. 

1.  Find  two  numbers,  such  that  the  sum  of  the  products 
obtained  by  multiplying  them  by  a  and  b  respectively  may 
be  equal  to  2s,  and  the  product  of  the  numbers  may  be 
equal  to  p. 

Let  X  represent  the  first,  and  y  the  second,  nnmber. 
From  the  conditions,  ax+by=:28 ....  (1).    xyz=p ....  (2). 

20 — ax                                                     ^isx—oai^ 
From  (1),  y=  — r — ;  sabstitating  this  valae  in  (2),  r—  ==p,  or 

«a^2«=-^6;  whence x=:{  ^^V^^^^^V^., 


From  (1),  a:=?5=^,  whence,  (2),  ^ffy-byh^ap ,'.  y=*~^f""^^. 
a  6 

There  will,  in  general,  be  two  solutions  to  the  problem,  the  sign  being 
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govemed  in  each  caae  by  the  mgn  of  t,  sinoe  «>'|/«'— ap6  Mid 
«>|/«'— 6pa.    If  »^=apb,  the  two  valaes  of  x  rednce  to  -,  and  the  two 

values  of  y  reduce  to  ?;  and  if  a=&,  the  problem  has  practically  but  one 

solution,  since  the  two  values  of  x  and  the  two  values  of  y  reduce  to  the 
same.  If  i^^ahp,  both  values  of  x  and  y  become  imaginary,  t.  e.,  the 
solution  of  the  problem,  if  understood  in  the  strict  arithmetical  sense^ 
is  impossible. 

2.  The  sum  of  two  numbers  is  4,  and  the  sum  of  their 
fourth  powers  is  82.    What  are  the  numbers? 

An&.  3  and  1. 

3.  In  Deltonare  two  squares^  the  difference  in  area  being 
<f.  If  each  side  of  the  first  were  n  times  its  present  length, 
and  each  side  of  the  second  b  times  its  present  length,  the 
first  would  be  longer  by  d  than  the  second.  Bequired,  the 
length  of  each. 

Let  x  represent  the  number  of  units  in  a  side  of  the  first. 

Let  y  represent  the  number  of  units,  in  a  side  of  the  second. 

From  the  conditions,  7?—yh=iif  (1),    <u^—byz=d  (2).    From  (2),  y= 

— r— »   which,  substituted  in  (1),  gives  a* — ^ — ~~1a — -^  ^3*» 

ftV-.aV+2ada;— d«=6V  (3),    a;»(6«— a«)+2arfx=d«+6V. 


_           ad    ^    l—a'bY—a\jP+b'q*+b'*(P+a^ 
•-        iC6«--\ (SCSV ' 

a«— ^         ^     [d^by     '  ""  a«— ft" 

Mdzai/d"— (a*— ftV 
In  a  similar  way  would  be  obtained,  y= — ,     ^, ^^. 

4.  A  number  is  expressed  by  three  digits,  the  square  of 
the  second  of  which  equals  the  product  of  the  first  and 
third.  The  number  itself  is  to  the  sum  of  its  digits  as  248 
is  to  14;  and  if  297  be  added  to  it,  the  result  will  be  ex- 
pressed by  the  same  digits  reversed.    What  is  the  numberf 

Ana.  124. 
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5.  The  fore-wheel  of  a  carriage  makes  6  reTolutionB  more 
than  the  hind-wheel  in  going  120  M;  but  if  the  circumfer- 
ence of  each  wheel  were  increased  by  1  M,  the  fore-wheel 
would  make  only  4  revolutions  more  than  the  hind-wheel  in 
the  120  M.     Required,  the  circumference  of  each  wheel. 

Ana.  4  and  5  M,  respectiTcly. 

6.  A  broker  sold  80  shares  of  S.  Y.  stock  and  100  shares 
of  W.  C.  stock,  for  $6500;  he  sold  6  shares  more  of  S.  Y. 
stock  for  $500,  than  he  did  of  W.  0.  stock  for  $100.  Re- 
quired, the  price  of  each. 

Arts.  $50  and  $25  per  share,  respectiyely. 

7.  The  joint  stock  of  two  partners  was  $208,000;  Thom- 
son's money  was  in  trade  9  months,  and  Bender's  6  months. 
When  they  shared  stock  and  profits,  Thomson  receiyed 

.  $114,000,  and  Bender  $126,000.     Required,  the  stock  of  . 
each.  Ana.  $96,000  and  $112,000,  respectively. 

8.  A  certain  cistern,  holding  a  gallons,  was  exactly  full, 
and  was  to  be  emptied  by  two  engines.  No.  1  pumped  for 
f  of  the  time  that  it  would  have  taken  No.  2  to  empty  the 
cistern,  and  at  the  end  of  this  time,  was  relieved  by  No.  2, 
which  completed  the  work.  Had  the  two  engines  worked 
together,  they  would  have  emptied  the  cistern  6  hours 
sooner,  and  No.  1  would  have  pumped  out  f  of  the  number 
of  gallons  left  for  No.  2.  Required,  the  time  in  which  each 
engine  would,  alone,  complete  the  work. 

Let  &B=  the  number  of  hours  required  by  engine  Na  1. 
Let  6y=^  the  number  of  hours  required  by  engine  Na  2. 

a  3 

In  one  hour,  then,  Na  1  pumped  out  ^  gallons,  and  ixk~r-oi6y,  orSy 

3ay 
hours,  it  must  have  pumped  out  -^  gallons.     Na  2  pumped  out  the 

remaining  fa — j^jgaUons,  inlSy f  hours.     For,  sinoe   it   would 

a 
pimp  out  all  the  water  in  &y  hours,  it  pumps  out  the  part  r-  in  1  hour, 

and  would  therefore  require  as  many  hours  to  pump  (a —  -^^ j  gallons  ai 
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is  expressed  by  (a — ^7"5"Kn=(^ ^*    la  one  hour  the  two  en- 

gines,  working  together,  would  ptunp  ^+r-  =^"^Z~  gallons.       They 

therefore  wonld  empty  the  cistern  in  —7--  honrs;  and  in  —j—  hours  No. 

5x1/       a         ay       ,,  .r-,   , 

1  pumps  —7—  X  r-  =  —7—  gallons.     We  have,  then, 

x+y      5x      x+y^  ^ 

Solving  (1)  and  (2),  we  find  that  the  engines  would  empty  the  cistern  in 
15  and  10  hours,  respectively. 

9.  Equal  monthly  rents  are  obtained  for  two  pieces  of 
property,  that  are  together  worth  $60,000.  If  the  second 
were  to  pay  the  same  per  cent,  on  its  value  as  the  first,  the 
rent  of  it  would  be  $481.66f  per  month;  while  if  the  first 
were  to  pay  the  same  per  cent,  on  its  value  as  the  second, 
the  rent  of  it  would  be  $281. 66f  per  month.  Eequired,  the 
value  of  each  piece  of  property,  and  the  percentage  of  in- 
come realized  from  each. 

Am.  $26,000;  $34,000;  17%  per  annum;  13%  per  annum. 

10.  A  and  B  engage  to  reap  a  field  for  90  shillings,  and 
as  A  alone  could  reap  it  in  9  days,  they  promise  to  finish 
it  in  5  days.  Obliged  to  call  in  0,  an  inferior  workman, 
to  assist  them  during  the  last  2  days,B  receives  3s.  9d.  less 
than  he  would  otherwise  haTC  received.  In  what  time 
could  B  or  O  alone  reap  the  field. 

Ans,  15  and  18  days  respectively. 

11.  A  number  is  expressed  by  two  digits;  the  difference 
of  these  digits  is  1,  and  if  their  sum  be  increased  by  the 
cube  of  itself,  the  result  will  be  30.  Eequired,  the  num- 
ber. •  Ans.  21  or  12. 

12.  Find  two  numbers,  such  that  the  difference  of  their 
squares  shall  be  ^  of  the  difference  of  their  cubes,  and  ^ 
of  the  sum  of  their  cubes.  Ans.  6  and  12. 
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SECTION  I. 
ZERO— INFINITY— INDETERMINATES. 

410.  The  term  Zero  (0)  is  used  in  Algebra  in  two 
senses: 

1^.  The  striotly  Arithmetical  sense  of  no  quarUiiy,  nothing, 
naitgJU. 

2P,  The  strictly  Algebraic  sense  of  a  quantity  less  than 
any  assignable  quantUy,  or,  as  often  named,  an  InfinitesiniaL 

We  shall,  in  general,  use  the  term  in  its  striotly  cUgebraic 
sense.  The  symbol  0  should  then  be  called  eero,  and  not 
naught,  for  naught  means  simply  nothing,  and  is  therefore 
the  proper  name  for  the  symbol  only  when  used  in  the 
arithmetical  sense. 

Zero  does  not  mean  the  smallest  possible  quantity,  but 
simply  a  quantity  of  which  the  Talue  is  less  than  any  as- 
signable limit.  Hence,  as  quantities  may  be  less  than  any 
assignable  quantity,  and  yet  not  be  equal  to  each  other,  all 
zeroes  are  not  equal;  they  may,  in  fact  have  any  relation 
whatever  to  each  other,  as  we  shall  explain  hereafter. 

411.  Infinity  (oo )  is  a  quantity  greater  than  any  assign- 
able quantity;  a  quantity  is  said  to  be  infinite  when  it  is 
greater  than  any  assignable  limit.  All  infinite  quantities 
are  not  equal;  they  may,  as  will  be  hereafter  shown,  have 
any  relations  whatever  to  each  other. 

412.  A  finite  quantity  is  a  quantity  that  is  neither 
zero  nor  infinity. 

413.  Proposition  I. — Afinite quantity,  dividedby  infinity, 
iseero. 
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a 
In  the  fraction  -»  suppose  that,  a  remaining  always  the 

same,  x  continually  increases.  Since  the  numerator  remains 
the  same,  while  the  denominator  becomes  greater  and 
greater,  the  Talue  of  the  fraction  must  become  smaller  and 
smaller.  When  the  value  of  x  is  very  great,  the  value  of 
the  fraction  must  be  very  small.  Finally,  when  x  becomes 
greater  thaa  any  assignable  quantity,  the  value  of  the  frac- 
tion must  become  less  than  any  assignable  quantity;  t.  e., 

a 
it  must  become  zero,  or,  55-  =  0  (1).     As  a  may  represent  any 

finite  quantity,  the  truth  of  the  proposition  is  established. 

Ck)rollary.  —  Clearing  the  equation  (1)  of  fractions, 
0=0 .  00  ,  that  is,  0 .  00   may  represent  any  finite  quantity. 

Proposition  n. — Zero,  divided  by  any  finite  quantity,  ia 
€ero. 

Propositioil  m. — Any  finite  quantity,  divided  by  zero,  is 
infinity, 

a 
Suppose  that,  in  the  fraction  -,  a  remaining  alveays  the 

same,  x  continually  diminishes.  The  value  of  the  fraction 
obviously  increases;  and  the  smaller  the  value  of  x,  the 
greater  will  be  the  value  of  the  fraction.  When  x  becomes 
very  small,  the  value  of  the  fraction  becomes  very  great 
Finally,  when  x  becomes  less  than  any  assignable  quantity, 
the  value  of  the  fraction  becomes  greater  iiian  any  assign- 

a 
able  quantity,  1.  e.,  g=oO'     Since  a  may  represent  any 

finite  quantity  whatever,  the  truth  of  the  proposition  is  es- 
tablished. * 

Propositicm  IV.^ — BiJinUy,  divided  by  any  finite  quantUy, 
ia  infinity. 

Proposition  Y.^-^^Zero  and  infinity  are  reciprocals  qf  each 

other. 

all  «.    .,    1    A_0      1       1 

0^-cr--0="*-     Similarly  0^-.«^«.  35, 

a  0 
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Propositloii  VI. — Zero  muUiplied  by  any  finite  qimntiiy 
equcUa  eero, 

%nce  zero  is  less  than  any  assignable  quantity^  no  matter 
how  many  times  it  be  added  to  itseH,  so  long  as  the  num* 
ber  of  times  is  finite,  the  result  must  be  less  than  any 
assignable  quantity,  i.  e.,  ssero. 

Proposition  VII. — Infinity  muUiplied  by  any  finite  qaan^ 
Hty  18  infinite. 

Proposition  viu. — Zero  divided  by  gero  {taken  vMhovJt 
reference  to  its  orig'in),  may  represent  any  quantity  whatever. 

We  have  already  shown  that  0  means  simply  a  quantity 
less  than  any  assignable  quantity;  and  as  there  may  be  any 
number  of  quantities  less  than  any  assignable  quantity, 
0  may  represent  any  number  of  quantities,  haying  any  rela- 
tion whatever  to  each  other.     Hence,  -  conveys  no  more 

definite  an  idea  than  - ,  as  the  numerator  and  denominator 

y 

may  have  any  relation  to  each  other,  and  therefore  the 

fraction  may  have  an  infinite  number  of  values.    Hence,  - 

may  represent  any  quantity  whatever. 

Proposition  IX. — Infinity  divided  by  infinity  (taken  vyUh- 
ovi  reference  to  its  origin),  may  represent  any  quantity  whcU» 
ever, 

1 

g=Y='5^I=5-    Hence,  (Prop.  Vn).  2     may 

0  represent  any  quantity  whatever. 

JUiUST^TioN  I.     -  may  represent  any  quantity  whatever. 

Suppose,  8,  5,  and  I  representing  any  quantities  what- 

ever,  7  =i.     Since  dividing  both  terms  of  this  fraction  by 

any  quantity  will  not  alter  the  value  of  the  fraction,  we 
may  divide  both  s  and  b  by  1000, 10,000,  etc.,  successively. 
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and  the  Talue  of  the  fraction  will  always  be  I.  If,  now, 
the  division  be  continued  until  the  numerator  and  denomi- 
nator are  both  less  than  any  assignable  quantity,  the  value 

of  the  fraction  will  still  be  I,  t.  e.,^  =1.  As  {  may  repre- 
sent any  quantity  whatever,  let  it  represent  1;  then  j:  =1, 

rand  the  zeroes  in  this  case  are  equal;  if  2=3,  r:  =3,  and 
«one  zero  is  three  times  as  great  as  the  other. 

Suppose  I  to  represent  the  relation  between  the  sides,  8 
:and  6,  of  a  rectangle,  in  which  one  side  is  7  times  as  long 
as  the  next  one.  No  matter  how  small  the  rectangle,  while 
it  preserves  its  shape  --  will  always  be  precisely  equal  to  7. 

0 

Hence,  when  the  rectangle  becomes  smaller  than  any  as- 

8       0 
signable  quantity,  —  =  —  =7.     Pursuing  a  similar  course 

"with  different  values  and  substitutions,  we  can  easily  see 

how  -rr  may  represent  any  quantity  whatever. 

Illustration  IL     55-  may  represent  any  qoantity  whatever. 

Suppose  the  numbers    2+  2-f  2-f  2-f-  2-f-  2-f 

10+10+10+10+10+10+ be  oontinued 

tmtil  there  is  an  infinite  number  of  terms  in  each  sum.  No  matter  how 
far  the  numbers  may  be  continued,  while  the  two  sets  are  continued  to 
the  same  extent,  the  sum  of  the  lower  line  will  always  be  5  times  as 
great  as  the  sum  of  the  upper  line.  If,  then,  the  sets  be  continued  to- 
other until  we  have  an  infinite  number  of  terms,  the  sum  of  each  line 
will  be  infinite,  but  the  sum  in  the  upper  line  will  be  only  \  of  the  sum 
in  the  lower.  In  this  case,  then,  ^  will  represent  5,  or  y,  according  as 
we  take  the  sum  of  the  upper  or  of  the  lower  set  in  the  denominator. 
Instead  of  2,  we  could  substitute  any  number  whatever,  1,  3,  4,  5,  6,  7, 
«tc.,  and  similarly,  instead  of  10,  any  number,  5,  7, 12,  3,  1, 6,  eta  Thf 
lines  being  continued  together  until  the  number  of  terms  is  infinite,  the 
ratio  of  the  upper  to  the  lower  infinity  would  be  y,  y,  ^,  $,  7,  etc., 
According  to  the  numbers  substituted,  and  by  nuJdng  the  ratio  of  ths 
numbers  substituted  anything  we  please,  we  make  ^  represent  anything 
■  "we  please. 
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Again,  let  a  rectangle,  of  which  «  and  5  represent  the  aides,  be  six 
times  as  long  as  it  is  broad,  whence  0:5^:6.  If  the  rectangle  grows  huger, 
retaining  its  shape,  s:b  will  always  be  6;  finally,  when  the  rectangle  be- 

comes  greater  than  any  assignable  quantity,  T  =  ^f  still  equals 6.  By 
assuming  different  ratios  for  the  sides  of  the  original  rectangle,  we  can 
see  how  ^  may  be  made  to  represent  any  quantity  whatever. 

The  ratio  ^,  or -77,  is  not  necessarily  finite.  For,  let-=— .    If,now9 
"**        \)  w      z 

we  assume  z  and  w  to  decrease  continually,  —  ==  —  will  increase,  and 

w        z 

0        1 
finally,  when  2=0  and  i0=O,  we  shall  have  -—  =  —-=  oo.      I^   on  the 

other  hand,  we  had  supposed  z  and  w  to  increase,  until  2^00  and  10=00 , 

<»        1 
we  should  have  had  ^  =  o5"  =0. 

Hence  we  see  that  two  quantities  may  be  both  0,  and  yet  one  be  in- 
finitely greater  than  the  other.  Again,  two  quantities  may  both  be 
infinite,  and  yet  one  be  infinitely  small  in  comparison  with  the  other. 

Proposition  X. — Infinity  plus  or  minus  a  finite  qucmJbUy 
is  infinity. 

Proposition  XI. — A  finiie  quanHty  plus  or  minus  weto 
equcUs  the  original  finite  quantUy. 

Proposition  XU. — Infinity  minus  infinity  may  have  any 
value  whatever. 

414.  An  Indeterminate  quantity,  or  Indeterminate 

is  a  quantity  that  admits  of  an  infinite  number  of  values. 

Such  a  quantity  is  called  indeterminate,  for  the  reason  that 
we  cannot  fix  or  determine  it,  by  giving  it  any  particular 
value,  as  it  has  an  infinite  number  of  other  values  equally 
applicable. 

0 

415.  Symbols  of  Indetermination.  Since  g  may  rep- 
resent an  infinite  number  of  quantities,  it  is  generally  em- 
ployed to  denote  a  quantity  that  has  an  infinite  number  of 
values,  i.  e.,  an  indeterminate.  It  is  known  generally  aa 
The  symbol  of  indetermination.  ^  (413,  IX)  may  also 
be  used  as  a  symbol  of  indetermination,  but  it  may  be  re 
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gaarded  as  a  special  form  of 

S,  since  §.=£==  Jx?  =  S- 

0 
So  00 — 00  and  O.oo  are  symbols  of  indetermination. 

We  haye  found  that  -r,  ^ ,   etc.,  taken  taken  wUhaui 

reference  to   their   origin,    may    represent   any    quantity 
whatever.    This  reservation  is  very  important,  for  we  shall 

0 
find  that  7  may  arise  from  some  special  circumstances.     A 

0 
ratio  may  be  concealed  under  the  form  ^,  in  which  case  the 

0 
fraction  may  not  be  indeterminate.    Whenever  g  is  the  true 

ratio,  this  ratio  is  indeterminate. 


SECTION  n. 
VANISHING  FRACTIONS. 

416.  A  Vanishing  Fraotion  is  a  fraction  that  becomes 
-■ ,  under  some  particular  supposition. 

417.  The  value  ^,  obtained  by  making  some  supposition 

on  the  quantities  in  a  fraction,  is  not  always  the  true  value 

y+lO 
of  the  fraction.      To  illustrate;  take  the  fraction      ,  ^^. 

y+20 

The  value  of  this  fraction,  when  2/=5,  is  ^  ,  ,^-  =--  =  -. 

•  0-|-5fiU         aO         O 

Now,  multiply  both  terms  of  the  original  fraction  by  y — 5. 

We  obtain  y,c^rl\  — ^l  we  have  not  altered  the  value  of 
(2/+20)(2/— 5)' 

the  fraction  by  this  transformation,  yet  if,  in  the  new  frac- 

(54-10) .  0      0 
tion,  we  make  y=5,  we  obtain  /g  !  oav    a=  a-      The  pres- 

sence,  in  the  terms,  of  this  common  factor,  (y — 5),  which. 
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under  the  particuiar  hypothesis^  reduces  to  0,  makes  the  frac- 
tion appear  to  be  equal  to  --,  i.  e. ,  to  have  an  infinite  number 

3 

of  values,  whereas  we  know  that  it  has  but  one,  viz.  -.     The 

5 

transformation  has  concealed  the  ratio,  though  it  has  not 
altered  it.     If,  then,  a  fraction  vanishes  \i.  e.,  reduces  to  j:), 

under  any  supposition,  we  cannot  conclude  that  it  has  an 
infinite  number  of  values  under  that  supposition,  until  we 
are  sure  that  the  vanishing  does  not  result,  as  in  this  exam- 
ple, from  the  presence,  in  the  terms  of  the  fraction,  of  a 
common  factor  reducing  to  0  under  the  particular  supposition, 

418.  The  Evaluation  of  a  vanishing  fraction  is  the  pro- 
cess of  finding  the  true  value  of  the  fraction  under  the  sup- 
position that  makes  it  apparently  --. 

419.  To  Deduoe  a  Rule  for  the  evaluation  of  Vanish- 
ing Fraotions. 

Yanishing  fractions  are  of  two  general  classes: 

I.  Fractions  of  the  form  =^ —  (vanishing  when  x=0), 

II.  Fractions  of  the  form  .A  ^(vanishing  when  2^=ipa). 

The  symbols  N,  D,  etc.,  represent  any  quantities  whatever ^ 
monomial  or  polynomial^  rational  or  irrational,  etc. 

CLASS  L 
There  may  be  three  cases,  and  only  three,  viz. :  m^n, 
m<^n,  m,=n. 

1°.  m^>n.     In  this  case,  ^^r^  =  — ^  — . 

N^      0 
When  x=0,  --—  =  -.     Now  it  is  obvious  that  the  factor 
Baf"      0 

a^  becoming  0,  when  x=0,  causes  the  vanishing  of  the  frac- 
tion.    Dividing  both  terms  by  of,  we  have  ^?— — .     Making 
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a;=0,  this  fraction  reduces  to  — ^  =  —  =0.  Hence  the 
true  value  of  this  fraction,  under  the  hypothesis  x=iO,  is  0. 
This  fact  we  indicate  by  the  expression  ( ^f^-^)      =^- 

Take,  as  an  example,  the  fraction  \^   .  ,  A  -    Placing 

x=0,  we  have  -.     But  a^  is  evidently  common  to  the  terms 

of  this  fraction.     Dividing  both  terms   by  a^,   we  have 

(^f+^>  which  reduces  to  (i|:^=     «     =0.  when 
2a+b  2a+b  2a+b 

2P.  m<n.    In  this  case  g^  =  jy^^^n'  ^^^^  *^^  ^^^^^ 

vanishes  when  x=0,  on  account  of  the  presence,  in  the 

terms,  of  the  common  factor  a?*,  which  reduces  to  0,  under 

the  hypothesis  x=0.     Dividing  both  terms  of  the  fraction  by 

N  ■  N        N 

af»,  we  obtain        _^;  which,  if  x=0,  reduces  to  fy^=  -q* 


=:oo  .  Hence,  if  m<Cn,  { 1 


^  =00. 

Da?»> 


3°.  m=n.    In  this  case  we  have  — — ,   which  vanishes 

Daf» 
when  0:^=0,  on  account  of  the  presence  of  the  factor  a^, 
which  becomes  0  when  x=0.     Dividing  both  terms  by  the 

<x)mmon  factor  a?*,  we  have  — .     Hence,  I  -- —  I     —  =^. 

D  ^Da^/««o    D 

Soholiuxa  I.=The  whole  discussion  turns  on  the  relative 
values  of  m  and  n;  their  absolute  values  do  not  affect  it. 

Soholium  II. — It  is  important  to  note  that  x  may  be 
either  a  monomial  or  polynomial;  its  form  is  of  no  moment. 

CLASS  n. 
There  may  be  two  cases,  and  no  more,  viz. : 

lo.  The  fraction  is  of  the  form     -A.  T  v  >  = ;;    "f^hen 

D(y-f-2)         0 

t/= — z. 

By  (97)  z+y  is  a  common  factor  of  the  terms  when  m  is 
odd,  and  it  reduces  to  0  when  j=  — z. 
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^  .  ^  =t/"^i— t/»-««+2^»«« 4-g^^.     If,  in  this 

quotient,  we  make  y= — 2,  the  terms  involving  the  odd 
powers  of  y  will  become  positive;  and  as  those  involving 
the  even  powers  are  positive  now  (and  will  not  change 
their  sign),  every  term  of  the  quotient  will  reduce  to 
-f-aJ**"^,  and  as  there  are  m  terms,  the  quotient  will  become 

Hence.  r^!:±?l       =g^x=!?^. 

2^.   The  fraction  is  of  the  form     ^  ,  vanishing 

when  i/=2.  By  (96),  y — s  is  a  common  factor  of  the  terms; 
and  this  factor,  reducing  to  0  when  t/=2,  causes  the  frao- 
tion  to  vanish. 

^^=tr-^+jr-*«-hr-*««+ -H-^  (i). 

N(v^ — ar)      N 

H®^^^'    D(y_g)  =  D  (r-^+2r-««+ +^0. 

If  y=£,  each  term  of  (1)  reduces  io  y^"^,  and,  there  being 
m  terms,  the  quotient  i[l)  becomes  wy^^,  and  the  fraction 

reduces  to  =r  wit^^      Hbuce,   (  )     =m — ^—. 

From  the  foregoiqg  discussions,  we  deduce,  for  the  evalu- 
ation of  any  vanishing  fraction,  the  following 

BuLE. — Divide  both  terms  of  the  given  fraction  by  the  con^ 
iinued  produxst  of  all  the  fadorz  that  are  common  to  these 
ierms,  and  thai  redtwe  to  aero  under  the  particular  hypothesis. 

Find  the  value  of  the  fraction^  thus  transformed^  under 
that  supposUion  which  occasioned  (he  vanishing  of  the  original 
fraction, 

420.  CoroUary. — If  a  fraction  reduces  to  ^  under  any 
suppogUion^  it  is  a  vamaMng  fractUm, 

«ince  ^  =  --5--==-Xt  =  q,  and  may  be  treated  by  ike 
rule  (419). 

421.  It  is  sometimes  necessary  to  transform  the  fraction, 
by  multiplying  both  terms  by  some  quantity,  in  order  to 
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show  the  existence  of  a  common  factor,  the  discovery  of 
which  would  otherwise  be  difficult,  but,  of  course,  care  must 
be  taken  not  to  introduce,  in  this  multiplication,  a  factoz 
that  would  itself  reduce  to  0,  under  the  particular  hy« 
pothesis.  The  operation  here  described  is  a  preparation 
for  the  application  of  the  rule;  not  a  step  in  the  rule. 

422.  The  different  forms  of  vanishing  fractions  do  not 
always  occur  separately;  several  forms  may  be  combined  in 
a  single  fraction,  which  may  therefore  vanish  for  particular 
values  of  several  of  the  unknown  quantities  entering  it. 
If,  after  cancelling  all  common  factors,  the  fraction  still  re- 
duces to  --,  this  form  no  longer  conceals  the  ratio,  but  ia 

itself  the  true  ratio,  and  the  expression  is  a  veritable  sym- 
bol of  indetermination.  Except  in  this  case,  the  results  of 
the  evaluation  of  a  vanishing  fraction  must  be  in  one  of  the 

forms,  --,  ■--,  or  ~,  any  one  of  which  may,  of  course,  be 

either  positive  or  negative. 

423.  The  discussion  of  vanishing  fractions  has  been 
confined  to  fractions  reducing  to  the  form  --,  under  a  par- 

ticular  supposition,  these  forming  the  most  common  and 
most  important  class.  It  is  clear,  however,  that  if  expres- 
sions reduce  to  ^,  O.oo   or  oo  —  oo   (as  each  of  these  ia 

equivalent  to  jrV  they  may  conceal  the  true  ratio  under  these 

forms.    They  may  be  transformed  so  as  to  reduce  to  --,  under 

the  particular  hypothesis,  and  then  evaluated  as  shown. 
Or,  we  may  ascertain  whether  or  not  there  are  present  com- 
mon factors  that  become  infinite  or  zero  under  the  partic^ 
ular  hypothesis,  and  then  strike  out  such  factors,  if  any 
exist,  before  making  the  supposition.     Take,  for  example, 

the  fraction  — -^,  which  becomes  -=:  when  a?  =  oo .      Thia. 
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fracidon  may  be  placed  under  the  form  ,  ■»  in  which 

the  presence,  in  the  terms,  of  the  common  factor  x,  which 
becomes  oo  under  the  particular  hypothesis,  is  manifest. 

I>iYiding  both  terms  by  this  factor,  we  obtain,  _, 

'+x 

which   becomes  -  when  a?  =00. 
c 

Again,  taking  the  expression,  — I^,  we  may  place  it  in 

cx-j-a 

the  form -f- ,  which  becomes  — -   when  jr  :=  00  , 

cx+d      ax+b  0 

and  therefore  falls  under  a  case  already  discussed. 

c^^x 
The  expression,  (a+bx) — -i— -  =  00  .0  when  ar=oo  ;    for 
x-j-aor 

g+i)x     1+i 

a+to  becomes  00,  and ^^£:j^==^j^^;:^  =  j-p£.  which 
becomes  55- =^0,  whenxe=oo  .     The  given  expression  may  be 

placed  under  the  form  ^  .  ^    -5 -;— ,  which  reduces  to-;r 

*^  l-fdop      a+bx  0 

when  jv:=ao  ,  thus  falling  into  the  class  discussed.     Or,  we 

may  place  the  given  expression  in  the  form, = » 

in  which  the  presence  of  the  factor  a^,  becoming  infinite 
under  the  particular  hypothesis,  is  evident.  Striking  out 
this  factor,  and  making  the  required  supposition,  the  value 

of  the  expression  becomes  -- .     Other  cases  might  be  treated 

a 

similarly.     The  device  of  transforming  the  fraction  or  given 
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expression^  to  render  clear  the  presence  of  a  common  factor, 
is  very  often  necessary,  and  skill  in  its  employment  is  yeiy 
important.  One  observation  it  is  well  to  make  before  leav- 
ing this  subject:  Whenever  a  supposition  is  to  be  made 
that  leads  to  results  of  oo  ,  0,  etc. ,  we  must  beware  of  fail- 
ing cases,  concealed  ratios,  etc.,  and  never  pass  over  such 
results  without  careful  inquiry  concerning  the  circum* 
stances  that  produce  them. 


SECTION  m. 
DISCUSSION  OF  PROBLEMS. 

424.  The  Dlsoussion  of  a  problem  is  the  operation  of 
making  every  possible  supposition  upon  the  arbitrary  quan- 
tities entering  it,  and  explaining  the  results  thus  obtained. 

425.  Arbitrary  Quantities  are  those  to  which  any  value 
may  be  assigned  at  pleasure. 

Arbitrary  quantities  are  not  unknown,  but  enter,  as  the 
known  quantities,  the  genpral  statement  of  a  problem,  and 
by  assigning  to  them  particular  values  we  obtain  the  special 
cases  of  the  problem. 

426.  An  Indeterminate  Problem  is  a  problem  that  ad- 
mits of  an  infinite  number  of  solutions. 

A  problem  is  always  indeterminate  when  the  conditions 
are  less  in  number  than  the  unknown  quantities  involved, 
since  the  statement  will  then  involve  a  less  number  of  equa-^ 
tions  than  of  unknown  quantities. 

PBOBLEMS. 

427.  1.  Find  a  number  that,  increased  by  a,  shall  be 
equal  to  b. 

Let  X  represent  the  number.   Then  a?-f-a=6  (1)  .  * .  x=h 
Here  we  may  have  two  cases,  6>a  or  a>ft 
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1^.  6>a.  In  this  case  the  value  of  x  is  positiye,  and  the 
solution  gives  the  number  required,  without  presenting  any 
difficulty. 

2^.  a>&;  the  value  of  a?  is  negative.  In  this  case  the 
subtraction  of  a  from  b,  in  the  strict  arithmetical  sense,  is 
impossible,  and  hence  the  solution  of  the  problem,  under- 
stood in  an  arithmetical  sense»  is  impossible;  we  cannot  find 
a  number  that,  increased  by  a  second,  shall  be  less  than 
the  second  number.  The  value  of  x  will,  however,  satisfy 
(1),  and  therefore  is  an  answer  to  the  problem  taken  in  its 
algebraic  or  general  sense,  and  we  see  at  once  that  b — a 
added,  in  the  algebraic  sense,  to  a,  will  give  b  as  the  sum. 

To  ILLUSTRATE,  1^.  Let  6=73  and  a=50.  Thena:=6— a=23,. 
and  we  see  at  once  that  50+23=73.  2^.  Let  6=73,  and 
a=97.  Then  x=b — a= — 24.  In  this  case  the  problem  is 
one  admitting  no  solution,  if  understood  arithmetically;  for, 
97  being  greater  than  73,  no  number,  added  to  97,  can  give 
73  as  a  sum.  But,  understood  algebraically,  the  solution 
of  the  problem  is  not  impossible,  for  — 21,  added  algebra- 
ically to  97,  gives  73  as  the  sum,  and  is  therefore  a  true 
answer  to  the  problem,  satisfying  the  equation,  and  hence 
the  conditions,  thereof. 

2.  Find  a  number,  such  that  if  it  be  multiplied  by  a  and 
the  product  be  added  to  6,  the  sum  will  equal  d  increased 
by  c  times  the  number. 

Let  X  represent  the  number;  then,  from  the  conditions, 

d—b 

ax+b^cx+d  (1)  .-.  a?= .     Now  the  different  values 

0 — c 

that  may  be  assigned  to  a,  6,  e  and  d,  give  rise  to  several 
different  cases. 

1°.  Suppose  d>b  and  a>c;  the  value  of  x  will  then  be 
positive,  and  will  satisfy  the  conditions  of  the  problem  with- 
out presenting  any  difficulty.  We  naturally  expect  that  if 
a>c,  as  ax>cXy  d  will  be  greater  than  b, 

2P.  Suppose  d>6  and  a<^c.  The  value  of  x  will  then  be 
negative,  since  its  terms  will  have  contrary  signs.     In  this 
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case  the  solution  of  the  problem,  arithmetically  considered^ 
is  impossible.  For,  since  a<<e,  ax<!jcx,  and  the  less  pro- 
duct would  require  the  addition  of  the  greater  of  the  quan- 
tities d,  h,  to  give  a  sum  equal  to  the  sum  of  ex  and  the 
other,  whereas  the  less  quantity,  6,  is  added  thereto,  and 
ax  and  b  being  less  than  ex  and  d,  respectively,  their  sum  is 
less  than  the  sum  of  ex  and  d.  Taking  the  problem  in  the 
algebraic  sense,  however,  the  solution  is  not  impossible,  for 
this  negative  value  of  x  satisfies  (1),  just  as  well  as  the  pos- 
itive value.  We  can  see,  too,  that,  x  being  negative,  of  ax 
and  cx^  that  one  is  algebraically  greater  which  is  numerically 
the  less,  and  we  should  expect  6,  less  than  J,  to  be  added 
to  the  algebraically  greater  (oo;),  of  the  quantities  ax  and  ex, 
if  d  is  to  be  added  to  the  algebraically  less,  to  make  the 
sums  equal. 

We  may  avoid  even  the  apparent  or  arithmetical  absur- 
dity involved  in  taking  this  value  of  x,  thus: — As  x  is  nega- 
tive, substitute  — x  for  +a?  in  (1);  whence,   — aa?-j-6  = 

d — h  d — h 

— ex-^d  (2),  and  x=  - — -,  a  value  numerically  equal  to  , 

but  positive.  This  value  satisfies  (2).  Modifying  the  enun- 
ciation of  the  problem  to  suit  the  new  equation,  it  becomes: 
**  Find  a  number  sueh  tJuU,  if  it  be  mvUiplied  by  a,  and  the 
produet  be  bx7Btract£d  from  h,  the  difference  wiU  equal  d,  dimin- 
ished by  o  times  the  number.**  The  value  of  x,  from  (2),  satis- 
fies the  conditions  of  this  problem,  even  in  the  arithmetical 
sense. 

3^.  Suppose  d<Cb  and  a>c.  The  value  of  x  is  negative, 
and  the  discussion  is  similar  to  the  last. 

4P,  Suppose  d<Cb  and  a<Cc,  Though  each  term  of  the 
fractional  value  of  x  is  negative,  their  quotient  being  posi- 
tive this  value  of  x  satisfies  the  conditions  of  the  problem, 
even  in  the  arithmetical  sense.  This  we  should  expect,  since, 
as  a<^c,  ax<cx,  and  6,  greater  than  d,  ought  to  be  added  to 
the  less  of  these,  i.  e.,  ax,  d  being  added  to  the  greater,  to 
make  the  two  sums  equal.  Though  the  value  of  x  thus  sat- 
isfies the  equation,  d  being  less  than  6,  and  a  less  than  c, 
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the  subtxactions  (1^),  of  b  from  d,  and  (2^),  of  c  from  a,  are 
impossible,  arithmetically  considered,  (though  simply  giving 
negative  remainders,  algebraically  considered).  To  avoid 
this  difficulty,  we  may  solve  (1)  thus:  cuc-^-b^cx+d,  v^hence 

ex — aos==b — d  .*.  x= ,  a  result  equal  to ,  but  in 

c — a  a — G 

which  the  terms,  (6 — d  and  c — a),  are  both  positive,  and 
therefore  involve  no  absurdity  when  arithmetically  consid- 
ered. 

5^.    Suppose  d=b:  aSc.     Here  a= =  ±0.     The 

^^  >  a — c 

equation  (1)  becomes,  under  this  hypothesis,  ax--{-b=cx-\-b 

or  ax=cx,  which,  a  being  greater  or  less  than  c,  cannot  be 

true  unless  x=  ±:0,  when  this  equation  reduces  to  0=0. 

Only  one  of  the  values  +0  or  -—0,  can  be  taken  for  either 

hypothesis. 

6^.  Suppose  d^b,  a=c.     Here  x=  — rr—  =  it  oo.     Under 

this  hypothesis  (1)  becomes  ax+b=ax-}-d;  which,  d  and  b 
being  unequal,  cannot  be  satisfied,  unless  x  is  so  large  that 
the  inequality  of  d  and  b  would  not  affect  the  relative 
values  of  the  members;  so  large,  in  other  words  that  the 
addition  of  d  or  bio  ax  would  make  no  perceptible  differ- 
ence. Hence,  x  must  be  infinite,  to  satisfy  this  equation, 
and  will  be  positive  or  negative,  according  to  the  supposi- 
tion taken. 

The  values  of  x  in  (5)  and  (6)  are  somewhat  peculiar,  if 
the  problem  be  understood  in  its  strict  arithmetical  sense. 
Still,  oc=0  and  a;==oo ,  are  true  answers  to  the  problem. 
Taking  x=0,  if  we  understand  0  in  its  arithmetical  sense, 
we  have  x=:  no  quantity,  i,  e,,  there  is  no  quantity  that 
vfill  satisfy  the  conditions  of  the  problem,  understood  arith- 
metically, and,  referring  to  the  enunciation,  we  see  that  this 
is  the  case.  Taking  zero  in  its  algebraic  sense,  of  a  quantity 
less  than  any  assignable  quantity,  the  solution  presents  no 
difficulty;  for,  ax  and  ex  being  infinitely  small,  the  addition 
of  either  to  b  would  have  no  effect,  i,  e.,  6diO=6±:0  or  b^=^b. 
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Taking  x=  ±x  ,  the  enunciation  of  the  problem  also  pre- 
sents an  absurdity,  for  it  is  apparently  impossible  to  add 
the  same  quantity  to  two  unequals  and  obtain  equal  results. 
But  this  difficulty  is  removed  when  we  remember  that  finite 
quantities,  considered  with  respect  to  infinity,  are  as  zeroes, 
and  their  addition  or  subtraction  has  no  effect  on  the  in- 
finite quantities,  so  that,  x  being  infinite,  ax+h=^ax-^d, 

70.  Suppose  a=c,  h=^d\  whence  x=  - .    This  we  interpret 

as  meaning  that  x  may  have  any  value  whatever,  and,  re- 
curring to  the  equation  and  the  problem,  we  see  that  this 
is  the  case,  for  the  equation  becomes  aa?+&=aa?+6,  which  is 
identical,  and  may,  therefore,  be  satisfied  by  any  value 
whatever,  substituted  for  x.  The  problem  in  this  case  evi- 
dently admits  of  an  infinite  number  of  solutions,  i,  e.,  is 

Indeterminate,     Whenever,  then,  -  is  a  true  answer  to  a 

problem,  that  is,  when  it  does  not  arise  from  the  disap- 
pearance of  a  common  factor  in  the  terms  (415),  it  indicates 
that  the  problem  admits  of  an  infinite  number  of  solutions. 

Note. — By  assigning  numerical  values  to  a,  6,  c,  and  d,  these  different 
cases  may  he  illustrated  in  a  manner  entirely  analagous  to  that  em- 
ployed in  Problem  1. 

428.  Indeterminate  problems  are  not  all  of  the  kind  just 
exemplified;  any  problem  is  indeterminate  when  its  enuncia- 
tion involves  more  unknown  quantities  than  conditions,  and 
thence  gives  rise  to  an  indeterminate  equation.  Problems 
of  the  class  exemplified  in  2-7^,  may  be  satisfied  by  any 
quantities  whatever,  and  this  is  always  the  case  when  the 
enunciation  of  the  problem,  under  any  supposition,  gives 
rise  to  an  identical  equation;  but  problems  giving  rise  to 
indeterminate  equations,  though  admitting  of  an  infinite  num'- 
ber  ofsoluiions,  are  not  satisfied  by  any  quantities  at  pleasure. 

To  illttstbate: — 3.  Find  two  numbers,  such  that  a  times 
the  first,  increased  by  b  times  the  second,  may  equal  c. 

Let  X  and  y  represent  the  numbers.  Then,  from  the  con< 
ditions,  ax-{-by=c.     This  equation  may  be  satisfied  by  an 
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infinite  number  of  seta  of  values,  but  not  by  substituting  any 
values  whatever  for  the  unknown  quantities.  The  problem, 
then,  admits  of  an  infinite  namber  of  solutions,  i.  e.,  it  is 
indeterminate,  though  it  cannot,  like  2-7°,  be  satisfied  by 
any  quantities  whatever. 

4.  Find  two  numbers,  such  that  a  times  the  first,  in- 
creased by  h  times  the  second,  shall  be  equal  to  o,  and  a' 
times  the  first,  increased  by  b'  times  the  second,  shall  be 
equal  to  c^ 

Let  X  and  y  represent  the  numbers. 
Then,  from  the  conditions,  a  x-\-h  y=c  {ly 

(^x4-b'y=zcr  (2) 

Then  aa^x-{-a"by=a^c  (3) 

aa'x-\-ah'y=a(f  (4)^ 

(a:h—ab')y=a:c—cuf  (5) 

Similarly  {db'—a'b)x==h'(>--hc'  (6> 

Now  suppose  that  ab'=a^by  b'c'Sbc'  and  a^cScuf.     Then 

x=(x>  and  y=oo  .  These  values  do  not  satisfy  (1)  and  (2)> 
for,  by  substituting,  for  x  and  for  ^,  oo  ,  we  have  the  sum  of 
two  infinite  quantities  equal  to  a  finite  quantity*  What, 
then,  are  the  values  of  x  and  y7  Examining  (5)  and  (6),  we 
fiee  that,  if  ab'=a'b^  ab' — a'b  being  equal  to  a'6 — ab\  equal 
to  zero,  these  equations  become 

0.2/=a'c — cu/  .'.  a'c — a/cf=Q  or  a'c=a(f 
0.x=:b'c—bcr  .'.  b'o—b&=0  or  b'cz:=b& 
Hence,  the  equality  of  al/  and  afb  involves  the  equality  of 
l/cto  b<f  and  of  oc^  to  a'c,  and  we  might  expect  that  the 
values  found  under  our  supposition  would  not  satisfy  (1) 
and  (2),  since  the  supposition  was  itself  absurd. 

If  now  we  take,  as  we  should,  the  supposition  ab'=.a'b, 
with  the  suppositions,  a^c=ajcf,  and  b'c=bG\  we  find  x=> 

--,  and  y=-x\  ^  Ai^d  y  are  indeterminate,  or  each  has  an  infi- 
nite namber  of  values.    To  test  these  results,  let  us  go  back 
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to  (1)  and  (2);  (1)  may  be  written  ^+y=  7  (9);  (2)  may  be 

0  0 

a'  c' 

"written  --ir4-2/=  77  (10)j  '•*  (ih*=^cCb^  we  have,  dividing  both 

0  0 

equals  by  bb\  --  =  - .    Again,  since  b'c=b(f^  t=t7-  Hence 
b      b  b     b 

equations  (9)  and  (10)  are  the  same;  i.  e,,  the  problem  gives 
rise  to  one  equation,  involving  two  unknown  quantities, 
which  equation  is  indeterminate,  may  be  satisfied  by  an  in- 
finite number  of  sets  of  values  of  x  and  y,  and  hence  the 

problem  is  indeterminate.  The  values  ^=  p:,  y=  ttj  are, 
then,  the  true  answers  to  the  problem,  under  the  suppo- 
sition, indicating  its  indeterminate  character. 

It  will  be  seen  that  the  supposition  ab^^=a^b,  whence 

.  =  _,  makes  the  first  members  of  (9)  and  (10)  the  same. 
0       0 

Hence  the  equations  cannot  be  true,  unless  the  second  mem- 
bers are  equal,  i.  e. ,  unless 

-  =  - ,  whence  b'c=  be  .     Since  ,  ,   —,  =  — , 

0      0  oc=oc     c        c 

whence  afc=ac\  so  that  we  may  show  that  the   equality 

of  ab'  and  a'b  involves  the  equality  of  b'c  to  b(f  and  of 

a^c  to  ac\  in  a  second  way,  independent  of  that  already 

employed.    The  value  x=  00  ,  must,  with  some  value  of  y, 

satisfy  the  equations  (1)  and  (2).     From  (1),  2/=  —  — - — , 

which,  a  being  infinite,  gives  j/= — 00  .  Similarly,  y=  00 , 
gives  x±=^  —  00 ,  which  values  evidently  satisfy  both  equa- 
tions. Though  X  and  y,  then,  have  each  an  infinite  number 
of  values,  for  any  one  value  of  either  there  is  but  one  cor- 
responding value  of  the  other. 

By  supposing  l/c=bc\  and  a'c=zac\  ab'^oCb^   we   should 

find  rr=0, 2/=0;  values  which  evidently  do  not  satisfy  the 
given  equations,  and,  by  examioing  (5)  and  (6),  we  could 
deduce  the  same  results  as  before,  in  an  analogous  manner. 
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The  values  of  x  and  y,  (7)  and  (8),  then,  are  so  related, 
that,  if  either  term  of  either  fraction  becomes  0,  both  terms 
of  both  fractions  become  0,  and  x  and  y  indeterminate. 

If  a,  a\  b,  or  6^  should  reduce  to  0,  one  of  the  equations 
would  be  determinate,  giving  the  value  of  x  or  y,  which, 
substituted  in  the  other,  would  give  at  once  the  value  of 
the  other  unknown  quantity.  Or,  the  values  of  x  and  y 
might  be  obtained,  by  substitution,  from  (7)  and  (8). 

If  a  and  b  both  reduce  to  0  at  the  same  time,  e=0,  and 

=  -,  and  2/  =  ;r  also;   similarly,  if  a'  and  b'  both 


0—0      0'  ^       0 

reduce  to  0  at  the  same  time.     If  a  and  a'  both  become  0 

at  the  same  time,  (1)  becomes  0a:+6t/=c,  or  by=c,  whence 
y= — .     (2)  becomes  oy=^c\  whence,  2/= -—.     As,   in  or- 

der  that  (1)  and  (2)  may  be  simultaneous,  y  must  have  the 

c  c' 

same    value    in  the    two,    —  must  equal -—-,   or  b^c=^bc\ 

b  b 

0        K^-S 

Hence  x=  -,  and  y= -—=--,  since,  l/c  being  equal 

"     <'-?.) 

&      b' 
to  bc\  —  =  — .     Hence  x  will  be  indeterminate,  and  y  will 
c        b 

equal  — .     This  is  as  it  should  be;  for,  the  coefficients  of  x 

b 
being  0,  any  value  of  x  will  satisfy  either  equation,  the  two 
equations  reducing  to  the  same  form,  from  what  has  just 
been  shown. 

Similarly,  if  b  and  b^  both  reduce  to  0  at  the  same  time, 

C  (j 

y  will  be  indeterminate,  and  x  will  equal  —  ==  ~. 

a       a 

In  general,  any  unknown  quantity  whose  coefficient  is  0, 
is  indeterminate. 

If  c=(f=0,  and  a'b<db\  x=Q,  and  y=0.     If  c=c^=0, 

and  c^h=:dJif^  ac=  -,  and  t/=  -. 
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(1)  and  (2)  become 

ax+by=0  .-.  y= -a:;  a'x+b'y=0  .-.  y=  —  ^--a. 

0  0 

ft  e^ 

Here  we  see  that,  ---  being  equal,  by  supposition,  to  --.,  the 

values  of  y  are  equal,  no  matter  what  the  value  of  x^  and, 
^ther  X  OT  y  being  indeterminate,  the  other  is,  of  neces- 
sity, so.    If,  however,  --  were  not  equal  to  --,  it  is  clear  that 
6  0 

-the  two  values  of  y  could  not  be  the  same,  unless  x  were  0,  in 
-which  case  y  itself  would  be  zero.   In  this  case,  ~= — --  = 

X  0 

n'         0 

—  _.=-,  the  equations   being  untrue  unless  a?=y^O; 

-while,  if--  =  ^,  ^  = -  =  —  — ,  is  determinate. 

b       h"  X  b  b 

PROBLEM  OF  THE  COURIERS. 
429.  Two  couriers  are  traveling  along  the  same  right 
line,  in  the  same  direction.     One  travels  m  miles  per  hour, 
and  the  other  n  miles;  at  12  m.  they  are  a  miles  apart;  re- 
quired, the  time  at  which  they  are  together. 
K A       g       B R^ 

Let  B^B  be  the  line  along  which  they  travel,  A  and  B 
Ibeing  the  respective  positions  at  12  m.,  the  arrows  indicating 
the  direction  in  which  they  travel,  and  B^  or  B  the  point  at 
which  they  are  together. 

Suppose  all  distances  to  be  measured  from  A;  positive 
.distances  to  the  right,  and  therefore  negative  distances  to 
the  left.  The  distance  a,  then,  as  represented  on  B'B,  being 
measured  from  A  toward  B,  will  be  positive.  If  B  were  to 
the  left  of  A,  this  distance  would  be  negative. 

Let  t=  the  number  of  hours  from  12  to  the  time  at  which 
.the  couriers  are  together. 

Let  x=  the  number  of  miles  that  the  B  courier  travels 
.in  t  hours,  at  the  rate  of  n  miles  per  hour. 

Then  will  a-\-x=  the  number  of  miles  that  the  other 
♦travels  in  t  hours,  at  the  rate  of  m  miles  per  hour. 
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Since  the  former  traTsls  t  hours,  at  the  rate  of  n  miles  per 
hour,  he  travels  altogether  n><J  miles,  which,  of  course, 
must  equal  x,  the  number  of  miles  that  he  travels  in  i  hours, 
or,  nt==x  (1).     Similarly,  «ifc=a+ar  (2).    Solving  (1)  and  (2), 

«    ,    ^         a                na  ,         ma — na4-na        ma 

we  find,  t= ;  oe= ;  a+x=-  — 


C  m>n 

I  a=0  •<  m=n 

(m<:^n 


m — n  m — n  m — n  m — n 

From  the  nature  of  the  case,  neither  m  nor  n  can  be  neg- 
ative; our  suppositions,  then,  must  be  principally  on  their 
relative  values.  {  m^n 

There  may  be  six  cases,  viz. :  a>>0  •<  m=n,  and  < 

{m<yi 
I.  a>0. 

1°.  m>7i.     Here  m — n  is  positive,  and,  a  being  positive, 

a 
i= is  positive.     We  interpret  this  result  as  indicating 

that  the  couriers  are  together  after  12  o'clock. 

This  is  what  we  should  expect  from  the  conditions  of  the 
problem,  for,  m  being  greater  than  n,  the  courier  from  A 
travels  faster  than  the  one  from  B.  He  is  therefore  con- 
stantly gaining  on  the  latter,  and  must  eventually  overtake 
liim,  and  must  overtake  him  after  12  m. 

a?= and  a+iw= being  both  positive,  we  con- 

m — n  m — n 

dude  that  the  couriers  will  be  together  to  the  right  of  A, 
since  all  positive  distances  are  measured  to  the  right,  from 
this  point.  This  is  in  accordance  vnth  the  conditions,  for 
the  couriers  at  12  m.  leave  the  places  A  and  B,  and  travel 
toward  the  right.  Hence,  at  any  time  after  12  m.  they  will 
be  found  to  the  right  of  A. 

t  in  this  case  is  the  number  of  hours  to  be  added  to  12,  to 
find  the  time  at  which  they  are  together. 

2^.  m<^n.  In  this  case  t  is  negative,  and  we  interpret 
this  as  meaning  precisely  the  opposite  of  the  positive  result; 
t.  e.,  we  interpret  it  as  indicating  that  the  time  at  which 
they  are  together  is  previous  to  12  m.  In  this  case,  t  is  the 
number  of  hours  to  be  subtracted  from  12,  to  obtain  the 
time  at  which  they  are  together. 
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Our  interpretation  is  in  accordance  with  the  conditions 
of  the  problem,  for,  m  being  less  than  n,  the  forward 
courier  travels  faster  than  the  courier  from  A.  He  will  there- 
fore be  continually  getting  farther  and  farther  from  the 
A  courier,  and,  the  distance  between  them  constantly  in- 
creasing, they  will  never  be  together  after  12  m.  As  the 
interval  between  them  is  continually  increasing,  and  is 
a  miles  at  12  m.  (and  the  rate  of  travel  does  not  change),  it 
must  have  been  less  than  a  miles  before  12,  and  the  longer 
the  time  before  12  the  shorter  must  have  been  the  interval, 
until  at  some  time  before  12  this  interval  must  have  been  0, 
i,  e.,  at  some  time  before  12  the  couriers  must  have  been 
together.  The  exact  hour  we  find  by  subtracting  t  hours 
from  12.  Hence,  at  (12 — t)  o'clock  a.  m.  the  couriers  were 
together.  Before  this  time  the  one  who  is  now  in  ad- 
vance was  behind  the  other,  but  continually  gaining  upon 
him.  He  passed  him  at  this  hour,  and  will  continue  to 
separate  himself  from  him  as  long  as  they  travel.  As 
the  interval  is  always  measured  from  the  A  courier, 
when  he   is   in  advance  it  is   measured  to  the  left,   or 

in  a  negative  direction.     In  this  case will  be  posi- 

m — n 

tive  when  m<^n,  and  negative  when  m'^ni  and  the  time 
until  the  couriers  are  together  will  be,  in  the  one  case,  a  num- 
ber to  be  added  to  the  number  of  hours,  or  the  time  o'clock 
at  which  they  are  a  miles  apart,  and  in  the  other  case  to 
be  subtracted,  and  the  discussion  will  not  differ  essentially 
from  that  just  given. 

When  m<Cn,  x.  = ,  and  a-4-x,  = ,  are  both  neg^a- 

m — 7t  m — n  ^ 

tive,  showing  that  the  couriers  are  together  at  some  point 
B%  to  the  left  of  A,  as  would  be  supposed  from  the  con* 
ditions  of  the  problem. 

It  will  be  seen  that  if  the  value  of  ^  in  1^  be  considered 
the  answer  to  a  problem  stated  as  before,  with  the  modifica* 
tion,  "  at  what  time  after  12  m.  will  they  be  together? "  the 
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value  of  t  in  2P  will  be  an  answer  to  the  same  problem  with 
the  modification,  "  at  what  time  before  12  m.  were  they  to- 
gether?". 

3°.  m=n.    Then  t=  -  =oo  .     This  result  we  interpret  as 

indicating  that  the  couriers  will  never  be  together,  and  have 
never  been  together. 

This  interpretation  is  in  accordance  with  the  conditions 
of  the  problem;  for,  if  m=n,  the  two  couriers  travel  at  the 
same  rate,  and  therefore  the  interval  between  them  is  always 
the  same.  As  this  interval  is  >0  at  12  m.  ,  it  has  always 
been,  and  always  will  be,  >0,  and  equal  to  a;  i.  e.,  the 
couriers  have  never  been,  and  will  never  be,  together,  but 
will  always  be  separated  by  an  interval  of  a  miles,  just  as 
they  are  at  12  m. 

T     ^,.  na         na  _       .         ma 

In  this  case,  x=z =  ----=oo,  and  a-Hr=---=oo, 

m — n        0  0 

I,  e, ,  the  point  at  which  the  couriers  will  be  together  is  at 
an  infinite  distance  from  A.  If  the  B  courier  is  in  advance, 
this  distance  will  be  measured  to  the  right  of  A.  By 
changing  its  sign,  we  find  the  distance,  — oo  ,  to  the  left,  at 
which  the  couriers  were  together,  taking  the  problem  in  the 
second  sense,  indicated  in  2°. 

n.  a=0. 

1^.  m^n.     Then  fc= =  ±0.     We  interpret  this  re- 

<.  m — n 

suit  as  indicating  that  the  couriers  are  together  at  12  m. 
The  value  +0,  indicates  that  the  A  courier  has  just  over- 
taken the  B  courier.  The  value  — 0,  indicates  that  the  latter 
has  just  overtaken  the  former.  These  results  are  in  accord- 
ance with  the  conditions;  for,  if  the  A  courier  travels  the 
faster,  he  will  be  continually  gaining  on  the  other;  and  as 
the  two  are  together  at  12  m.  ,  he  must  have  just  overtaken 
the  B  courier,  and  after  12  m.  will  be  continually  separating 
himself  from  his  noonday  companion.  If  the  latter  travels 
the  faster,  of  course  the  reverse  takes  place. 
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In  this  case,  as=a4"a?= = =0;  which  resulta 

m — n      m — n 

indicate  that  the  couriers  are  together  precisely  at  A,  as  we 
should  naturally  expect  from  the  conditions. 

7P.  m=n,    Thent=-.    This,  the  symbol  of  indetermina- 

tion,  we  interpret  as  indicating  that  t  may  have  any  value 
whatever,  t.  e, ,  that  the  couriers  are  together  at  any  time, 
before  or  after  12  m.;  in  other  words,  that  they  are  always 
together. 

This  interpretation  is  in  accordance  with  the  conditions; 
for,  since  the  couriers  are  together  at  12  m.,  and  travel  at 
the  same  rate,  they  have  always  been,  and  will  always  be, 
together. 

Under  this  hypothesis,  x  and  a-fio?  both  reduce  to  -;  indi- 
cating that  at  any  point  whatever  on  the  line  B'B,  the 
couriers  are  together,  which  accords  with  the  given  con- 
ditions. 

430.  SoboUum.    fc=-^,  a?=-^,  and  a+a^-^!^ 

m — n  m — n  tn — n 

are  general  formulae,  which  may  be  used  in  solving  any 
"probleAis  of  pursuit,"  of  which  class  the  one  under  dis- 
cussion may  be  considered  a  general  representative. 

431.  From  the  forgoing  discussions  we  deduce  the  fol- 
lowing 

GENERAL  BESULTa 

The  values  found  for  the  unknown  quantities  involved  in 
any  problem  may  take  any  one  oifive  general  forma, 

P.  Positive  values. 

These  are,  in  general,  answers  to  the  problems  in  the  strict 
sense  in  which  they  are  proposed.  There  are  some  cases,  how- 
ever, e,  g.,  Prob.  31,  p.  250,  in  which  even  a  positive  resuU,  ij 
fractional,  wotdd  not  satisfy  the  conditions  of  the  problem.  If 
a  positive  value,  found  for  the  unknown  quantity,  does  not  sal- 
isfy  all  the  conditions  of  a  problem,  the  solution  of  (he  problem 
{in  the  strict  sense  proposed),  is  impossible. 
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2^.  Negative  results. 

(a.)  Negative  resiUis  indicate  the  impossibiiUy  of  solving  the 
problems  given^  if  thesie  problems  are  taken  in  the  strict  arUhr 
metical  sense, 

(b. )  Any  such  negative  resuU,  taken  vrith  a  contrary  sign^  may 
be  considered  the  answer  to  a  problem  of  which  the  enunciation 
differs  from  the  one  proposed,  only  in  thai  quantities  that  were 
additive  have  become  subtractive,  and  the  reverse. 

(c.)  If  the  problem  be  taken  in  a  general  sense,  the  negative 
value  of  the  unknown  quantity  is  a  true  answer,  but  must  be 
interpreted  in  a  sense  contrary  to  the  sense  in  which  a  positive 
value  is  interpreted. 

30   Results  of  the  fbxm  ^,  or  0. 

N 

A  result  of  this  form  may  indicate  the  impossibHUy  of  solving 
the  problem,  in  its  strict  arithmetical  sense,  or  may  be  a  true 
answer  to  the  problem,  taken  in  the  dlgdjraio  sense. 

4P.  Results  of  the  fbrm  ---,  or  qo  . 

A  result  of  this  form  may,  in  general,  be  considered  as  indi- 
cating the  impossibility  of  satisfying  the  conditions  of  the  prob- 
lem, infinite  quantities. 

B^.  Results  of  the  fbim  J.. 

A  resuU  of  this  form  that  does  not  arise  from  the  vanishing 
of  a  fraction  on  account  of  (he  presence  of  a  factor  commcn  to 
its  terms,  indicates  that  the  given  problem  admits  of  an  infinite 
number  ofsoluHons. 

PROBLEMS  GIVINa  RISE  TO  EQUATIONS  OP 
THE  SECOND  DEGREE. 

PROBLEM    OF    THE    LIGHTS. 

482. — 1.  Find,  on  ihe  line  joining  two  lights  of  given 
intensities,  a  point  equally  illaminated  bj  the  lights. 

In  solving  this  problem,  we  employ  the  following  prin- 
ciple of  optics,  viz. : 

The  intensity  of  a  light  at  any  diatance  is  equal  to  the  in- 
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tensity  of  the  light  at  the  distance  1,  divided  by  the  square  of 

the  distance, 

F^  L        P        L^  y 

Let  P^^F  be  the  indefinite  line  joining  the  lights,  L  and 
L^  Assume  L  as  the  origin  of  distances,  all  distances 
measured  to  the  right  of  L  being  positive,  and  hence  all 
measured  to  the  left  being  negative.  Let  P  be  the  point  re- 
quired, and  let  d  represent  the  distance,  L  L',  between  the 
lights.  Let  x=  the  number  of  units  (feet,  metres,  etc.) 
from  L  to  the  point  of  equal  illumination,  P.  Then  d — x 
represents  the  distance  from  L'  to  P.  Suppose  the  in- 
tensity of  the  light  L,  at  the  distance  1,  to  be  a.  From 
the  principle  of  optics  already  referred  to,  the  intensity  of 

this  light  at  the  distance  2=  ■*,  at  the  distance  6=  --,  etc.^ 

4  36 

and  at  the  distance  x,  i,  e.,  at  the  point  P,  is  -3.      Suppose 

QCr 

the  intensity  of  L',  at  the  distance  1,  is  &;  then  at  the  dis- 
tance d — x^  i.  e.,  at  the  point  P,  the  intensity  of  this  light  is 

— -.     From  the  conditions  of  the  problem,  the  intensi- 

(a — xy 

ties  of  the  two  lights  being  equal  at   P, 


a 


a^       {d—xf 


.  (d^xf      b   d—x      _^l/ft.  ^,/r       ,/- J    ,/- 

whence,  ^ — —  =  -; =  d: >  ±V  b.x=v  a.d-V  a,x; 

'      t^  a'    X  |/^ 

(l/a±l/6)a.=rfl/a  .-.  ^=-7^^  (l)iaf'=^^^  (2); 

]/arWb  Vor-Vb 

d\/b  dVb 

d—af=  (3);  d—af':z 


Va+Vb  \/a—\/b 

From  the  nature  of  the  case,  neither  a  nor  b  can  be  negi- 
ative,  whence  we  see  that  tiie  values  of  x  must  always  be 
real.  There  are,  therefore,  always  two  points  of  equal  illu- 
mination on  P"P'.  We  naturally  suppose  that  there  would 
be  such  a  point,  not  only  between  L  and  L%  but  also  be- 
yond them,  on  the  side  of  the  less  intense  light. 
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Moreover,  as  (2  is  measured  from  L,  toward  the  right,  it 
can  never  be  negative. 

1^.  Suppose  c2>0;  a>6.  Both  values  of  x  are,  in  this 
case,  positive;  both  must,  then,  be  measured  toward  the 
right;  take  the  first  value.     Since, 

\/Z+l/b>\/a,  -y=-^-^<\ ,  and  hence  ar,  =  ^  ._,<d; 

Va-tYb  Va^Vh 

t.  e.,  the  distance  from  L  to  the  first  point  is  less  than  the 
distance  from  L  to  L^  We  interpret  this  as  indicating  that 
the  first  point  of  equal  illumination  lies  between  L  and  JJ, 
Again,  as  l/a+l/6<2l/a(  •.•  Va^Vh)^  the  numerator 
being  greater  than  ^  the  denominator,  the  fraction 

We  interpret  this  as  indicating  that  the  point  sought  is  to 
Mie  right  of  the  middle  point  of  d^  t.  6.,  is  nearer  to  "U  than 
to  L.  This  is  in  accordance  with  the  conditions;  for,  L 
being  the  more  intense  light,  the  point  of  equal  illumina- 
tion is  necessarily  farther  from  it  than  from  the  light  JJ; 
ihatis,  the  point,  between  them,  that  is  equally  illuminatedi 
4nust  be  nearer  the  less  intense  light. 

d\/h 
The  corresponding  value  of  d-—x,  —y=, -p^  is  positive, 

V  ar{Vh 
and,  since  l/a+"l/^>2l/^,  is  less  than  o,»-«->tJ^«<ii8tance, 

from  L',  to  the  point  of  equal  illumination,  is  less  than  haU 
the  distance  to  L. 

The  second  value  of  x,  -— : -=,  >4  since  l/a>l/a — Vh^ 

Va—Vh 

Va 

and  therefore,  -— 7r>l.      We  interpret  this  as  indi- 

Va—Vh 
eating  that  the    second    point  of    equal  illumination  is 
beyond  and  to  the  right  of  L',  as  at  P',  which  interpreta- 
tion is  evidently  in  accordance  with  the  conditions  of  the 
problem. 
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The  corresponding  value  of  d — x  is  negative.  The  first 
value,  being  positive,  was  estimated  to  the  right,  from  F 
toward  L',  and  this  one  should  therefore  be  negative,  being 
estimated  from  R  toward  the  left. 

2P.  Suppose  d>0;  a<6.  The  first  value  of  x,  being  posi- 
tive, is  to  be  estimated  from  L  toward  the  right,  and  since 

/-      y-        y-       l/a  1 

K  a+K  6>2l/a,   y-      y-  is  a  fraction  less  than  o*  whence 

a7<-.     We  interpret  this  as  indicating  that  the  first  point 

equally  illuminated  is  between  L  and  L%  and  at  a  distance 
from  L  less  than  half  the  distance  to  I/,  This  is  in  accord- 
ance with  the  conditions,  for  the  point  equally  illuminated 
between  the  lights  should  be  nearer  to  the  less  intense  light. 
The  second  value  of  x  is  negative,  since  dy/a  is  positive 
and  l/a — 1/6  is  negative,  as  a  is  less  than  b.  Hence  this 
value  must  be  estimated  to  the  left  of  L,  as  to  P''.  This 
is  as  it  should  be,  for  the  point,  beyond  the  lights,  that  is 
equally  illuminated,  should  be  on  the  side  of,  and  nearer 
to,  the  less  intense  light. 

30.  Suppose  d>0;  0=6.     Thend/= — =  =  0''  which  re- 

2i/a  ^ 
suit  we  interpret  as  indicating  that  the  first  point  equally 
illuminated  is  to  the  right  of  L,  at  a  distance  equal  to  hali 
that  separating  the  lights.  This  is  manifestly  as  it  should 
be;  for,  the  lights  being  equally  intense,  the  point  midway 
between  them  is  the  only  point  between  them  that  can  be 
equally  illuminated  by  them. 

af'=  — ---  =±:qo  .     We  interpret  this  result  as  indicating 

that  there  is  no  point  beyond  the  lights,  at  a  finite  distance 
therefrom,  equally  illuminated  by  them.  This  is  in  accord- 
ance with  the  conditions;  for,  a  being  equal  to  6,  there  can 
be  no  point  beyond  either  L  or  L'  at  which  the  intensity  of 
the  light  considered  equals  the  intensity  of  the  other,  except 
^t  an  infinite  distance,  when  the  intensity  of  each  light  be- 
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comes  a  finite  quantity  divided  by  infinity,  that  is,  becomes 
0,  and  the  point  is  in  total  darkness. 

4P.  Suppose  d=0;  a>b  or  a<6.    Then  ar=   ^V  =^f 

Va+Vh 

and  af'=:    .,        .-  =0.     We  interpret  these  as  indicating 

that  both  points  of  equal  illumination  coincide  at  L.  This 
is  in  accordance  with  the  conditions;  for,  since  the  lights 
are  unequal  in  intensity,  and  are  situated  at  the  same 
point,  there  can  be  no  point  of  F'T'  on  either  side  of  L  at 
which  the  intensities  of  the  lights  would  be  equal.  If  there 
could  be  such  a  point  at  any  finite  distance,  as  a?,  from  L, 

the  intensities  of  the  lights  at  this  point  would  be  •-?  and  -^ 

ar         a, 

respectively,  which  can  never  be  equal  unless  a=&,  and 
this  is  contrary  to  the  hypothesis.  Again,  the  intensity  of 
either  light  at  the  distance  0  is  a  finite  quantity  divided  by 
0,  i.  e, ,  is  infinity,  so  that  the  intensities  of  the  two  lights 
at  the  point  at  which  they  are  situated  are  equal,  each 

to     00. 

5.  Suppose  d=0;  b=a.    Then  af=  =0,  and 

VOrf-yb 

a^'=— jT— =-.  The  value  of  *"  is  indeterminate;  for,  re- 
curring to  the  equation  ^1  =  75 — s>   or  a{d — a:Y=ba^y  or 

(a — h)a? — 2(uLf=  — (Ta,  it  becomes  under  this  hypothesis 
0,a^ — 0.0?= — aeP=0,  which  is  evidently  satisfied  by  any 
value  of  X  that  may  be  substituted  therein.  We  interpret 
these  results  as  indicating  that  every  point  of  P"P'  is 
equally  illuminated  by  L  and  L%  the  value  af=Q  being  one 
of  the  infinite  number  of  values  that  may  be  assigned  to  x. 
This  interpretation  is  obviously  in  accordance  with  the  con- 
ditions of  the  problem;  the  lights,  equal  in  intensity,  coin- 
cide at  L,  which  point,  as  well  as  every  other  in  the  line, 
must  be  equally  illuminated  by  them. 
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The  suppositions  a=0,  b=0,  are  not  of  sufficient  import- 
ance to  justify  their  discussion. 

2.  Find  a  number,  such  that  a  times  its  square,  increased 
by  b  times  the  number,  shall  equal  c. 
Let  x=  the  number.     Then,  from  the  conditions, 

aar+bx=c{l);  whence  as= ^ — ■ . 

0  2tf 

If,  now,  we  suppose  a=0,  x=  — ,  or— — =  dioo  ,  giving  oo 

the  double  sign,  as  zero  may  be  considered  the  limit  of  a 

numerically    decreasing    quantity,    negative    or    positive. 

When  a=0  (1)  becomes,  bx=G,  whence  x=  —,  a  finite  and 

determinate  value.     What,  then,  is  the  meaning  of  the 

value,  x=  —  ?    The  value  of  x  is,  in  this  case,  a  vanishing 

fraction,  and  as  the  vanishing  factor  is  not  obvious  as  the 

fraction  stands,  let  us  multiply  both  terms  by 

—4mc 

-&-l/6«+4ac,  thus  obtaining  _2a(6+|/'6^+4ac)' 

in  which  the  presence  of  the  common  factor  2a,  which 

reduces  to  0  when  a=0,  is  evident.     Evaluating  the  frac- 

/J 
tion,  we  obtain  x=  -=-,  the  value  found  before. 

0 

The  value  x=  dzco ,  may  be  interpreted  as  indicating  that 
the  problem,  under  the  supposition  a=0,  admits  of  but  one 
solution  in  finite  numbers,  which  is  evidently  the  case,  as 
the  problem  then  gives  rise  to  an  equation  of  the  first  degree. 
This  result  indicates  that,  as  a  becomes  smaller  and  smaller, 
the  second  value  of  x  increases  numerically  without  limit. 
Though  the  equation  (1)  has  apparently  three  roots,  viz.  : 

;c=  ~,  a?=+QO  ,  x=  —  00  ,  it  has  in  reality  but  two,  as,  in 

supposing  a  to  decrease  to  0,  we  must  suppose  that  it  is 
either  positive  or  negative;  we  cannot  take  both  supposi- 
tions at  once. 
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It  is  well  to  observe  that,  when  a=0,  the  coefficients,  p  and  q^  in  the 
general  form  (378),  become  infinite;  we  must,  therefore  (as  always  in 
approaching  0  or  oo ),  be  on  our  goard  against  failing  cases. 

If  0=0,  6=0,  c>0,  both  values  of  x  reduce  to  -,  and, 

evaluating,  we  find  ^e=ibQO  ,  which  indicates  that  the  prob- 
lem under  this  supposition  admits  of  no  solution  in  finite 
numbers,  as  is  evidently  the  case. 

Finally,  if  a=0,  6=0,  c=0,  the  values  of  x  become  really 
indeterminate,  as  they  should,  since,  under  this  hypothesis, 
any  number  whatever  will  satisfy  the  conditions  of  the 
problem. 


OHAPTEB  IX, 


INEQUATIONS. 

488.  An  Inequalityi  or  XnequaUoiii  is  an  algebraic 
expression  of  the  inequality  of  two  quantities;  as  a]>6, 
ffir-f-n>2 — c. 

In  discussing  inequalities,  the  words  greater  and  less  must 
be  understood  in  their  algebraic  sense.  For  example,  a 
negative  quantity  is  less  than  zero,  for  we  shall  evidently 
obtain  a  greater  result  by  subtracting  zero  from  any  quan* 
tity  than  by  subtracting  any  positive  quantity;  i.  e.,  0> — a^ 
Again,  of  two  negative  quantities,  that  is  the  greater  which 
contains  the  fewer  units.  Thus,  — 3  is  greater  than  — 7, 
for  —3  means  that  3  is  to  be  subtracted  from  some  quan- 
tity, and  — 7  means  that  7  is  to  be  subtracted  from  some 
quantity,  and  we  shall  evidently  obtain  a  larger  result 
on  subtracting  3  from  any  quantity,  than  on  subtracting  7 
from  that  quantity. 

484.  Two  inequations  subsist  In  the  same  sense  when 
the  greater  quantity  is  in  the  same  member  of  both;  t.  e., 
when  the  sign  of  inequality  has  the  same  position  in  both. 

Illustratigv.  3<7,  5<l2, 2<26  sabBiBt  la  the  sftine  seiiBe;  so^  alao^ 
6>1,  7>|,  26>l/3: 

485.  Two  inequations  subsist  in  a  oontraxy  sense 

when  the  greater  quantity  is  in  the  first  member  of  one  and 
in  the  second  member  of  the  other. 

Illustratigk.  Thus,  2<7  and  12  >3  subBiBt  in  a  contrary  aenae;  ao^ 
alao,  5<27  and  ^7>v'3;  2<12  and  ab>e;  3<11  and  17>9. 

Subsisting  in  the  same  sense  does  not  require  the  differ- 
ence of  tb9  members  to  be  the  same  in  the  two  inequations. 
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nor  does  subsistiiig  in  a  contrary  sense  imply  that  these 
differences  should  be  unequal. 

486.  Inequatioiis  are  classified  in  the  same  manner  as 
Equations y  and,  with  the  exceptions  to  be  noted  hereafter. 
Inequations  are  subjected  to  the  same  transformations  and 
operations  as  Equations. 

437.  To  Solve  an  Inequation  is  to  transform  it  so  that 
the  unknown  quantity  may  stand  alone  in  one  member,  and 
a  known  quantity  alone  in  the  other.  This  known  quantity 
is  called  a  liimit  of  the  unknown  quantity. 

438.  If  the  same  quantity  he  added  to,  or  subtracted  from, 
both  members  of  an  inequation,  the  resulting  inequation  wiU 
subsist  in  the  same  sense  as  the  original. 

Suppose  a>6.  Then  a — b  is  positive;  let  it  be  repre- 
sented by  d;  whence,  a — b=d,  or  a:=b-\-d  (1);  taking  any 
quantity,  as  x,  a±x=b-{-d±x  (2).  If  now  we  subtract  d 
from  the  second  member  of  (2),  and  not  from  the  first,  wd 
shall  evidently  leave  the  second  less  than  the  first,  i.  e., 
a±:a?>6  drar. 

439.  Corollary. — The  rule  (350)  for  transposition  applies, 
without  change,  to  inequations. 

Suppose  aa-\-  b^^x-^-d  (1).  Let  it  be  required  to  trans- 
pose ex  to  the  first  member,  and  b  to  the  second.  Subtract- 
ing cx'+b  from  each  member  of  (1),  we  obtain  ax — cx'^d — b, 
which  transformation  might  evidently  have  been  effected  at 
once  by  (850). 

440.  Multiplying  or  dividing  both  members  of  an  inequor 
Hon  by  the  sam>e  positive  quantity  does  not  change  the  sense  of 
the  inequation. 

This  proposition  enables  us  to  clear  an  inequation  offraC' 
dons. 

441.  Multiplying  or  dividing  both  members  of  an  inequxUion 
by  the  same  negative  quantity,  results  in  an  inequation  subsist- 
in  a  contrary  sense. 
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This  is  a  direct  conseqaence  of  (440),  for  if  a>b,  (1), 
ma'^mh,  m  being  entire  or  fractional,  but  positive.  Let 
ma — mhy  which  is  positive,  be  d;  then  ma=mb~\-4.  Trans- 
posing, — m6= — ma+d.  Subtracting  d  from  the  second 
member  only,  — m6> — ma;  or,  — ma<^ — mh.  Hence,  mul- 
tiplying each  number  of  (1),  by  — m  (entire  or  fractional), 
would  result  in  an  inequation  subsisting  in  a  contrary 
sense. 

442.  Ck>roIlaTy. — If  the  signs  of  the  two  members  of  an 
inequation  be  changed,  the  sense  of  the  inequation  is  changed 

443.  Both  members  of  an  inequation  being  raised  to  the 
same  power:  If  the  members  are  both  positive,  the  resulting 
inequation  subsists  in  the  same  sense.  If  both  are  negative  the 
resulting  inequation  subsists  in  the  same  sense,  if  the  exponent 
of  the  power  be  odd;  in  a  contrary  sense  if  it  be  even. 

If  a>6,  a"*  is  greater  than  b"^,  for  it  is  equal  to  6~+ 
other  quantities.  Then  ^6> — a  (442),  and  *.•  a'^^b^, 
(— 6)'">( — o)«,  if  m  be  odd.  If  it  be  even,  (— 6)"»=6"»  and 
( — a)''»=a"*.     Hence,  if  — 6>— a,  a^'^b^, 

444.  If^e  members  of  an  inequation  have  contrary  signs, 
ihey  may  be  raised  to  any  power  of  an  odd  degree  without  rfe- 
stroying  the  sense.  If  the  power  to  which  they  are  raised  is  of 
an  even  degree,  the  resulting  inequality  unU  subsist  in  the  same 
or  a  contrary  sense,  according  as  the  positive  or  the  negaiive 
quantity  is  numerically  the  greater. 

445.  Extracting  like  roots  of  the  tux)  members  of  an  ins^ 
quation  does  not  change  the  sense,  if,  when  the  index  is  even, 
only  the  positive  roots  be  compared. 

When  the  index  is  even  the  two  members  must  be  posi- 
tive, as  imaginaiy  quantities  cannot  be  compftred. 

446.  The  addition  member  to  member,  or  muMiplioaiion 
member  by  member,  of  two  inequations  subsisting  in  the 
same  sense,  results  in  an  inequation  subsisting  in  (he 
sense. 
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Suppose  a>6;  a=6+d    (1) 

c'>m;  c=m-f^  (2)  Adding  these  equations, 
member  to  member,  a-H?=64-m--|-d+^  (3),  and  subtract- 
ing <f+(f  from  the  second  member  of  (1),  a-|-c>6+m. 
Again,  multiplying  (1)  by  (2),  member  by  member, 
ac=bm-{'bd' -\'md-\-dct ,  whence  ac^bm. 

This  may  be  extended  to  three  or  more  inequations. 

447.  Corollary. — Ihe  mbtrdciion  of  an  inequalion  from 
anther  subsiding  in  the  same  sense  does  not  necessarily  result 
in  an  inequation  subsisting  in  the  same  sense. 

Subtracting  equation  (2)  (446)  from  (1),  we  have, 
a — c=6 — m-^d — cf  (4).  Now  if  d>d',  d — d'  is  positive, 
and  its  subtraction  from  the  second  member  of  (4)  will  make 
this  member  less  than  the  first.  If,  on  the  other  hand, 
d<Cd\  d — d^  is  negative,  and  since  the  subtraction  of  a  neg- 
ative quantity  is  equivalent  to  the  addition  of  a  numerically 
equal  positive  quantity,  the  subtraction  of  d — d'  from  the 
second  member  of  (4)  will  make  this  member  greater  than 
the  first.  Hence,  the  resulting  inequation  may  take  eitiier 
of  the  forms:  a — c>6 — m  or  a — c<6 — m. 

448.  The  rules  for  Elimination  may  be  applied  to  in- 
equations (noting  the  exceptional  cases  already  discussed), 
thus  frequently  enabling  us  to  solve  simultaneous  inequa- 
tions. 

Examples. 

2.  a?>-^.  Am.  ar>p+l. 

X — 1 

ax  a? 

,  ,,  Ana.  x>a  sdA  x*Cb. 

ox  rv  ^  " 

__a(a>-*Xy 
*--6r>-3r-  Ans.x>M. 

5.  7a>-35+^>22+i^;  8ar+12-|<70H-a. 


CHAPTER    X 


SERIES. 

PRELIMINARY  DEFINITIONS. 

448.  A  Series  is  a  succession  of  terms,  each  one  of  which, 
rafter  the  first,  or  several  of  the  first,  is  derived  from  one  or 
more  of  the  preceding,  in  accordance  with  some  fixed  law. 
^his  law  is  called  the  Imw  of  the  Series. 

Illustration,    af +a?"^H/+a5'*~y-}- +y*  is  a  aeries;  eo^ 

alflo,  the  second  member  of  the  binomial  formula. 

450.  CLASSEnoATiON. — Series  are: 

1°.  Infinite  or  Finite, 

An  Infinite  Series  is  one  in  which  there  is  an  infinite 
number  of  terms;  e.g.,  the  second  member  of  the  binomial 
^formula,  when  m  is  fractional  or  negative. 

A  Finite  Series  is  one  in  which  the  number  of  terms  is 
finite;  e.  y.,  the  second  member  of  the  binomial  formula, 
-when  m  is  integral  and  positive. 

2^.  Increasing  or  Decreasing. 

An  Increasing  Series  is  one  in  which  every  term  is  nn- 
merically  greater  than  the  preceding  term;  e.  g., 

H-1  -a-s-T-o 

A  Decreasing  Series  is  one  in  which  each  term  is  no- 
merically  less  than  the  term  immediately  preceding;  e,  g.. 

The  terms  Ascending  and     Descending    are    nsed     inter- 
changeably with  Increasing  and  Decreasing ,  respectively. 
3°.  Converging,  Diverging,  or  Undetermined, 
A  Converging  Series  is  a  series  in  which  the  terms  de- 
crease so  rapidly  toward  the  right  that  the  sum  of  an  infi- 
i.nite  number  of  terms  is  a  finite  quantity. 
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Series  converge  rapidly  or  slowly,  according  as  the  terms 
tall  off,  in  yalue,  rapidly  or  slowly;  the  more  rapidly  a  series 
converges,  the  smaller  will  be  the  error  committed  in  taking 
the  sum  of  a  finite  number  of  terms  for  the  sum  of  the  whole 
series.  Series  may  converge  from  the  first  term  onward,  or 
from  any  other  term  onward.  It  will  be  seen  at  once,  that 
<3onverging  series  are  the  most  useful  and  important  series. 

A  Diverging  Series  is  a  series,  the  sum  of  all  the  terms 
of  which  is  infinite. 

An  Undetermined  Series  is  one,  of  which  the  sum  of  all 
the  terms,  though  finite,  is  undetermined. 

4P.  Series  are  also  classified  with  regard  to  the  nature  of 
the  Law  of  (he  Series. 

The  most  important  series,  in  this  connection,  are  the  fol- 
lowing: 

An  Axithmetioal  Progzession,  or  Progression  by  Dlf- 
fbrenoes,  is  a  series  every  term  of  which  is  derived  from 
the  preceding  term  by  the  addition  of  a  fixed  quantity. 

This  fixed  quantity  is  called  the  Gommon  DUferenoe,  and 
is  positive  in  an  increasing  progression  and  negative  in  a 
decreasing  one;  it  may  always  be  obtained  by  subtracting 
any  term  of  the  progression  from  the  succeeding  term. 

Illustration,  a . .  adzS  •  >  adt2S  •  •  adtdS  •  •  is  an  arithmetiaal  pio- 
greMdon,  the  oommcm  difference  in.  which  is  dzS, 

A  Harmonioal  Progression  is  a  series,  the  terms  of 
which  are  so  related  that  their  reciprocals  form  an  arith- 
metical progression. 

Illustratiok.    5>  7«  9>  XT'  13'  "  *  *  "  ^  hannonical  progreesion. 

A  Geometrical  Progression,  or  Progression  by  Quo- 
tients, is  a  series,  every  term  of  which  may  be  obtained  by 
multiplying  the  preceding  term  by  a  fixed  quantity. 

This  fixed  multiplier  is  called  the  Ratio  or  Rate  of  the 
progression,  being  the  ratio  of  each  term  to  the  next  one;  in 
an  increasing  progression  the  ratio  >1,  and  in  a  decreasing 
progression  <!;  it  may  always  be  obtained  by  dividing  any 
term  by  the  preceding  one. 
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When  a  finite  number  of  terms  of  an  arithmetical,  har- 
monic, or  geometrical  progression  is  taken,  the  first  and 
last  considered  are  called,  respectively,  the  first  and  last 
terms  of  the  progression,  and  together  are  called  the  ex- 
tremes; the  intermediate  terms  are  called  the  means, 
azitfaimetioal,  harmonloal,  or  geometzical,  as  the  case 
may  be. 

A  Recurring  Series  is  a  series  in  which  any  term  after 
the  first,  or  several  of  the  first,  is  the  algebraic  snm  of  the 
products  obtained  by  multiplying  one  or  more  of  the  pre- 
ceding terms  by  one  or  more  fixed  quantities. 

These  fixed  quantities,  taken  in  their  order,  form  the 
Scale  of  Relation  of  the  Series,  or,  simply,  the  Scale  of 
the  Series;  the  coefficients  of  the  terms  in  the  scale  form 
the  Scale  of  the  Coefficients. 

The  Order  of  a  Recurring  Series  is  denoted  by  the  num- 
ber of  terms  in  the  scale;  a  series  with  only  one  term  in  the 
scale  is  of  the  fimt  order,  one  with  two  terms,  of  the  second 
order,  and  so  on. 

Illustration.     l+2x-|-3aJ*-Ha^+5«^ T.  is  a  recurring  serieB  w 

the  second  order;  each  term  after  the  second  is  the  sum  of  the  products 
of  the  preceding  and  second  preceding  terms,  into  2gc  and  — x^,  respect- 
ively. 

The  Binomial  Fonnula  has  been  already  discussed,  and 

other  series  will  be  discussed  hereafter. 

A  series  is  often  named  by  the  expression  from  which  it 
is  derived,  as  the  Logarithmic  series. 

The  First  Order  of  Differences  of  a  series  is  the 
succession  of  terms  obtained  by  subtracting  each  term  of 
the  series  from  the  succeeding  term.  The  Second  Order 
of  Difibrences  is  obtained  from  the  first,  as  the  first  is 
obtained  from  the  original  series.  The  Third  Order  of 
Difierences  is  obtained,  in  like  manner,  from  the  second^ 
and  so  on. 

6^.  Series  are  classified  according  to  the  nature  of  the 
successive  Orders  of  Differences. 
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A  series  having  all  the  terms  of  the  First  order  of 
differences  equal,  is  called  an  Arithmetioal  Progres- 
sion of  the  First  Order,  or,  simply,  an  Arithmetioal 
Progression;  a  series  from  which  the  Seoond  order  of 
differences  has  all  the  terms  equal,  is  called  an  Arithmet- 
ical Progression  of  the  Seoond  Order ;  and,  in  general,  a 
series  having  all  the  terms  of  its  nth  order  of  differences 
equal,  is  an  Arithmetioal  Progression  of  the  nth  Order. 
The  term  ArUhmetical  Progression^  alone,  always  signifies  a 
progression  of  the  first  order,  as  already  defined.  The  pro- 
gressions of  higher  orders  than  the  first  are  called,  col- 
lectively, Higher  Progressions. 

451.  Interpolation  is  the  operation  of  inserting,  be- 
tween the  terms,  two  and  two,  of  a  series,  new  terms, 
conforming  to  the  general  law  of  the  series. 

452.  The  Summation  of  a  series  is  the  process  of  find- 
ing an  expression  for  the  sum  of  any  number  of  terms  of 
the  series. 

453.  Ratio  is  the  relation  of  one  quantity  to  another  of 
the  same  kind. 

Ratio  may  be  ArUhmetical^  Edrmonio,  or  Geometrical. 

The  Arithmetical  Ratio  of  one  quantity  to  another  is 
the  reipainder  obtained  by  subtracting  either  from  the 
other. 

Illustration.     The  arithmetical  ratio  of  a  to  6  is  a — 6,  or  b — a. 

The  Harmonic  Ratio  of  one  quant:  u^  to  another  is  the 
arithmetical  ratio  of  the  reciprocals  of  the  given  quantities. 

Illustration.    The  harmonic  ratio  of  a  to  6  is r»  or  -r- — — . 

abba 

The  Geometrical  Ratio  of  one  quantity  to  another  is 
the  quotient  arising  from  the  division  of  either  by  the 

other. 

a         b 

Illxtstration.     The  geometrical  ratio  of  a  to  6  is  -r-  or  — . 

Writers  in  these  states  generally  prefer  the  second  method  of  taking 
the  above  ratia     As  the  sign  (: )  of  ratio  is,  however,  simply  one  form 
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of  the  sign  of  division,  being  used  by  many  Earopean  writers  to  the 
ezclasion  of  all  other  signs  of  division,  the  ratio  a:b  is,  strictly  speak- 

a  b 

ing,  -r-f  and  bia  is  — ,  the  ratio  of  a  to  6  bong  expressed  in  either  ynj. 

It  is  a  matter  of  little  conseqaence  which  method  be  employed,  pro- 
vided only  that  all  ratios  be  treated  in  the  same  way. 

a  b 

The  ratio  a:&=  -r  is  often  called  the  Direct^  and  &:as=  -  the  Invert  or 

b  a 

BeciproecUt  ratio  of  a  to  6.    It  will  be  seen  that  the  inverse  ratio  of  a  to 
b  is  the  direot  ratio  of  the  reciprocals  of  a  and  b;  i.  e.,  -=  --r?.    A 

ratio  IB  always  written,  however,  as  a  direct  ratio. 

The  first  term  of  a  ratio  is  called  the  antecedentf  and  the  second  term 
the  consequent. 

The  ratio  of  the  squares  of  two  qnantitiea  is  sometimes  called  the  tin* 
pUeate,  and  the  ratio  of  the  cubes  the  tHpUcate  ratio  of  the  quantities, 
while  the.  rwtioa  of  the  square  sad  cube  roots  are  called,  reqpecttvelyy  the 
subdupUcate,  and  subtripUcate,  ratios  of  the  quantities;  bat  this  mode 
of  expression  is  undesirable,  and  is,  fortunately,  passing  out  of  use. 

454.  A  Proportion  is  an  algebtaic  ezpreBsion  of  the 
equality  of  ratios  of  the  same  kind,  and  is  called  an  Axlth- 
inetioal,  a  Harmonio,  or  a  Greometzioai  proportion^ 
according  as  the  ratios  compared  are  AriihmeHcal,  Har^ 
momio^  or  Geomxtfisal. 

11  bat  two  ratios  are  compared,  the  expression  of  their 
equality  is  called  a  Proportion^  simply;  if  more  than  two 
are  compared,  tiiis^ezprecision  is  cidled  a  OonHnwed  Propor^ 

The  fourth  term  of  a  proportion  is  said  to  be  b,  fourth  pro- 
portwnal  to  the  other  three,  or,  if  the  second  and  third  are 
equal,  a  ihird proportionalio  the  other  two.  In  this  latter 
case,  either  the  second  or  third  is  said  to  be  a  mean  propor- 
iional  or  mean  (Arithmetical,  HiarmoBio,  or  Geometrical,) 
between  the  other  two.  In  general,  Uie  fivst^:  and^  fourth 
tesmso£  a  proportion^are:  called  theeas£rem€8^and  the  second* 
and  third  the  means ,  the  antecedents  and  coneeqtients  of  the  - 
ratios  preserving  their  names  in  the  proportion.  The  di- 
visions made  in  the  proportion  by  the  sign  =  or  :  :  are 
call^  couplets^  and  are:  numbered,  ^rs^,  eeocmd,  eto. 
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The  progressions,  Arithmetical,  Harmonic,  and  Geomet- 
rical, are  continued  proportions,  (arithmetical,  harmonic, 
and  geometrical,  respectiyely,)  in  which  any  term  is  a  mean 
between  the  preceding  and  succeeding  terms. 

When  the  words  ratio  and  proportion  are  used  without 
qualification,  geometrical  ratio  and  proportion  are  to  be 
understood. 

Quantities  are  in  proportion  by  alternation  when  ante- 
cedent is  compared  with  antecedent,  and  consequent  with 
consequent. 

Quantities  are  in  proportion  by  inverfidon  when  ante- 
cedents are  made  consequents,  and  consequents  are  made 
antecedents. 

Quantities  are  in  proportion  by  oomposition  when  the 
mim  of  antecedent  and  consequent  is  compared  with  either 
antecedent  or  consequent,  and  in  proportion  by  division 
when  the  difference  of  antecedent  and  consequent  is  simi- 
larly compared. 

It  is  important  to  remember  (Dalies'  Legendre,  Bk.  n.) 
that: 

455.  if  four  quanti^iea  are  in  proportion  ^  produei  of 
the  means  vnll  equal  the  product  <fOke  extremes,  andoonf>erMy. 

If  a  couplet  is  common  to  two  or  more  proporHons,  the  re^ 
maining  couplets  vnll  form  a  proportion. 

If  quantities  are  in  proportion,  they  uriU  be  in  proportion  by 
uUemation,  by  inversion,  by  composition^  and  by  division. 

If  quantities  are  in  proportion,  any  eqmmuiliples  of  one 
couplet  will  be  proportional  to  any  equimultiples  of  any  other 
<:&uplel. 

If  two  proportions  be  rhuUiplied  together,  term  by  term,  the 
products  will  be  proportional, 

466.  Two  quantities  Ivre  proportional  to  each  othei^  when 
the  ratio  between  theitaL  remains  the  same,  whatever  changes 
in  Talue  the  quantities  themselves  may  undergo.  Either 
quantity  is  said  to  be  direcHy  proportional  to  the  other* 
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Thus,  xfxy  (x  varies  as,  or  is  proportional  to,  y)  when  — 

remains  the  same,  however  x  and  y  may  change.  The 
proportion,  xccy,  is  an  example  of  General  Proportion,  or 
Variation. 

Two  quantities  are  reciprocally ,  or  inversely  proportional^ 
when  either  is  proportional  to  the  reciprocal  of  the  other. 

Thus,  X  is  inversely  proportional  to  y  when  a?oc — .    This  is 

an  example  of  Inverse  Variation. 

Before  proceeding  in  the  treatment  of  the  problems  met 
with  in  the  discussion  of  series  we  shall  examine  some  of 
the  methods  in  which  series  are  obtained. 


SECTION  I. 

DEVELOPMENT   OF  EXPRESSIONS 
INTO   SERIES. 

457.  To  Develop  an  algebraic  expression  into  a  series  is 
to  transform  it  into  an  equivalent  series. 

The  methods  of  developing  an  expression  into  a  series  are 
four  in  number,  viz. : 

I.  The  Method  op  Division. 

n.  The  Method  op  Multiplioation,  or  Involution. 
in.  The  Method  op  Evolution. 
IV.  The  Method  op  Indetebminates'  Cobppicibnts. 

458.  I.  Method  of  Division. — A  fraction  may  always 
be  developed  into  a  series  by  dividing  the  numerator  by  the  de- 
nominator  by  (89). 

This  cannot  alter  the  value  of  the  fraction,  as  it  consists 
simply  in  performing  an  indicated  operation.  The  series 
will,  of  necessity,  be  arranged  according  to  the  powers  of 
the  leading  letter  of  the  dividend  and  divisor.    To  illustrate: 

Let  it  be  required  to  develop  -^  ,     into  a  series  arranged  ao- 

a  -i-x 
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cording  to  the  ascending  powers  of  x.    Dividing,  we  obtain 
a  series  in  which  each        a  a'-^x 

term  may  be  obtained  by  ^ 

multiplying  the  preced-        ^"^^ 


ing  term  by -x,  i.  e,,  - a 

we    have  a  geometrical        ^ 

progression,  of  which  the   —  -rx yjx^ 

■^  a        a 

ratio  is >a?.     As  the         "^ 

division   is    inexact,   we        o- 

can  never  reach  the  last  term  of  the  quotient,  t.  e.,  the 
series  obtained  is  infinite.  In  a  similar  way  we  may  develop 
any  fraction  into  a  series. 

Examples. 

1.  Develop  — ^^^  into  a  series.     When  is  the  series 

x—y 

finite? 

2.  Develop -^  into  a  series. 

x-\-y 

d 

3.  Develop  z .  An8.  a-|-a'+a^+. . .. 

4.  Develop  ^-^j — .  Arts,  x — ac'+a* — 

5.  Develop  — ; — . 

'^  a-\-cx 

a  a^  a* 

7.  Develop  J— ^q-^.     Arts.  l+ar+3ir«44ar'+5a?*+... 

8.  Develop  i±f .  9.  Develop  ^  f'^^  ^. 

1 — X  l-j-OJ — or 

10.  Develop  ^-^,     Ans.  -1  +i^  -f  ^-\.^a?-\.. . . 

The  correctness  of  the  work  can  always  be  tested  as  fol- 
lows: Multiply  the  part  of  the  series  found  by  the  denomi- 
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nator;  to  the  product  add  the  remainder,  if  any;  the  result 
should  be  equal  to  the  numerator.  If  there  is  no  remainder, 
the  series  is  finite  (see  Ex.  1,2).  The  law  of  the  series  should 
be  clearly  stated  for  each  of  these  examples,  though  it  is 
of  no  importance  to  remember  the  different  laws. 

459.  n.— Method  of  Multiplloatlon  or  Iiivolution. 

When  the  muUipliccUion  of  two  or  more  polynomials  is  in- 
dicated we  may  frequently  expand  or  develop  the  expression 
into  a  series  by  performing  the  indicated  operation. 

Thus:  {ix'-^16){x+-2)=4a?+Sx'+lQa^2,  a  series  in 
which  the  coefficients  increase  in  geometrical  progression 
while  the  exponents  decrease  in  arithmetical  progression. 
Again, 

{a^^3x*y^^-Sxf--^t^){a^^x'y+Sxy'+^)==a^--^ 
We  do  not  usually^  however^  discuss  any  series  formed  in 
this  way  except  those  formed  by  that  special  case  of  multi- 
plication called  Involution,  In  series  formed  by  involution 
the  law  is  striking  and  important;  every  such  series  may 
be  regarded  as  a  particular  case  of  the  binomial  formula, 
since,  by  appropriate  transformations,  we  may  involve  a 
polynomial  of  any  number  of  terms  by  this  formula.  In- 
volution is  an  operation  that  can  always  be  performed  when 
the  exponent  of  the  power  indicated  is  positive  and  entire; 
in  this  case,  then,  we  expect  and  find  thctt  the  series  is  finite. 
When,  however,  the  exponent  is  negative,  the  operation  is 
no  longer  generally  possible;  and  in  this  case,  therefore, 
we  expect  and  find  the  series  to  be  infinite.  When  the 
exponent  indicating  the  operation  is  a  fraction,  the  ease 
falls  under  III. 

Examples. 
Expand  the  following  expressions  into  aeries: 

3.  (a^-y)-*.  4.  {Sx—9y. 
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ax 


-=a(h—Xy,  6.    T^r r-rr. 


460.  in.— Method  of  Evolution. 

The  laws  of  coefficients  and  exponents  in  the  binomial 
formula  are  always  exactly  true.  Hence,  no  matter  what 
expression  is  expanded  by  use  of  this  formula,  the  result 
will  be  a  series  conforming  to  the  laws  just  referred  to; 
when  the  exponent  indicating  the  operation  is  a  fraction 
this  series  will  be  an  expression  for  some  root  of  the  given 
polynomial.  If  this  root  can  be  extracted  the  series  will 
be  finite;  if  it  cannot  be  extracted  the  series  will  be  infinite. 
The  direct  application  of  the  rules  for  Evolution  will  also 
give  series;  finite,  when  the  polynomials  operated  on  are 
perfect  powers  of  the  degree  indicated,  in  other  cases  in- 
finite ;  for  the  results  obtained  by  these  rules  are  the  same 
as  would  be  obtained  by  developing  the  given  expressions 
by  the  binomial  formula. 

The  methods  of  Involution  and  Evolution  might  both  be 
included  under  the  general  name  of  the  Method  by  use  of 
THE  Binomial  Fobmula,  if  in  operating  on  polynomials,  these 
be  placed  in  the  form  of  binomials. 

Examples. 
Develop  the  following  expressions  into  series: 


a 


8.  (a6-f  »)▼ 


Am.  1 


!/•    ,  2j/'      IV 


6.  (14-)*  A^.  l+|_^+^^-g+. 
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6.  l/a*-|-d!.    Applying  ihe  role  of  Axtiole  5218, 


,   X      ;if   ,    of        5a^ 


2a     8aP  '  16a*     128a' 


^H-:-£i  - ' 


4a»     8a*  ^"64a' 


^      X    ^      of 
2a+  — 


I  ^ ^ 

y  8a*      64a« 


a    8a»^16a* 

' af 

8a*"*"l6a^     64a'"^256a^^ 
5a:*        a^  a^ 

Or,  the  series  may  be  written, 

a?         a:*  3a;^  3.5ar* 

^■•"2^     27i?"*'27r6^*     2.4.6.8a^*"" 
Or,  it  may  be  obtained  directly  by  the  Binomial  Formnla. 
If  a  =  I  and  sb=  1,  we  have, 

V2=i/l+I=H-|-i+l-,etc. 

7.  Ti^6=(8-2)i.       4««.  2- Jg-^-^-^. . . . 

-^  .  .    ,      2a  ,  3a'     4a^  , 

Am.  1— _+_— —-4-.... 


a;'+2aa;-(-a'  x       a?       af 

9.  (o'— a?)-T, 

^n«    1,^1  l-8a^  I  l-a-Sa*    ,  1.3.6.7a;'  , 
■  a"^2o'"^2.4o»'^2.4.6o'"^2.4.6.8a*  '  •*" 

^°-  Vh^-  ^'"-  l+^'  +  2?  +  25-«+-- 

11         *"  A„^     ^  /,  ,    «*    ■  1.5ar*  ,    1.5. g**   ,         n 
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461.  IV.  — Method  of  IndeterminateB'  Ck>effloients. 

This  method  is  founded  on  certain  properties  of  identical 
equations. 

An  Identical  Equation  (844)  is  one  that  is  satisfied  by 
the  substitution  of  any  quantities  whatever  for  the  unknown 
quantities  entering  it.  It  differs  both  from  the  common 
equation,  which  may  be  satisfied  only  by  a  limited  number 
of  substitutions  for  the  unknown  quantity,  and  from  the 
indeterminate  equation,  satisfied  by  an  infinite  number  of 
sets  of  values  of  the  unknown  quantities  entering  it.  Each 
of  the  unknown  quantities  in  an  identical  equation  may 
have  an  infinite  number  of  values;  i.  e.,  each  of  these  un- 
known quantities  is  indeterminate.  The  coefficients  in  any 
identical  equation,  being  coefficients  of  indeterminates,  are 
generally  called  Indeterminate  or  Undetermined  Coefficients; 
the  use  of  the  term  Indeterminates'  Coefficients,  has  been 
suggested  by  Prof.  W.  T.  Welcker,  and  this  name  will  be 
here  adopted,  as  it  is  free  from  the  principal  objections 
urged  against  the  other  two  forms  of  expression. 

462.  Proposition  I. — In  an  identical  equation,  involving 
but  one  unknown  quantity,  the  coefficients  of  the  like  powers  of 
this  unknown  quantity  in  the  two  members  are  separately  equal 
to  each  other. 

Let  A4.Ba?+Ca?»+Da:»4.  •  •  •  =A'+B'a?+CV+DV+. .  .(1) 
represent  any  identical  equation  with  but  one  unknown 
quantity,  the  coefficients  being  entirely  independent  of  this 
quantity.  Since  the  equation  is  true  for  any  value  that  may 
be  assigned  to  x,  it  must  be  true  when  x=Q,  Making  this 
substitution  in  (1),  we  find  A=A'.  As  the  coefficients  are 
independent  of  a;,  they  have  the  same  value,  no  matter  what 
the  values  of  x.    A,  then,  always  equals  A'. 

Hence,  from  (1), 

Bar+Ca:"+Daj»+. . .  .=.B'a?+CV+DV+. . .  .(2); 
or,  dividing  both  members  by  x, 

B+Car+. . .  .=B'+C'a;+. . .  .(3); 
whence,  by  the  same  reasoning  as  before,  B=B'.     Sub- 
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tracting,  then,  the  first  term  from  eaoh  member  of  (3)»  we 
obtain,   Ca?+Dip'+. . .  .=C'a:+DV+. . .  .(4);   or,  dividing 

both  members  by   x,  C+Da:+ =Qf-\^iyx-\- (5); 

whence,  reasoning  as  before,  G=C' .  Continuing  this  pro- 
cess, we  may  show  that  D=D',  E=E',  etc.  The  truth  of 
the  proposition  is  evidently  not  affected  if  one  or  more  of 
the  coefficients  reduce  to  0. 

463.  Ck>rollary . — In  any  identical  equation  of  which  one 
member  is  0,  the  equation  involving  but  one  indeterminate,  the 
coefficients  of  the  different  powers  of  this  quantity  are  separately 
equal  to  zero. 

Let  A+Ba?+Ca:'+I^^+ =^  (1)>  ^^  such  an  equation, 

A,  B,  C,  etc.,  being  entirely  independent  of  x.  Then  is 
A=0,  B:=0,  C=0,  and  so  on.  (1)  may  be  placed  under  the 
form:  A+Bar+Car'+Da^. . .  .=0  +0. ar+O.a^'+O. «»+... .; 
whence,  by  the  main  theorem,  A=0,  B=0,  C=0,  etc. 

464.  Proposition  II. — In  any  identical  equation,  containr^ 
ing  any  number  o/indeterminates,  the  coefficients  of  like  pow- 
ers of  each  indeterminate,  in  the  two  members,  are  equal. 

Let 

A+Ba:+Ca;^+D«*+. . . 
+M2/4N2/'+Py»+... 

+  etc. 

represent  any  identical  equation,  the  coefficients  being  en- 
tirely independent  of  x,  y,  e,  etc. 

Since  the  equation  is  true  for  all  values  of  x,  y,  b,  etc.,  il 
is  true  when  y  and  z,  etc.,  =0.  Making  the  substitatioii 
thus  suggested  in  (1),  we  obtain 

A+Bx+Cx'^Dx'.. .  .=A'+B'«+0'«»+. . .  .(2), 
whence,  (462)  A=A%  B=B%  0=Cy,  and  so  on.     Again, 
the  equation,  being  identical,  is  true  wh^n  all  the  inde« 
terminate  quantities,  except  y,  =0.    Hence, 

M2/+Nt/'+P2/»+ . . .  .=MV+Ny+P'i/»+ . . . . ; 
whence,  (462)  M=M^  N=:N^  etc.    In  like  manner  we  may 
prove  that  F=F,  G=G',  etc. 


A'+B'a:+CV+iyaJ»+ . 

+M'2/+Ny+PY+. 
+F2+GV+HV+.. 
+  etc. 
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465.  CknoUary. — In  any  identical  equation^  involving  any 
number  of  indeterminates,  and  in  which  either  member  is  0^  the 
coefficients  of  the  different  powers  of  each  indeterminate  are 
separately  equal  to  0. 

The  principle  stated  in  its  most  general  form  in  Proposi- 
tion II.  is  called  the  Principle  of  Indeterminates'  Co- 
effloients,  and  is  exceedingly  valuable  in  the  important 
operation  of  developing  expressions  into  series. 

466.  To  develop  an  expression  into  a  series  by  the 
method  of  ludeterminates'  Coefficients. 

a 
Let  it  be  required  to  develop  into  a  series,  ar- 

a  "i~o x 

ranged  according  to  the  ascending  powers  of  x.  If  the 
indicated  division  were  performed,  the  first  term  of  the 
quotient  would  involve  the  zero  power  of  x.  Place,  then, 
the  fraction  equal  to  a  series  beginning  with  afy  thus; 

,^      =P+Qa?+Ra:'+Sar'+ (1),  the  coefficients 

a  x'O  X 

P,  Q,  R,  etc.,  being  independent  of  a:,  and  to  be  deter- 
mined so  that  the  development  will  be  true  for  all  values 
of  X,  The  development  being  merely  the  result  of  the 
division  indicated  in  the  first  member,  (1)  must  be  an  in- 
dentical  equation,  P,  Q,  B,  etc.,  depending  only  on  a,  a'  and 
V  tor  their  values.     Clearing  (1)  of  fractions,  we  obtain, 


ar'+a'S 


^+. 


whence,  (462)  a=a'V  .* .  P=4;  0=a'Q+6T=a'Q+&'-..-. 
a 0=  — — . .-.  Q=— — ..    Similarly,  ^=-^y  etc. 

a       a'*         a*  a  * 

a 
If  the  expression  is  of  the  form  ,  or,  in  general, 

Buch  that,  on  performing  the  indicated  operation,  the 
first  term  of  the  result  will  involve  only  the  zero  power 
of  the  indeterminate,  we  may  develop  the  expression  into 
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a  seiies  arranged  according  to  the  powers  of  this  quantity 
by  the 

BuLE. — Place  the  given  expression  equal  to  a  develnpment  of 
the  form  P-fQx+Rx^+Sx®-!-.  /. ..  Clear  the  equation  of 
fractions,  and  equate  the  coefficients  of  like  powers  of  x  in  the 
two  members.  From  the  equations  thus  obtained  find  the  values 
of  P,  Q,  R,  etc.,  and  substitute  these  values  for  P,  Q,  R,  etc,, 
in  the  assumed  development. 

467.  If  the  given  expression  is  not  of  such  a  form  that, 
on  carrying  out  the  indicated  operation,  of*  will  be  the  only 
power  of  X  in  the  first  term,  we  must  assume  a  different 
series  from  that  indicated  in  the  rule.  The  most  general 
form  of  a  fraction  to  be  developed  into  a  series,  is 

aoT'+bar^^+caf'^^-^ 

a'a^+6'af^+^+ca?«+'-f. 

K  the  operation  here  indicated  were  performed,  the  first 
term  of  the  quotient  would  be  af»~".  If  m,=n,  a?"»-'»=a5«, 
and  we  develop  as  directed  in  the  rule;  if  m^n,  m — n  is 
positive,  and  if,  in  assuming  a  development,  we  begin  at  acf*, 
some  of  the  coefficients  will  be  0,  and  as  this  does  not  affeot 
the  truth  of  the  main  principle,  the  application  of  the  rule 
will  give  us  the  true  development  here  also,  P,  Q,  etc.,  re- 
ducing to  0,  until  we  arrive  at  the  coefficient  of  af*"~*.  If, 
however,  m<c^n,  m — n  is  negative,  and  in  assuming  a  devel- 
opment P+Q^+R^+ >  we  assume  all  the  coefficients 

of  powers  of  x  below  the  zero  power  to  be  separately  0, 
which  is  untrue,  and  as  we  begin  with  an  untruth,  the 
mathematical  work  will  point  out  this  fact  by  leading  us 
into  some  palpable  absurdity,  if  we  attempt  to  develop  in 
this  case  by  the  rule  (466).  As  the  only  error  consists  in 
assuming  the  powers  of  x  to  begin  where  they  do  not,  if  we 
assume  them  to  begin  at  the  proper  point  (in  this  case  at 
the  (m — n)th  power),  there  will  be  no  further  error,  and, 
clearing  of  fractions,  etc.,  as  in  the  rule,  we  have  the 
series  required.  The  development  assumed  would  then  be 
Pa?"-*+Qa-«-n+i_[_  __  ^s+Tx+Yx'+ 
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468.  An  expeditious  method  of  determining  the  form  of 
series  to  be  adopted  is  the  following:  Place  the  unknoum 
quanlUy  in  the  given  expression  equal  to  0.  TjT,  under  this  sup- 
position, the  given  expression  reduces  to  a  finite  quantity ,  the 
first  term  of  the  development  will  not  contain  x,  and  the  devel- 
opment will  be  of  the  form  P-{-Qx-f-Rx*4- If  the  expres- 
sion redrwes  to  0,  the  first  term  of  the  series  will  contain  x 
with  a  positive  exponent,  and  if  we  assume  the  development 
P-J-Qx+Rx^  + 9  ^om^  of  the  first  coefficients  will  reduce 

to  0.     If,  when  x=0,  the  given  expression  reduces  to  the  form 

ivr 

— c=00  ,  the  first  term  of  the  development  must  contain  x  with 

a  negative  exponent. 

The  reason  of  this  method  of  procedure  is  apparent  on 
examimng  the  general  form,  ^^^.^y^..i^,/^t2  +  , , .  - 
Dividing  both  terms  by  af»,  we  obtain 


If,  in  this,  the  value  x=0  be  substituted,  the  expression  re- 
duces to  — ,  when  m.=^n;  to  -,  when  m'^n;  and  to—,  when 
a  0  a 

wi<n,  since,  in  this  case,  m — n  is  negative,  and  Jg**"*= —---•. 

whence,  <j'af»~*= =  —  =oo  when  x=0,  and 

^a' _a.0__0  __r. 
^"  0  "^   a'        a'^  ' 


469.  If  the  given  expression  is  of  the  form  {/a+bx,  we 
may   place  it   equal  to  a  development   of  the   assumed 

form,  P+Qa?+Rr'+Sa?+ ,  raise  both  members  to  the 

nth  power,  and  equate  the  coefficients  of  like  powers  of  the 
indeterminate  in  the  two  members  in  the  resulting  identi- 
cal equation,  and  from  the  equations  thus  obtained,  deduce 
the  values  of  P,  Q,  R,  etc.  

Take  the  foUo^ng  example:  Develop  l/(a*-f^)'  ii^*o  a 
series.    Assuming  the  development,  we  find, 

(a»+a?')^=P+Q^+RaJ»+ar»+Ta?*+. . .  .(1). 
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^Squaring  both  members  of  (1), 

+PQ|  +Q'      +QB 
+PE    +QR 
+PS 
.Oubing  a'-}-d^,  and  reducing, 

o*-|-3aV+3aV4-«*=P'+2PQa!+(2PR+QV+-  •  •  (8). 

-Equating  coefficients,  (462),  F*=a*  .-.  P=a';  2PQ=0;  or 

2a'Q=0  .-.  Q=0;  2PB+Q'=3a«  .-.  2PR=3a«;  2«^R=3a*, 

.  • .  R=  ^.     Similarly,  T  =  g^,  V=  -  j^,  etc.    Hence,  the 

required  series  is  a'+  q^+  5^"^^""" Tfi^^^"^ ^*^^ 

.could,  of  course,  have  been  obtained  at  once  by  the  appli- 
.cation  of  the  Binomial  Formula. 

8 

Again,  had  we  placed  (a'+a*)*=  — ^P — Qa? — Ra* — , 

and  squared,  we   should  have  obtained  the  same  result, 
numerically.     Hence,  as  the  coefScients  may  be  either  pos- 
^itive  or  negative,  the  series  may  be  written, 

If,  on  the  other  hand,  we  have  an  expression  of  the  form 

f^a+ftx-f         )*,  we  may,  evidently,  place  id  equal  to 

;P+Qa?-f'Ba^+ »  ^^^9  expanding  the  first  expression, 

and  equating  the  coefficients,  find  the  values  of  P,  Q,  B, 

k 

etc.    If  we  have  (a^-&r-|~ )  *^  >  ^^  may  place  it  equal  to  a 

development  of  this  form,  raise  both  members  to  the  rdh 
power,  and  then  expand  and  proceed  as  before.  This  is 
illustrated  in  the  preceding  example.  If  nis  even  and  k 
odd,  the  development  will  have  the  double  sign;  if  both  n 

k 
and  k  are  even,  the  exponent  -  is  not  in  its  simplest  form. 

If  n  is  odd,  there  is  no  double  sign,  as  a  root  of  an  odd 
degree  can  have  but  one  sign. 

When,  however,  ap  expression  may  be  developed  by  the 
binomial  formula,  it  is  best  to  apply  this  formula  at  onoe. 
The    method   by  indeterminates'    coefficients,    while   not 
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always  the  most  expeditious,  is  the  most  general  and  im- 
portant method  of  developing  expressions  into  series.  In 
^ty  the  binomial  formula  itself,  in  its  general  expression, 
is  usually  deduced  by  the  use  of  this  method,  the  only  one 
of  the  four  enumerated  in  (457)  that  is  always  applicable. 

Examples. 
Develop  the  following  expressions  into  series: 
1        1— a?  .16    ,16      46     ,  135  . 

^-  ^^+3^'  ^"^^  2?~S"^"8  "le^"*"  32^---- 

See  Article  (467). 


1 


1— 2ar+a^ 


Ans.  l+2a?+3a:'+4a;»+5a?*4-. 


3,    ,  }    f   .  Am.  1— 2a?+«»+i»"— 2a?*+«*4^— . . . 


l+a?+«» 
g*— 3ar'+2 


Ans.  2+2a>Sx'—5af—d^... 


^-^^^      Ans.l^i +^^-4^160^+44^ 


e.  -?=^.  Am.  ?+&»+M«'+»«''+40«'+. 

X — ^  X 

▼elopment  of  the  usual  form,  we  obtain,, 
clearing  of  fractions, 

whence,  P=l;  Q+P=— 1,  .-.  Q=— 2;  P+Q4-B=i  .-. 
Bs=2,  etc;  hence. 
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\1— a;- 


Am. 


±(l-hr'+ 


10, 


4 


l+2a?       l+2a?+3a:'+4a;'+  5a?* 
l_a.+a;»'   2+4a?+6a;*+&»'+10a;*+12a:*' 


470.  It  will  be  seen  that  the  methods  of  developing  ex- 
pressions into  series  depend  on  the  fact  that  the  series  is 
the  result  of  the  performance  of  certain  operations,  indicated 
in  the  given  expression.  When  the  operations  indicated 
can  be  completely  and  exactly  performed,  the  resulting 
series  will  be  finite;  when,  on  the  other  hand,  the  opera- 
tions indicated  cannot  be  completely  and  exactly  performed, 
the  series  will  be  infinite.  The  development  of  expressions 
into  series  is  an  important  and  useful  operation;  it  will 
often  be  found  much  more  simple  to  operate  upon  a  series 
derived  from  a  given  expression  than  upon  the  expression 
itself. 

471.  Generation  of  Recurring  Series. — One  of  the 

most  important  classes  of  series  exemplified  in  the  foregoing 
discussions  is  the  Recurring  Series.     If  the  development 

of __=     —  —  x-\-—-oi^ — __L^-f_-_a?< — be   ex- 

amined,  the  fact  that  any  term  after  the  first  may  be  ob- 
tained by  multiplying  the  preceding  one  by ^,  becomes 

apparent.     The  series,  then,  is  recurring,  and  as  the  scale, 

1/ 

— ^x,  contains  but  one  term,  the  series  is  of  the  first  order; 
a 

it  is  a  geometrical  progression.  The  higher  orders  of 
recurring  series  may  be  considered  as  bearing  the  same  rela- 
tion to  the  geometrical  progression  that  the  higher  arith- 
metical  progressions   bear    to    the  ordinary  arithmetical 

progression.     If,  now,     ,,-/".  ^  a  be  developed  into  a 
a  +0  a?+a  ar 
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senes,  we  shall  obtain 

a-\-bx 


=  -p+Qfc+Bx'+....(l); 


or,  oleariBg  of  fractions,  and  equating  coefficients, 
Pa'=a.-.  P=J;  Qa'+P6'=6  .-.  Q=_^P+i; 

Ba'+Q6'+Pc'=0  .-.  R=  —  ^Q_-^P; 

a         a 

Sa'+R6'+Qc'=0  .-.  S=  — ^R— -!q. 
In  this  deyelopment,  then,  each  coefficient,  commencing 
at  the  third,  is  obtained  by  taking  the  algebraic  sum  of  the 
products  of  the  immediately  preceding  one  by ;,  and  of 

(f 
the  second  preceding  by — — .     In    this    recurring    series, 

therefore, ;, ;,  is  the  scale  of  the  coefficients. 

a        a 

From  this  scale  of  coefficients,  and  the  sequence  of  the 
powers  of  x  in  (1),  we  see  that  any  term  of  the  series  will 
be  obtained  by  multiplying  the  term  immediately  preced- 
ing by jx,  and  the  second  preceding  by ;ar*,  and  tak- 

tt  €b 

ing  the  algebraic  sum  of  these  products.     The  series  is, 
then,  a  recurring  series  of  the  second  order. 
An  examination  of  the  development, 

?4l^S^=^+^+^+^+ (1). 

or,  clearing  of  fractions, 


--ft'R 


shows  that,  as 


Pa'=a 


+  b'& 
etc.,  etc., 


■«=-i-4.- 


P=^;  6T+a'Q=6 

a        a         a 
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the  first;  when  we  have  passed  oyer  the  third  term^  we  have 
passed  oTer  two  after  the  first,  and  haTe  added  d  twice;  at 
the  fifth  term  we  have  passed  oyer  four  after  the  first,  and 
have  added  d  four  times;  at  the  tenth  term  we  haye 
added  S  nine  times;  finally,  after  passing  OTer  the  nth  term 
we  have  passed  over  n — 1  terms  after  the  first,  and  hence, 
d  must  have  been  added  n — 1  times;  i.  e,,  the  nth  term  is 
a-}'{n — 1)6.  If  this  term  be  denoted  by  Z,  we  have  Z= 
a-J-(n — l)d,  a  formula  expressing  the  relations  of  a,  Z,  n, 
and  d,  for  any  arithmetical  progression  of  the  first  order; 
by  means  of  this  formula  we  may  find  any  one  of  the  quan- 
tities, a,  Z,  91,  6,  if  the  other  three  are  given.     See  Table  I. 

If  ?i=oo  ,  Z=  zh  a  ,  as  (J  is  positive  or  negative. 

The  Higher  Arithmetical  Progressions  will  be  discussed 
hereafter. 

475. — ^11.  Haxxnonioal  Progressions. 

Let  a\  h\  c\  d' (1)  represent  any  harmonical  pro- 
gression.    Taking  the  reciprocals  of  the  terms,  we  obtain, 

-7  . .  -  . .  -7 . .  -57 (2),   an    arithmetical    progression.     If, 

a'     0      c      d 

now,  V  denote  the  nth  term,  and  d*  the  common  difference, 

of  (2),  V=  -7  +(n— 1)  (T  (474).     Hence,  if  X  represent  the 

1  cC 

n^/itermof  (1),  A=-  =  — Tr^rr^y  or,  replacing  (T  by 

r      a  in — 1)0  -J- 1 

Its  value,---  =  -^;^,  ^=^,^(^_i)(^._^.)- 

476.— HI.  Greometrical  Progressions. 

In  the  common  geometrical  progression:  Any  term  equals 
the  first,  multiplied  by  that  power  of  the  ratio ,  of  which  the  ex- 
ponent is  the  number  of  terms  preceding  the  required  term. 

Let  Tra:b:c:d: be  a  geometrical  progression  of 

which  the  ratio  is  p.    Then,  (450)  b=ap,  c=bp=app=aff^ 

d=.cp=af?p=^aff ;  the  exponent  of  p  in  the  value  of 

each  term  being  the  number  of  terms  preceding  the  one  in 
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question.  The  (n — l)th  term,  as  k^  will  be  aff^,  if  the  law 
that  is  eyident  in  the  formation  of  a,  b,  e,  d,  holds  good 
generally.  Now,  suppose  k=af/^^;  then,  (450),  the  next 
term  must  be  aff^p=aflr'^;  or,  if  I  denote  the  nth  term, 
l=afir'\  Hence,  if  the  law  just  referred  to  holds  good  in 
the  formation  of  any  term,  it  will  hold  good,  also,  in  the 
formation  of  the  next  term.  As  it  holds  good  for  the  for- 
mation of  the  fourth  term,  it  must  hold  good  for  the  for- 
mation of  the  fifth,  and,  coubequently,  for  the  formation  of 
the  sixth,  and  so  on,  t.  e. ,  ii  i8  general. 

The  proposition  (476)  may  be  expressed  in  the  formula, 
h^afiT-^,  expressing  the  relations  of  a,  Z,  p,  and  n  for  any 
geometrical  progression,  and  enabling  us  to  find  any  one,  if 
the  other  three  are  given.     See  Table  n. 

If  n=Go  ,  2=  zhoo  ,  or  ihO,  as  a  is  positive  or  negatiye,  and 

AH.  rv.— Binomial  Formula. 

Any  term  may  he  obtained  by  applying  the  latoa  of  coefficients 
und  eocponents  (201-2),  or,  directly,  by  the  proper  substitiUionB 
in  the  General  Tebm. 

The  form  of  the  last  term  of  this  series  is  always  the 
same  as  the  form  of  the  first  term. 

478.— V.  Recurring  Series. 

Ifn  is  not  very  large,  the  nth  term  may  be  found  by  a  suffir 
dent  extension  of  the  development.      Any  term  may  also  be 
found  by  direct  application  of  the  law,  if  this  be  sufficiently 
explicit  and  detailed.    Finally,  the  scale  may  be  found,  and  if 
the  number  of  terms  given  is  at  least  twice  that  in  the  scale, 
any  term  may  be  found  by  application  of  the  scale. 
To  Find  the  Scale  of  the  Series. 
The  method  given  in  (471),  of  finding  the  scale  of  a  recur- 
ring series,  is  useful  only  when  the  generating  fraction  »© 
^yen.    If  the  series  only  is  given,  and  the  scale  is  requir 
the  following  method  may  be  employed:  ^orm- 

ne  sue- 
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1°.  If  the  series  is  of  the  first  order,  the  scale  may  be 
found  by  dividing  any  term  by  its  immediate  predecessor, 
since  each  term  is  found  by  multiplying  its  immediate  pre- 
decessor by  the  scale. 

2^.  If  the  series  is  of  the  second  order,  a,  &,  c,  d,  e,  ... 

representing  the  terms,  let  8,  s'  represent  the  scale.     Then, 

from  the  definition,  c=b8-{-a^,  and  d=C8+bs^,  "whence  the 

values  of  8  and  8^  in  terms  of  a,  b,  c,  d,  etc.,  may  be  found 

by  the  ordinary  method  of  solving  simultaneous  equations 

•  XI    ^    i^  1             ^     c* — bd  ad — be 

of  the  first  degree.  f^= ^,  ^ = — — ^. 

3°.  If  the  series  is  of  the  third  order,  a,  6,  c,  d,  e,/, 

being  the  given  terms,  and  «,  s', «'',  the  scale;  d=8c+s^b-{'S^^a, 
e=8d-\-8^c+8''b,  f=8e-\-ffd-{-8''c^  from  which  the  values  of 
«,  «',  «"  may  be  found. 

The  same  method  may  evidently  be  extended  to  series  of 
any  degree,  requiring  the  solution  of  as  many  simultaneous 
equations  of  the  first  degree  as  there  are  terms  in  the  scale. 
The  results  may  always  be  tested  by  applying  them  to  the 
given  series.  To  employ  this  method,  begin  by  assuming 
the  series  to  be  of  the  first  order,  and  if  the  scale  thus  ob- 
tained does  not  apply  to  the  series,  assume  the  series  to  be 
of  the  second  order,  and  so  proceed  until  a  scale  is  found 
that  may  be  applied  to  the  given  series.  The  opposite 
mode  of  procedure  may  also  be  adopted,  viz. :  assuming  the 
series  to  be  of  a  high  order,  and  working  downward.  If 
we  assume  the  order  too  high,  some  terms  of  the  scale  vrill 
reduce  to  0;  if  too  low,  the  scale  found  will  not  apply  to 
the  given  series. 

The  application  of  this  process  forms  a  test  by  which  the 
recurrence  of  a  series  may  be  ascertained.  It  cannot  be  defi^ 
nitely  concluded,  however,  that,  since  a  finite  portion  of  an 
infinite  series  presents  no  recurrence,  therefore  the  series 
itself  is  not  recurring. 

Before  taking  up  the  second  case,  the  fpllQwia^  propo- 
^tion  is  to  be  demonstrated. 
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479.  Lemma. — The  first  term  of  the  nth  ord&r  of  differ- 
ences of  any  series  is, 

,  /  ,   ,  n(n — 1)       n(n — l)(n — 2) ,  ,  n 

the  upper  sign  being  taken  when  n  is  even,  the  lower  sign  when 
n  is  odd. 

Let  a,  h,  c,  d,  e,f,  g,  h,. ...,  represent  any  series  what- 
ever.    The  successive  orders  of  differences  are: 

6— a,  c— 6,  d— c,  e—d,f—e,  g—f (1) 

c—2b+a,  d—2c+b,  e—^d-^-c,  f—2e+d,  g—2f+e, ....  (2> 
d— 3c+3&-a,  e-Sd+3c—b,f—Se+Sd-€,  g—Sf^Se-^,. .  .(3) 
e— 4<i+6c-46+a,/-4e+6d-4c+6,  gr--4/+6e— 4d-|-c,. .  .(4) 
f—5e-\-10d—10c+5b—a,  ^— 5/+10e— 10d+5c— 6, ....  (5) 
g—6f+15e^20dr\-15c—Qb+a, (6) 

Denoting,  by  Dj,  D,,  Dj,  D4,  etc.,  the  first  terms  of  the 
first,  second,  third,  etc.,  orders  of  differences,  and  changing 
the  sequence  in  each  case,  so  as  to  bring  a  first,  we  have: 
Di=— 0-4-6,  I>r=ar-2b+c, 

Dj=  —a+db—Sc+d,  D4=a— 46+6o— 4d+e, 

D5=— a-f56-10c+10d— 56+/.         

De=a— 66+15C— 20d+15e-— 6/+gf. 


In  these  equations  the  coefficients  in  the  second  members 
are  the  same  as  in  the  binomial  formula,  the  coefficients  in 
the  value  of  D^  being  the  same  as  in  the  first  power  of  a 
binomial;  of  D„  the  same  as  in  the  second  power,  and 
so  on,  the  sub  of  D  taking  the  place  of  the  exponent  of 
the  power.  (This  of  the  numerical  values  of  the  coeffici- 
ents.) Again,  if,  when  the  sub  is  odd,  a  minus  sign  be 
prefixed  to  the  values,  e.  g.,  for  Dj,  Da,  D5,  etc.,  all  the  co- 
efficients will  conform  to  the  law  of  signs  of  the  coefficients 
of  that  power  of  a  residual  whose  exponent  is  written  as  a 
sub  to  D.  The  unit  parts  of  the  terms  consist  of  the  terms 
of  the  given  series,  in  their  proper  sequence,  i,  e,,  a  in  the 
first  term,  b  in  the  second,  and  so  on. 

Now  let  us  assume  these  laws  to  hold  good  for  the  form- 
ation of  the  first  n  orders  of  differences.     Then,  as  the  sue- 
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cessiTe  terms  in  each  order  are  of  the  same  general  form 
as  the  first,  the  nOi  order  of  differences  will  be 

^  /         I.  .  '^  (^^—1)       n(n—l)(n—2)^  ,  n 

H,(a^+_L_V--V    1.2  3      ^+ > 

Hence,  the  first  term  of  the  (n-^ljth  order  of  differences, 
obtained  by  subtracting  the  first  of  these  expressions  from 
the  second,  will  be, 

^(-(»+i)M-(^+«)c-(=^^i=^^^^)^ ) 

the  upper  or  lower  sign  being  taken  according  as  n  is  eyen 
or  odd. 

n(n— l)(n— 2)      n(n-~l)  _  n*— 3n'+2n4-3n'— 3n 

1.2.3        "•"     1.2     ~  1.2.3 

n' — n (n-4-l)n(n — 1) 

■"1X3""        1.2.3 

The  first  term,  then,  of  the  {n+l)th  order  of  differences 

IS  qp  [a--(n+l)6+\  2  c~  1.2.3 — ^  "^  •J  ^-^-^^ 
which  evidently  conforms  to  the  same  law  of  coefficients 
and  unit  parts  of  terms,  as  the  first  term  of  the  nth  order. 
Hence,  J^  the  first  term  of  the  nth  order  of  differences  is  of 

the  form  ±.  Ta— nbH — ^         ^c — ^  the  first  term  of  the 

(n+l)th  order  is  likewise  of  this  form.  That  is,  if  the  laws 
already  given  apply  to  the  formation  of  the  first  term  of 
any  order  of  differences,  they  apply  to  the  formation  of  the 
first  term  of  the  next  higher  order.  We  have  shown  them 
applicable  to  the  formation  of  the  first  term  of  the  sixth 
order;  they  are  therefore  applicable  to  the  formation  of  the 
first  term  of  the  seventh  order.  Hence,  the  first  term  of 
the  eighth  order  conforms  to  these  laws,  and  so  on. 
Hence,  the  first  term  of  the  nth  order  will  be 
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480.  Scholium.— To  find  the  first  term  of  the  n^  order  of  differ- 
ences, n+l  terms  of  the  original  series  are  necessary. 

(B.)    THE  GENERAL  LAW  OF  THE  SEEEES  IS  UNKNOWN. 

481.  lb  find  the  nth  term  of  any  series. 

Let  a,  b,  c,  d,  e,  f,  g, represent  any  given   series. 

Forming  the  successiye  orders  of  differences,  we  obtain, 

1°.  h — a,  c — h,  d — c,  e — d,f—e,  g—f 

2o.  c— 26+a,  d  —  2c+b,  e—2d+c,  f—2e+d,.... 
3°  d— 3c+36— a,  e— 3(7+3c— 6,/— 3e+3d— c,5r— 3/+3e— <f, 
40.  e— 4^+6c— 46+a,/— 46+6ci— 4c+^  sr— 4/+6e--4<l-Hj, 
50.  /— 5e+10J— lOc+56— a,  g—5f+10e—10d-i-5c—b, . . . 
€^-  g—Qf+15e—20d+15c—6b+a, .... 
etc.,  etc.,  etc. 
Letting  D^  denote  the  first  term  of  the  first  order  of  dif- 
ferences, D,  the  first  term  of  the  second,  Dg  the  first  term 
of  the  third  order,  etc., 
Di=6— a  .-.  6=a+Di 

Di=c— 26+a  .-.  c=— «+2H-I>j=a-^2Di+D, 
I>jf=d—3c+db—a  .-.  dt=a— 36+3c+D,=a+3Di+3D,+D8 
D4=e— 4d+6c— 45+a  .-.  e=— a-f4^— Gc+^c^fD* 

=a+4Di+6D,+4Ds+D4 

!>,=/— 5e+10d—10o+5b— a 

.-.  /=:(^f  5D,+10D,+10I>8+6D4+D, 
De=5^— 6/+15C— 20d+15c— 66+0 

.-.  ^r=a+6Di+15D,+20Ds+15D4+6D5+D, 


D«=zh(a--Ti6+-^— ^0 1.2  3      ^+"-) 

In  each  of  these  equations  expressing  the  values  of  6,  c, 

<l,  «, the  coefficients  are  the  same  as  in  the  binomial 

formula:  in  the  value  of  the  second  term,  &,  the  coefficients 
are  the  same  (1, 1)  as  in  the  first  power  of  a  binomial;  in 
the  value  of  the  third  term,  c,  they  are  (1, 2, 1)  the  same  as 
in  the  second  power  of  a  binomial;  in  the  value  of  the 
fourth  term,  the  same  as  in  the  third  power  of  a  binomial, 
and  so  on.    Again,  the  first  term,  in  each  case,  is  the  first 
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term  of  the  assumed  series;  the  sabs  of  D  are  the  same  as 
the  exponents  of  the  powers  of  the  second  temi  of  a  binomial: 
in  the  value  of  6,  the  second  term,  the  sub,  1,  is  the  same  as 
the  exponent  of  y  in  ihe  first  power  of  {x-\-y)\  in  the  yalue 
of  the  third  term,  the  subs,  1,  2,  are  the  same  as  the  ex- 
ponents of  y  in  the  second  power  of  (a;+2/);  iu  the  value  of 
the  fourth  term,  the  subs  are  the  same  as  the  exponents  of 
y  in  the  development  of  the  third  power  of  {x-\-y)y  and  so 
on.  As  the  successive  orders  of  differences  are  all  obtained 
in  the  same  way,  and  the  values  of  the  terms  of  the  series 
are  obtained  from  the  first  terms  of  the  successive  orders  of 
differences,  it  is  clear  that  the  same  law  that  holds  good  for 

the  formation  of  the  values  of  the  first,  second,  third, 

seventh  terms  will  hold  good  for  the  value  of  any  term  of 
of  the  series.     Hence  the  (rtr^l)(h  term  must  be, 

T=a+nD,+n^-^D.+  ....+        ^  ^  3....n       ^"'^^ 

T=<,+nD,+n^D.+"<"7^^^7-%.+.  .+0.   (1). 

482.  If  the  terms  of  any  order  of  differences,  as  the  rik^ 
be  equal,  the  terms  of  the  succeeding  orders  of  differences 
will  be  0,  and  the  formula,  extended  to  Dy,  will  give  an 
exact  result.  If,  before  reaching  Dn,  the  terms  of  no  order 
are  all  equal,  an  exact  result  can  be  obtained  only  by  taking 
all  the  terms  of  T,  though  an  approximate  result,  nearer 
the  truth  the  greater  the  number  of  terms  taken,  maybe  ob- 
tained by  carrying  out  the  formula  to  a  sufficient  number  of 
terms  to  ensure  the  required  degree  of  accuracy.  In  this 
case  the  formula  is  useless,  as  far  as  exact  results  are  con- 
cerned, for  in  order  to  find  Dm  (w+1)  terms  of  the  series 
are  necessary,  and  the  fulfillment  of  this  condition  precludes 
the  necessity  of  finding  the  {n-\-l)th  term — destroys  the 
problem. 

If  only  8+1  terms  of  the  series  be  given,  the  formula. 
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must  be  used;  i.  e,,  (1)  cannot  be  carried  beyond  Dg.  The 
result  given  by  (2)  will  approximate  more  closely  to  the 
truth,  the  nearer  8  is  to  n,  and  the  more  rapidly  Dfti,  Dm,  . . . 
diminish  in  value. 

The  formula  (1),  then,  is  useful  for  exact  results  only  in 
the  case  of  arithmetical  progressions,  and  the  number  of 
terms  in  the  second  member  of  the  formula,  is,  for  any  par- 
ticular case,  greater  by  1  than  the  number  expressing  the 
order  of  the  progression.  Thus,  for  the  progression  of  the 
rth  order,  before  referred  to,  r+1  terms  must  be  used;  for  a 
progression  of  the  first  order,  2  terms  are  used;  for  one  of 
the  second  order,  3  terms,  etc.  For  a  progression  of  the 
first  order,  we  have,  T=a-\-nDi,  or,  since  Di  is,  in  this  case, 
the  common  difference  of  the  progression,  T=a+n(y,  for  the 
{n-\A)th  term;  and  for  the  nth  term,  denoting  this  by  Z, 
l=:a"Wn — 1)6^  the  same  result  previously  obtained  (474). 

The  formula  (1)  is  of  necessity  useless,  if  the  last  term  of 
an  infinite  series  is  required,  except  when  the  series  is  an 
arithmetical  progression,  in  which,  from  the  nature  of  the 
case,  the  tost  term  will  be  either  dzoo  ,  as  the  series  is  in- 
creasing or  decreasing. 

Examples. 

1.  Find  the  rdh  term  of  the  series,  1,  3,  5,  7 

2.  Find  the  nth  term  of  the  series,  4,  7,  10, 13 ;  of 

the  series  9, 16,  23,  30 

3.  Find  the  nlh  term  of  the  series  2,  4,  6,  8 ;  of  the 

series  3,  9,  27,  81,  243 ;  of  the  series  6,  25,  125,  625, 

8125.... 

4.  Find  the  l^(h  term  of  the  series  3,  12,  48, 192 ; 

the  10^^  term  of  the  series  5,  15,  45,  135 . . . . ;  the  11^  term 
of  the  series  6,  18,  54,  162 

Ans.  50331648;  98415;  354294. 

5.  Find  the  10^^  term  of  the  series  1,  4,  8, 13, 19. . . ;  the 

50/^  term;  the  ^Oth  term  of  the  series  1,  4,  9,  16 ;  the 

nOi  term.  Ans.  64;  1324|  900;  n>. 
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6.  Find  the  nth  term  of  the  series  1,  8,  6, 10. . . . ;  of  the 
series  1.2,  2.4,  4.5,  5.8,  7.10. . . . 

Am.  — 2— >  3 . 

7.  Find  the  lHh  term  of  the  series  x,  3a?»,  6a^,  10«* ; 

the  12th  term  of  x",  ^,  6a?*,  11a?*,  28a;",  63a?^  . . . ;  the  8(^ 
term  of  1, 4a?»,  8a^,  13a?^  etc.      An^.  105a?^*;  6396ar";  43a?^. 

8.  Find  the  8/;i  term  of  1,  2a?,  %^,  28a;»,  100a?*  . . . ;  the 
\W\.  term  of  3,  5,  7, 13,  23,  45 ... .        An^.  4516a?^  2783. 

9.  Find  the  n^  term  of  the  series  2x»,  Oa?*,  12a?^  20a:»  . . . ; 
of  1,  12a?*,  54a;",  160a?", . . . . ;  of  6a;»,  24a;",  eOa;",  120a?>*. .... 

An».  n{n+l)a?«"*i;  ---i_Xl^aj4(.^i).  7i(n+l)(n+2)a?»*. 

Note. — ^The  second  series  may  be  put  in  the  form  1,  3.4a;*,  6.9x^, 

lO.lGa;^* ;  the  third  may  be  put  in  the  fonn  1.2.3.0?,  2.3. 4a^, 

3.4. 6x».... 

10.  Find  the  tdh  term  of  15a?,  105a;»,  315a;*,  693a?^ . . . . ;  of 
20a?,  96a?»,  312a;",  720a;^^  .. . 

INTERPOLATION. 

483.  When  terms  are  inserted  between  the  terms,  two 
and  two,  of  a  giyen  series,  the  operation  is  called  Inter- 
polation, i.e.,  placing  between. 

A.  THE  LAW  OP  THE  SERIES  IS  KNOWN. 

484.— I.  Arithmetioal  ProgressioDS. 

To  insert,  between  the  terms  two  and  two,  of  an  arUhmetioal 
jyrogression,  the  same  number  of  arithmetical  means. 

Let  a-'b   •  c  "  d-  e  "f be  the  given  progression, 

and  let  m  be  the  number  of  means  to  be  inserted  between 
^  and  6,  b  and  e,  e  and  d,  etc.  From  the  definition  of 
•arithmetical  means,  those  inserted  between  a  and  b  must, 
with  a  and  6,  make  up  a  progression;  similarly,  those 
between  b  and  c,  taken  with  b  and  c,  and  so  on.  In  each 
of  these  minor  progressions,  then,  there  wiU  be  m+S 
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terms.     Taking  the  first,  a  will  be  the  first  term  and  b  the 

(m+2)ih  term,  and  denote  by  d"^  the  common  difference. 

h    ft 

Then6=a+(m+l)(y^  whence  6'=  (wi+1  being  the  num- 

ber of  terms  preceding  &).     Similarly,  in  the  second  minor 

progression  -5-6 c,  6"  being  the  common  difference, 

(J''= — -r;  in  the  next,  &"= — -—,  and  so  on.     The  nu- 

merators  of  all  of  these  fractions  are  equal,  since  each  is 
equal  to  the  common  difference  of  the  giyen  progression, 
and,  the  denominators  being  equal,  6'=6"=^d'" ,etc.  Hence, 
as  the  last  term  of  each  minor  progression  is  the  first  term 
of  the  next,  if  the  new  terms  are  inserted  in  their  proper 
places,  thus: 

,   h — a  .  -6 — a  ,        b — a      . 

^•*^+;;rn:T"^+2::rTT ^+'^'znA"^" 

m-f-l  m-f-1  m-f-l 

each  of  the  successive  terms  will  differ  from  the  succeeding 

b — d 
term  by  — — •,  and  the  whole  succession,  therefore,  is  a 

new  arithmetical  progression. 

485.  Corollary. — The  formula  for  inserting  any  number 

b — a 
ofarUhmetical  means  between  any  two  quantities  ia:  6^= r, 

b  and  a  being  the  given  quantities  ^  m  the  number  of  means  to 
be  inserted,  and  6'  the  required  common  difference. 

486.  n.  Haimonical  Progressions. 

To  insert  the  same  number  of  harmonic  means  between  the 
terms,  two  and  two,  of  a  harmonical  progression. 

Let  a,  b,c,  d,  e,. . ..  be  the  given  harmonical  progression, 
and  let  m  be  the  number  of  harmonical  means  to  be  inserted 
between  a  and  b,  b  and  c,  etc.      Taking  the  reciprocals 

of  the  terms,  we  obtain,  — r-  '-•  --5 >  ^^   arithmetical 

abed 

'  a—~b 

progression  of  which  the  common  difference  is  —r-*    Insert- 
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ing  (484)m  arithmetical  means  between  -  and  -r,  -r  and  -, 

"^tc    ^^e  ODt^d.s 

1    '6(m+l)+a^     6(m-i-l)+2(a— ^>)     fc(m+l)+yw(a^-6) 

n  '      ab(m+l)        *        a5(m+l)       "*        a6(«i4-l) 

1    c(m+l)+&~c    c(m+l)+2(6->c)  1 

I"      ftc(m+l)       "        ftc(m+l)        0 

the  new  harmonical  progression  is  a,  w     i  ix    J    u' 

ab{m+l)  6c(m+l)  6c(m+l) 

^m+l)+m(a— 6)'  •  c(7n4-l)+5— c* ' '  'c{m+l)+m{b—cy^' 

487. — ^ni.  Geometrioal  Progressions.  2b  insert  ^ 
same  number  of  geometrical  means  between  the  terms,  two  ani 
iwOy  of  any  geometrical  progression. 

Let  TT  a: 6:  e:  J: «:/: be  the  giyen  progression,  the 

xatio  being  p,  and  let  m  be  the  number  of  means  to  be  in- 
serted between  a  and  6,  between  h  and  c,  and  so  on.  From 
definition,  the  means  inserted  between  a  and  h  must,  when 
taken  with  a  and  h,  form  a  minor  geometrical  progression 
of  m+2  terms.  Similarly  those  between  b  and  c  must, 
with  b  and  e,  form  a  progression,  and  so  on.  In  the  first 
of  the  minor  progressions  a  is  the  first  term,  and  b  the 
•(971+2)^,  and  let  (f  denote  the  ratio.     Then, 

fe=ap'"*+*-^=ap'**^;  whence, /or='^-> 
and  the  first  minor  progression  is, 

Similarly  the  second  minor  progression  is: 

and  so  on,  the  successive  ratios,  p*\  ff'\  ff"\  etc,  being, 

m*lifc  m*l/d        m*l/«    ^f^ 

\l'      \-c       \d' 

^hese  ratios  are  all.eqnaL  since  -  =  t  =~  =  -^=,    eta, 
^  a      0      0      a 
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each  fraction  being  equal  to  p.  Hence,  as  the  last  term 
of  each  minor  progression  is  the  first  term  of  the  next, 
these  progressions,  placed  in  order,  make  up  a  new  geo- 
metrical progression,  thus: 

a:  a-;?/^ : a-^f^  . . . :  a-^fe  6: 6-^^^^ 

Afa      Ma*  Mcr  \b      Mf/  Affrm 

488.  Corollary  I. — The  formtda  for  inserting  any  nunt' 
her  of  geometrical   means   between   any  two  quantities  is: 

f/=\-;  a  being  the  firsts  and  b  the  second^  of  the  given 

"  a 

quamJtiJties^  m  (he  number  of  means  to  be  inserted,  and  p'  the 
required  ratio, 

489.  Corollary  n. — The  prodwct  of  any  two  terms  {of  a 
geometrical  progression)  equally  distant  from  the  extremes, 
equals  theprodvjot  of  the  extrevnes,  and  the  square  of  any  geo- 
metrical  mean  equals  the  product  of  the  adjacent  extremes. 

480.  In  general,  if  the  law  of  a  series  is  known,  and 
seyeral  terms  are  given,  the  interpolation  may  be  effected 
by  simply  applying  the  law  of  the  series. 

If,  again,  a  series  be  given  of  the  form  a\  6^  (f ,  . . . . ,  the 
quantities  in  which  bear  such  a  relation  to  some  other  quan- 
tities, a,  b,  c,  d, that  azb::a^:b',  b\c\xb':c',  etc.,  it  is 

dear  that  a,  6,  c,  d,  a^,  b\  c'  being  given,  and  <f  being  re- 
quired, we  may  find  it  by  the  proportion  c\d\  :(f:x=^. 

Whenever  the  terms  in  any  series,  as  o^,  b\  c\ have 

a  constant  dependence  (whatever  its  nature)  on  terms  not  in 

the  series,  as  a,  &,  o, the  former  terms  are  called  Funo- 

tioDS  of  the  latter,  which  are  termed  Arguznents.    Thus, 

Q  J  g  Q 

if  the  terms  ^ ^^^  ^.OOO  2.4495  2.8284  ^  ^''®'''  *^® 
numbers  in  the  lower  line  being  the  square  roots  of  those 
in  the  upper, the  latter,  t.  6.,  2,  4,  6,  8,  are  called  argum/&f\Jts 
and  the  former  yknc^um^. 
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B.    THE  LAW  OP  THE  SERIES  IS  NOT  GIVEN. 

481.  If  a  series  of  functions  be  given,  the  law  of  the 
series  being  unknown,  any  term  after  the  first  may  be  found 
by  simply  applying  formula  (1,  481).  n  here  represents  the 
number  of  intervals  from  the  first  to  the  required  term,  the 
interval  between  the  first  and  second  being  1.    Thus,  if  the 

series     \        \        \        \         \     i\      a,  b,  c, be  given 

the  (n-f  1)^  term  is  the  one  that  has  n  intervals  before  it, 
the  distance  from  a  to  &,  or  6  to  c,  etc.,  being  called  1  in- 
terval. If,  now,  a  term  is  to  be  inserted  between  e  and/, 
as  at  ^,  f  of  the  distance  from  6  to  /,  n  will  be  greater  by  f 
than  the  number  of  intervals  preceding  e;  thus,  if  there  are 

2      3r+2 
r  intervals  between  e  and  a,  n=r-|-  ^  =  — 5 — .     In  general: 

g 
If  ^  is  -  of  the  way  from  e  to  /,  and  r  intervals  precede  e, 

n=r+"  intervals,  =- .     Beplacing  n,  then,  by  -,  it  is 

9  9  9 

clear  that  p  is  to  be  obtained  by  multiplying  the  number  of 

entire  intervals  preceding  the  term  to  be  inserted,  by  the 

denominator  of  the  fraction  indicating  the  distance  of  the 

required  term  from  the  next  preceding,  and  to  the  product 

adding  the  numerator  of  this  fraction;  q  is  the  denominator 

of  the  same  fraction.     The  formula  (481)  then  becomes 

When  the  series  is  such  that  all  the  terms  of  the  rth  order 
of  differences  are  equal,  t.  e,,  is  an  arithmetical  progression 
of  the  rth  order,  the  formula,  carried  out  as  far  as  the 
{r'{-l)th  term,  gives  an  exact  result  When  the  series  is  not 
of  this  character,  the  result  given  by  the  formula  is  only 
approximate;  and  while  the  degree  of  closeness  of  the  ap- 
proximation depends  on  the  number  of  terms  taken,  it  is 
usually  sufficient  to  take  only  the  first  order  of  differences. 
If  greater  accuracy  is  required,  we  may  assume  each  term 
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of  the  first,  or  second,  or  third,  etc.,  order  of  differences  to 
be  equal  to  the  arithmetical  average,  thus  making  the  first 
term  of  the  next  order  taken  0.  The  average  term  of  any 
order  of  differences  is  obtained  by  adding  n  terms  together 
and  dividing  the  result  by  n. 

Examples. 

1.  Given  1?^60=3. 914868,  Dx=  .021629, 

^^=d .  936497,  T>t=—  •  000235, 

^62=3.957891,  Ds=  .000007, 

p   33 

^63=3.979057,  =i00' 


to  find        i^W:33, 
a=3. 914868 


-Di=0. 007138       ^g  neglect  the  third  and  foUow- 
ing  terms,  as  Ds  is  practically  0. 


ll? 1D,=0 .  000026 


T  =3.922032  =T?'60. 33. 

2.  Given    i/2=l .  4142136,  find  l/OS. 

1/4=2.0000000, 
1/6=2.4494897, 
1/8=2.8284271, 

3.  A  ship  sailed  from  the  equator;  her  position  on  a  cer- 
tain day,  at  noon,  was  10^  5'  38". 6  N;  on  the  next  day,  at 
noon,  130  6'  18''.86  N;  on  the  next,  16°  6'  59".41  N;  and  on 
the  fourth  day,  19°  T  40". 24  N.  Required,  the  distance 
north  at  low  12  of  the  second  day. 

Here  the  times  may  be  considered  the  arguments,  and  the 
distances  the  functions. 

10  Order  differences.  3O40".26  3O40".55  3O40''.83.  «_1 
2°  Order  differences.         0''.29       0''.28.  ^""2* 

4.  Insert  six  arithmetical  means  between  the  terms,  two 
and  two.  of  the  progression,  3-27-51--76-99 
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5.  Insert  four  geometric  means  between  the  .terms,  two 
and  two,  of  the  progression,  tt  3  :  18  :  108  :  648  : 

6.  "Which  is  the  greatest,  the  Arithmetical,  Harmonical, 
or  Geometrical  mean  between  two  given  quantities  ?  Which 
is  the  least?  Ans,  A.  M.  and  H.  M.,  respectively. 

7.  The  arithmetical  mean,  or  average,  of  n  quantities, 

being  -ih  of  their  sum,  and  the  geometrical  mean  or  average, 
n 

being  the  nth  root  of  their  product,  which  of  these  two 
means  is  the  greater  ? 

SUMMATION  OF  SEBIES. 
I.  Arithmetical  Progressions. 

492.  Lemma. — In  any  arUhmeticcd  progression,  the  sum 
of  any  two  terms  at  equal  distances  from  the  extremes,  equals 
the  sum  of  the  extremes, 

a  •  b"C"  d-e"/ j  "k*'l,  being  any  arithmeti- 
cal progression,  of  which  d  is  the  common  difference,  the 
nth  term  from  the  beginning  is  a-^-^n — l)d  (1).     If,  now, 

the  order  of  the  terms  be  reversed,  thus,  l*'k"j e  •  • 

d"C'  b"a,  the  nth  term  from  the  beginning  of  the  new 
progression  will  be  the  same  as  the  nth  term  from  the  end 
of  the  old,  and  will  be,  since  the  common  difference  of  the 
new  progression  (450)  is — d,  i— (n — l)d  (2).  The  sum  of 
the  values,  (1)  and  (2),  is  a+2,  the  sum  of  the  extremes. 

493.  Ck>rollary. — Any  three  quantities  being  in  arithmeti- 
cal progression,  the  middle  term,  i,  e, ,  the  arUhm^iccU  mean, 
equals  half  the  sum  of  the  other  two, 

494. — ^Theorem.  The  sum  of  any  number  of  terms  of  an 
arithmetical  progression  equals  half  the  sum  of  the  extremes, 
multiplied  by  the  number  of  terms  considered. 

Let  S=a-|-6-H?+^+ +i+^-H(l),  «»  ^9  c»  ®to.,  being 

in  arithmetical  progresmon.  Beversiug  the  terms  in  the 
second  member  of  (1),  .S=Z+ifc-f^-f -|-d+c+6+a  (2), 
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•whence,  adding  (1)  and  (2),  member  to  member, 

2S=^(a+l)-{{b+k)+ ....  +{k+b)+{l+a), 
Or,  since  there  will  be  as  many  of  the  binomials  (a-H)> 
(b'\-k)j  etc.,  as  there  are  terms,  and  (492),  each  equals  ar\4, 

2S=n(a-H)  .-.  S=:(^^n. 

This  proposition  may  be  expressed  in  the  formula, 

S=  (— o"^^5  ^^^  from  this  equation  we  may  write  at  once 

the  Talue  of  any  one  of  the  four  quantities,  in  terms  of  the 
other  three. 

Here  -I-  is  often  called  the  mean  term,  or  average  term, 

of  the  progression;  it  is  the  middle  term  if  the  number  of 
terms  is  odd,  and,  when  the  number  is  even,  expresses  the 
value  that  each  term  would  have,  if,  with  the  same  sum,  the 
terms  were  all  equal.     It  is  the  arUhmetical  mean  of  the  n 

terms  of    the  progression;    since  8=^— -— ^n,  — ^= -. 

In  other  words,  the  arithmetical  mean  of  any  number  of 
quantities  is  the  sum  of  the  quantities  divided  by  the  num« 
ber  of  them. 

495.  From  the  formulas, 

t=a+(n-l)(J  (1),  andS=(^y,  (2), 

any  two  of  the  quantities,  a,  I,  d,  n,  S,  may  be  found,  the 
other  three  being  given.  For,  any  three  being  given,  (1)  and 
(2)  become  equations  of  the  first  degree,  involving  but  two 
unknown  quantities;  and  solving  these  equations  (375),  we 
have  the  quantities  required.  The  different  problems  that 
may  arise  in  this  connection  will  be  found,  with  their  solu- 
tions, in  Table  I. 

When,  no  three  of  these  quantities  being  given  directly, 
simply  the  number  of  terms  is  given  with  other  conditions, 
and  it  is  required  to  find  the  terms,  the  progression  is  gen- 
erally represented  by  the  use  of  two  unknown  quantities, 
in  such  a  way,  that  in  taking  the  sum  of  the  terms,  one  of 


420  SERIES. 

these  unknown  quantities  may  disappear.  If  the  number 
of  terms  be  odd,  let  x  represent  the  middle  term,  and  2/  the 
common  difference;  then  the  progression  will  be, 

X — 2y*  -X — y-  -x-  -x+y*  •a?+2t/ 

of  the  number  of  terms  be  even,  let  x — y  and  oc-^-y  represent 
the  middle  terms;  2y  will  be  the  common  difference,  and 
the  progression  will  be, 
•  •  •  -x — ly  x — By- -x — Sy  -x — y-  -x-^y  •a^-f-3^/•  -ar+Sy  'X-\-7y 

If,  in  the  expression,  S=  ( --s-^^»  ^^=  ^  »  ^  ^^^^  ^®  *^® 

sum  of  an  infinite  number  of  terms,  beginning  at  a,  and 
will  be  zt:  00  ,  according  as  the  progression  is  increasing  or 
decreasing. 

PEOBLEMS. 

1.  What  debt  can  be  discharged  in  a  year  by  paying  $2 
the  first  week,  $5  the  second,  $8  the  third,  and  so  on? 
What  is  the  last  payment  ? 

2.  Find  three  numbers  in  arithmetical  progression,  such 
that  the  sum  of  their  squares  shall  be  s,  and  the  square  of 
the  mean  shall  be  greater  by  d  than  the  product  of  the  ex- 
tremes. 

If  X — yx'-x-^y  represent  the  progression,  we  have, 
from  the  conditions,  (x — 2/)'+a^+(a?+2/)*=s  or  3a?*-}-2i/'=s  (1), 
and  a^ — y'=x^ — d  (2);  whence  y=dzl/5,  and,  substituting' 

in  (1),  3ar»=s— 2(2  or  a?=±J^~^^. 

3.  In  an  arithmetical  progression,  the  sum  of  four  termB 
is  26,  and  the  sum  of  the  squares  of  these  terms  is  228. 
What  are  the  terms?  Ans.  1--5--9--11. 

4.  A  falling  body  reaches  the  earth  in  n  seconds,  descend* 
ing  a  feet  the  first  second,  3a  the  second,  5a  the  third,  eto. 
From  what  height  does  it  fall?  How  far  does  it  fall  during 
the  last  second?  Ans.  an^;  (2n — l)a. 

5.  How  many  strokes  does  a  common  clock  strike  in  the 
course  of  one  day  of  24  hours?  Ans.  156. 
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6.  What  is  the  nth  term,  and  what  is  the  sxlqi,  of  the  series 
J.. 3.. 5.. 7.. 9....?  of  the  series  ?-4--6--a--? 

Am.  %n — 1;  n';  2«,  'nr\'r?. 

7 .  Insert  6  arithmetical  means  between  the  terms,  two  and 
two  of  the  progression  2-  •  23*  -M- •  65  •  •  •  • 

8.  A,  leaving  R ,  travels  a  miles  the  first  day,  3a  the 

second,  5a  the  third,  etc.  B,  leaving  the  same  place  b  days 
later,  travels  at  a  uniform  rate  of  c  miles  per  day.  At  what 
time  will  A  and  B  be  together? 

Ana.  '2^{c±:Vc^ — iabc). 

9.  Find  four  numbers  in  arithmetical  progression,  such 
that  the  sum  of  the  numbers  shall  be  a,  and  the  sum  of 
their  squares  shall  be  o'. 

n.  Geometrioal  Progressions. 

496.  The  sum  of  any  number  oftermB  of  a  geometrical  pro^ 
gression  equals  the  quotient  arising  from  dividing  the  product 
of  the  last  term  and  ratio,  diminished  by  the  first  term,  by  the 
ratio  diminished  byl, 

liet  I  ^^'^- ^' ^- *• ''     ^^ 

I  Tra:ap:ap^\aff\ap*' apr^iafr-^^ 

be  n  terms  of  the  given  progression,  p  being  the  ratio,  and 

denote  their  sum  by  S.     Then, 

S=a+ap+ap»+a//+. . .  .-fa/)»-*+a/)»->  (1). 

Multiplying  both  members  by  /o, 

.     p8=ap+afi^+aff+ ....  +aff^+afif^^+afy'  (2). 

The  terms  of  the  second  member  of  (1)  after  a,  are  the 
same  as  the  terms  of  the  second  member  of  (2)  before  a/^. 
Hence,  if  we  subtract  (1)  from  (2),  member  from  member, 
these  intermediate  terms  disappear,  and  we  obtain, 

pS^S=ap»— a  .-.  a^^E^; 

In       ft 

Or,  since  l=zaf/^^y  S= =-,  a  formula  in  which  the  theo- 
rem (496)  is  expressed  in  algebraic  language.     From  this 
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formula  (an  equation  of  the  first  degree,  involviog  S,  I,  p^ 
and  a),  the  value  of  any  one  of  them  may  be  obtained  when 
the  other  three  are  given. 

487.  To  discuss  the  value  of  S,  8=^^=?-^^. 

p—1        p—\ 

I.  When  p  is  positive. 

P.  p>l.  In  this  case,  the  progression  is  increasing,  and 
(1)  gives  the  value  of  S  at  once,  both  terms  of  the  fraction 
being  positive. 

StP.  P<1.    The  progression  is  decreasing,  and  each  term 

of  the  fraction, r-,  is  negative,  since  I,  and  therefore  Zp, 

<^a  and  p<l.  Both  terms  being  negative,  the  value  of  the 
fraction  is  positive,  giving  us  a  positive  sum.  But  as  it 
may  often  be  inconvenient  to  deal  with  negative  quantities  in 

the  terms,  we  write,  in  this  case,  S=  -= ,  in  which  both 

1— p 

terms  are  positive.  This  value  is  obtained  either  by  multi- 
plying both  terms  of  the  former  fraction  by — 1,  or  by  sub- 
tracting (2)  from  (1),  Article  486,  and  then  solving  with 
reference  to  S. 

8^  p==l.   In  this  case,  S=rr;  but  this  is  a  vanishing  frac- 

tion,  which,  evaluated,  gives 

j£^=a{ff^'+^^+f^+ ....  +1); 

placing  />=1,  the  parenthesis  becomes  1+1+1-j- to 

n  terms,  %.  e.,  n.  Hence,  S=an.  This  is  evidently  as  it 
should  be,  for,  under  the  supposition,  every  term  of  the 
progression  is  equal  to  the  first,  and  therefore  the  sum  of 
n  of  them  is  n  times  the  first  term. 

n.  If  />=0,  eveiy  term  after  the  first  becomes  0,  and  S 
reduces  to  a,  as  it  should. 

m.  When  p  is  negative. 

Let  it  equal —p'.  Then  8=  — ^^— ^  =  Iff+a^  If, when 
a  IS  positive,  n  is  even,  I  is  negative;  if  n  is  odd,  I  is  posi« 
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tive.     Then  S=  ^~^^'   in  the  first  case,  and?±^'  in  the 

second,  taking  for  I  its  numerical  yalue.  The  sam  will  then 
be  positive  or  negative  in  the  first  case,  according  as  the 
progression  is  decreasing  or  increasing.  In  a  decreasing 
progression  then,  of  which  the  first  term  is  positive,  and  the 
succeeding  terms  alternately  negative  and  positive,  the  sum 
of  any  number  of  terms  is  positive.  In  an  increasing  pro- 
gression, whose  terms  are  alternately  positive  and  negative, 
(the  first  term  being  positive),  the  sum  of  an  even  number 
of  terms  is  negative,  and  the  sum  of  an  odd  number  is 
positive. 

If  a  is  negative,  S=""I^  /^^  or  — w-j-^*  according  as  n 
l-f-p^  1+// 

is  even  or  odd.  From  these  we  see  that  in  a  decreasing 
progression,  beginning  with  a  negative  term,  the  succeeding 
terms  being  alternately  positive  and  negative,  the  sum  of 
the  terms  is  negative.  If  the  progression  is  increasing,  the 
sum  of  the  terms  is  positive  or  negative,  according  as  the 
number  considered  is  even  or  odd. 

498.  To  find  the  sum  of  an  Infixiite  number  of  terms 
of  a  decreasing  geometrioal  progression. 

The  sum  of  the  terms  of  a  decreasing  progression  is 

^  =— — ^,  in  which  p  is  a  fraction,  <1.     The  higher 

1— p        1 — p 

the  power  to  which  we  raise  a  fraction  <1,  the  smaller  will 

be  the  result.  Hence,  for  large  values  of  n,  ff  will  be  small 
in  comparison  with  the  other  quantities.  When  n  becomes 
very  large,  p"  becomes  very  small;  and  finally,  when  n  be- 
comes greater  than  any  assignable  quantity,  p^  becomes 
less  than  any  assignable  quantity  or  zero,  in  which  case 
a.p*=a.O=0=Zp;  and,  therefore,  when 

n=oo  ,  a-^pcr^a — aff^=^a — 0=a,  and  S=  i . 

1— p 

Hence,  the  sum  of  an  infinite  number  of  terms  of  a  de- 
creasing geometrical  progression  equals  the  first  term 
divided  by  1  minus  the  ratio. 
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T-—  may  be  regarded  as  the  limit,  which  the  sum  of  n 

terms  approaches  as  n  increases.     The  error  occasioned  by 

taking for  the  sum  of  n  terms  is  •= ,    which  gradii- 

®  1— p  1— P 

ally  diminishes  as  n  increases,  until,  when  n=oo  ,  the  error 
is  0. 

The  formula  S=  r is  very  important;  we  are  not  often 

able  to  express,  in  finite  terms,  the  sum  of  an  infinite  series. 

PBOBLEMS. 

1.  Find  the  sum  of  15  terms  of  the  progression 
tt3:6:12:24:.... 

2.  Find  the  sum  of  11  terms  of  the  progression 
fr3:9:27:....  Arts.  266719. 

3.  Insert  7  geometrical  means  between  2  and  128. 

4.  Find  four  numbers  in  geometrical  progression,  such 
that  the  first,  minus  the  third,  shall  equal  a,  and  the  second, 
minus  the  fourth,  shall  equal  &. 

Let  a:=  the  first  term  and  y=  the  ratio.  The  progression, 
then,  is  ^xixyi xy^ : an^ : ;  whence,  x — xy*=a, and xy — x^=b; 

OTyX{l — 2/')=a(l),anda?y(l — 2/*)=6  (2) .-.  y=-,  and  substi- 

a' 
tuting  in  (1),  x==  ^-"p. 

5.  Find  six  numbers  in  geometrical  progression,  such 
that  the  sum  shall  be  1365,  and  the  sum  of  the  third  and 
fourth  shall  be  80. 

X  being  the  first  term,  and  y  the  ratio,  we  have 
x+xy+xy^+xf-\^xy*+xt^=lSS5  (1) 

a^-f^ ==    BO  (2),  whence, 

^+0^  +a?2/*+^=1285  (3),  or, 

x{l+y)+xy\l+y)  =1285,  or 

(l+y*){l+y)x  =1285  (4). 

Writing  (2),  xy\l+y)=^SO,  and  dividing,  member  by  mem- 


ber,  by  (4),  we  obtain  j_  =  j^  or  y* g^t/»=  -  1  .-. 

80 
j/=4,  and  «?=  -tt~3  ==!•     T^®  numbers,  then,  are  1,  4,  16, 

64,  256  and  1024. 

6.  Suppose  a  body  to  move  as  follows,  viz. :  30  miles  the 
first  second,  29  the  second,  28^  the  third,  and  so  on.  If 
the  body  move  in  this  way  for  eternity,  how  far  will  it  travel 
altogether  ?  Ans.  900  miles. 

Q 

7.  Find  the  value  of  .888  circulating  to  infinity.    Ans.  g. 

9091 

Of  .32.     Of  .2041.  Am.  to  last,  fi=i. 

9900 

8.  Four  men  receive  $700,  the  shares  being  in  geomet- 
rical progression;  the  difference  between  the  greatest  and 
least  is  to  the  difference  between  the  other  two  as  37  is  to 
12.    Required,  the  respective  shares. 

Ans.  $108,  $144,  $192,  $256. 

m.  Reourri&g  Series. 

499.  To  find  the  Suan  of  a  Reourring  Series. 

ap" — d 
1°.  If  the  series  is  of  the  first  order,  S=  - — — -lstheex- 
P— 1 
pression  for  the  sum  of  n  terms,  p  being  the  scale  (450). 

In  an  increasing  series,  if  n=:oo  ,  S=oo  ;    in  a   decreasing 

series,  if  w=oo ,  8=:; . 

1— p 

a+6 — asT'  . 
2^.  If  the  series  is  of  the  second  order,  S=  - — ::; — 77  is 

1 — 8 — s 

the  expression  for  the  sum  of  an  infinite  number  of  terms, 

t^\  s'  being  the  scale.     For,  a,b,c,d, being  the  terms, 

we  have: 

a=:=:a  Adding    these    equations,  member   to 

b=b  member,  and  substituting  for 

^8'a4-J'6        ar\^^c+d+ the  symbol  S,  we 

whence,  S=  ^      ~^^/-    I*>    ^<>^>  ^^^ 

1 — S 8 

sum  of  a  finite  number  (n)  of  terms  be 
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required,  denote  by  Sa  the  sum  of  the  n  terms. 
Then  a=a                If  the  terms  after  t  extend  to  infinity, 
^=^  M-fv+io-t- their  sum,  as  just  shown, 

d=8'b+8'^c      is      , „  .     Supposing  a,  b,  c, 

!!..!.!!!!      ^  extend  to  infinity,  we  have,  for  their 

t=8r+9  q      gyjj^    -r   —        Hence,  the  sum  of  the 
1 — 8 — 8 

finite  portion  a 1  of  the  given  series,  is 

a-j-b — as^' u+v — U8''  a+b — (u+v) — (a — u)ar^ 

1— 8  — r  ~  1— 8-— S''  '  ^^  ^"~  1—8'— 8''  • 

3°.  If  the  series  be  of  the  third  order, 

S= ~ — -z^ — ,,  '      IS    the    expression  for  the 

1 8 —-8  8 

sum  of  an  infinite  number  of  terms,  s^'\  ^%  ^»  being  the 

scale. 

For  a==a  Adding  these  equations,  member 

^^=^  to  member,  and  placing,  as  be- 

Si^+b^'+c^'  ^^^'  S=a+6+o-HZ+. ...  to  in- 

e=b^'4^'+d^''  finity,  we  obtain^S=a+6+c+Sar 

+(S— aK+(S— a+6K";  whence, 

., a^+c—{a+by—a^' 

The  sum  of  a  finite  number  of  termd  may  be  found  in  8 
manner  similar  to  that  illustrated  in  2^. 

4P.  The  general  method  here  employed  is  evidently 
applicable  to  any  recurring  series  whatever.  Hence,  if  i 
be  the  nth  term  of  a  recurring  series  of  the  nth  order,  and 
f  the  (n — l)th  term, 

^*~~  1   y  y^  jw  ^ 

will  be  the  expression  for  the  sum  of  an  infinite  number  of 

terms  of  the  recurring  series,  s^, 8"',  8",  «',  being  the 

scale. 

The  sum  of  a  finite  number  of  terms  of  a  series  of  the 
nth  order  may  be  found  by  ihe  general  method  exemplified 
in  2°. 
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If  the  series  be  arranged  according  to  the  powers  of  an 
indeterminate,  the  expressions  in  P,  2P,  3^,  4^,  enable  us 
to  determine  the  generating  fraction,  i.  e.,  the  fraction 
from  which  the  series  is  deyeloped.  To  take  a  single 
example,  let  the  series  be 

The  scale  (478)  is  — a?,  a^,  a?,  and  the  sum  :j ,^,    .,• 

from  which  fraction  the  series  may  evidently  be  developed. 

500. — ^IV.  Deoreasing  Series,  in  -which  the  teims 
are  alternately  positive  and  negative. 

In  a  decreasing  series,  in  which  the  terms  are  alternately 
positive  and  negative,  the  sum  of  n  terms  is  the  sum  of  the 
aerieSy  to  within  less  than  the  numerical  value  of  the  following 
term. 

a,  6,  c,  d,  etc. ,  being  positive  quantities,  and  a>6>c><i>e, 
etc. ,  let  a — 6+o — d-\'e—/-\-g — ,  etc. ,  represent  any  series  of 
the  kind  mentioned  in  the  proposition,  The  series  is  con* 
Terging,  since  its  sum  is  positive  and  <^a.  For,  to  obtain 
the  sum,  S,  we  must  add  to  a  the  expressions  ( — b-^-c), 
( — d+e),  {—f+g),  etc.;  since  6>c,  d'>e,f^g,  etc.,  these 
quantities  are  all  negative,  whence  their  sum  is  negative, 
and  we  must  add  to  a  a  negative  quantity  to  get  S.  .  *.  S<[a^ 
Again,  S>a — 6,  for  we  must  add  to  a — h  the  series  of  posi^ 
tive  quantities  {o — d),  (e—f), to  get  S.  S,  then,  is  posi- 
tive, since  it  is  greater  than  the  positive  quantity  a — b,  and 
S  being  positive  and  <^a,  the  series  is  converging. 

Now,  suppose  g  is  the  nth  term  of  the  series.  To  get  the 
sum  of  the  series,  we  must  add  to  a — 6+0 — cZ-|-e— /+gp  the 
succession  of  negative  quantities, ( — h+i),  (— ;/+^),  ( — l+r). . , 

h,i,j, ,  being  the  following  terms  of  the  series;  ( — h+i 

is  negative,  since  ^>i,  -—j+k  is  negative,  since  J>A:,  and  so 
on).  In  order  to  get  S,  then,  having  the  sum  of  the  first  n- 
terms,  we  must  add  to  this  sum,  which  we  shall  call  S»,  the 
sum  of  a  certain  number  of  negative  quantities.  As  the 
sum  of  these  negative  quantities  must  be  negative,  we  must 
diminish  Sn  in  order  to  get  S,  i,  e.,  S<S». 
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Now,  consider  the  first  n-fl  terms,  the  sixm  of  which, 

a — h'\-c — —f+9 — K  denote  by  S«u.      To    obtain  8 

from  Snnt  there  must  be  added  to  the  latter  the  sum  of  all 

the  terms  after  h,  i.  e.,  (ir-j)+(k — l)+(r — «)+ Since 

i>J,  if—j  is  positive ;  since  fc>i,  Ic — I  is  positive,  and  so  on; 
every  couplet  to  be  added  to  Snfi  to  obtain  S,  is  positive. 
The  sum  of  all  these  positive  quantities  being  itself  posi- 
tive, Sn4i  must  be  increased  by  this  sum,  to  produce  S;  hence 
S>S„*i.  Since  S<S«  and  S>S„ti,  S  must  lie  between  S« 
and  8n*i9  cmd  must,  therefore,  differ  from  either  by  a  less 
quantity  than  that  indicating  the  difference  between  them; 
(for  example,  if  a  number  is  between  6  and  7,  it  must  differ 
from  either  by  a  fraction,  less  than  1).  Now  Sn- — S»a=^; 
hence  S  <—  S«<^  and  S  .^  S»ti</i.  The  error  committed  by 
taking  (Sn+i  or)  Sn  for  S  is,  therefore,  numerically  less  than 
h,  i.  e.,  The  error  commiUed  by  taking  the  sum  of  any  number 
of  terms  for  the  sum  of  the  series,  is  numerically  less  (hem.  (he 
following  term: 

If  a  series  is  of  the  form  a'  +6'-f<?'  4-(i'-+«: — ^  +^^ — ^  +  •  •  i 
the  quantities  a\  h\  c\  etc.,  succeeding  each  other  in  any 
manner  whatever,  the  preceding  proposition  applies  to  the 
part  of  the  series  beginning  at  a;  the  sum  of  a\  6',  c\  etc., 
must  be  obtained  independently,  but,  if  a\  b\  etc.,  are 
finite,  the  sum  of  the  series  is  always  less  than  a'+h'-\- .... 

501. — ^V.  Series  derived  from  the  expression  — i . 

A(&-H>)- 

Summation  by  Auxiliary  series. 

Let  there  be  given  a  series  the  terms  of  which  can  be  de- 
rived from  the  expression  -_i— -,  by  giving  to  p  a  fixed 

k(IC'\-'P) 

value,  and  attributing  suitable  values  to  q  and  ib,  and  two 

auxiliary  series  formed  from  %  and  — ^,  so  that  the  values 

k         ifc-fp 

of  p,  q  and  k,  in  any  term,  shall  be  the  same  as  in  the  cor- 
responding terms  of  the  given  series.    The  series  derived 
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froni  TTT^ — r  is  the  primiti've  series:  the  one  derived  from  ? 
k{k-\-p)  k 

is  called  the  jflrst  auoeLliary  series;  the  one  derived  from 
7-4—  is  called  the  second  auxiliary  series. 

ILemxna. — Any  term  of  the  primitive  aeries  equals  -  muUi- 

plied  by  the  excess  of  the  corresponding  term  in  the  first  auxil- 
iary series  over  the  corresponding  term  in  the  second. 

From  the  nature  of  the  case,  —-i — -  may  represent  any 

k{k+p) 

term  of  the  primitive  series,  ~  and  --^  representing  the 

k  k+p 

corresponding  terms  of  the  auxiliary  series, 
by  -,  we  obtain       ^ 


p  ^H-p) 

502.  Sum  of  the  Series. — Ihe  sum  of  any  number  of 
terms  in  the  primitive  series  equals  —  multiplied  by  the  excess 

of  the  sum  of  the  corresponding  terms  in  the  first  auxiliary 
series  over  the  sum  of  the  corresponding  terms  in  the  second. 

This  is  a  direct  consequence  of  the  lemma,  for,  that  prop- 
osition being  true  of  each  term,  this  must  be  true  of  the 
sum  of  the  terms. 

Or,  we  may  arrive  at  the^ result  in  a  slightly  different  way. 
Let  the  series  be. 

Primitive,  abode t  s  x  (1). 

P  Auxiliary,  a' V  (f  X  ^ t  ^  of  (2). 

2o  Auxiliary,  a''  ^  c"  &'  ^' , , .  .^  f  €'  f  (3). 

Then,  by  (501),  a= ,  b=:-^ — ,  c= ,  etc.,  or, 

p  p  p 

Bubstitubng  m  (1),  and  indicating  the  addition, 

a:— a''  ,  6'— r  ,  d—d'  ,       ,  «-— «"  ,  of— of' 

p  P      '      P     '     ^      P  P 

_  a^4.6^+cr-Hf +.  ,.+^+af—(a'''{^"+d"+. .  .+s^^+a^O 

P 
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The  practicability  of  this  method  of  summing  series  de- 
.pends  on  the  fact  that,  in  the  subtraction,  each  of  the  series 
a'+h'+cr+ . . . . ,  and  a"-f  6''+c''-f . . . . ,  destroys  all  but  a 
finite  portion  of  the  other,  which  finite  portions  we  are 
able  to  sum,  by  actual  addition,  or  otherwise.  Whenever 
we  can  find  the  difference  between  the  auxiliary  series, 
we  may  sum  the  primitive  series,  even  though  the  number 
,of  terms  be  infinite. 

The  general  method  here  indicated  may  be  extended  to 

.series  derived  from  expressions  of  the  form,  ^.,       v^-i-9  \* '  * 

^.  \  /^  I — \i  ^^^  other  fractions,  but  the  discussion 
oi  these  more  general  cases  is  beyond  the  scope  and  limits 
^of  an  elementary  work. 

503.  VI. — Series  of  which  the  law  may,  or  may  not  be 
known;  Series  in  General.  The  most  general  method  of 
..summing  series  is  the  Method  by  DifibrenoeS|  or  Difibr- 
ential  Method. 

Let  a,  6,  c,  df (1)  represent  any  series  whatever,  the 

^um  of  n  terms  of  which  is  required.     Assume  the  series 

,0,  a,  a+b,  0+6+0,  a+b+c+d, (2),  the  first  order  of 

.differences  in. which  is  a,b,c^d, the  same  as  the  given 

.series.  A  comparison  of  (2)  and  (1)  shows  that  the  third 
term  of  (2)  is  the  sum  of  two  terms  of  (1),  the  fourth  term 
^of  (2)  the  sum  of  threiB  terms  of  (1),  and  in  general,  the  nth 
term  of  (2)  is  the  sum  of  n — 1  terms  of  (1).  Indeed,  this  is 
a  direct  consequence  of  assuming  (2)  so  that  its  first  order 
of  differences  s^ojald  coincide  with  (1);  for,  as  the  terms  in 
the  first  order  of  differences  are  the  differences  between 
consecutive  terms  of  (2),  any  term  of  (2)  may  be  obtained 
'by  adding  to  the  preceding  the  term  of  (1)  corresponding  to 
this  preceding.  Thus,  beginning  with  0,  the  second  term 
of  (2)  is  0+a,  or  a;  the  third  term,  a+6;  the  fifth  term, 
,a+6+c+-d;  and  the  {n-\-l)th  term  the  sum  of  the  first  n 
, terms  of  (1).     Hence,  if.the  (n-^-iyh  term  of  (2)  is  obtained 
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in  any  way,  the  sum  of  the  first  n  terms  of  (1)  is  obtained. 
Now  the  most  general  method  of  finding  any  term  of  a 
series,  the  only  method  applicable  to  all  series,  is  the 
method  by  differences^  the  formula  of  which  is 

T=a+nD,+n!i=iD^. ...  (3) 

To  apply  this  formula  to  (2),  we  must  substitute  for  a  the 

£rst  term  of  (2),  and  for  D^,  Dj, the  first  terms  of  the 

successive  orders  of  differences.  As  the  first  order  of  dif- 
ferences of  (2)  is  (1),  the  second  order  of  differences  of  (2) 
is  the  same  as  the  first  order  of  differences  of  (1),  and  in 
general,  the  first  term  of  any  order  of  differences  of  (2)  will 
be  the  same  as  the  first  term  of  the  next  lower  order  of  (1). 
Hence  the  first  terms  of  the  first,  second,  third,  etc. ,  orders 

of  differences  of  (2)  will  be  a,  D^,  Dj, Making,  in  (3), 

the  substitutions  here  indicated,  we  obtain,  for  the  (n+1)/^ 
term  of  (2),  T=0+na+  !?<^)D.+n^»-^Xn-2)p^^ 

This,  however,  is  the  sum  of  the  first  n  terms  of  (1). 
Hence,  indicating  this  sum  by  Sn,  we  obtain, 
«      ^,  ,  n<n— 1)^     ,  n{n—l){n^2) 
^z=:na+     j^  2    ^^  "T X  2  3 *"'" +D»-i(4). 

504.  If  all  the  terms  of  any  order  of  differences  are 
«qual,  the  terms  of  the  succeeding  orders  reduce  to  0,  and  (4) 
^ves  the  exact  sum  of  n  terms  of  the  given  series;  all  terms 
after  that  containing  De  reducing  to  0  if  the  terms  of  the 
€th  order  of  differences  are  all  equal,  in  which  case  the 
49eries  is  an  arithmetical  progression  of  the  eth  order.  If 
the  terms  of  no  order  are  all  equal,  the  formula  must  be 
-carried  out  to  n  terms  (to  "Dn-^i),  to  ensure  an  exact  result, 
since  only  in  this  case  will  (3)  give  T  exactly.  In  this 
event  n  terms  of  the  series  (1)  must  be  given  (480),  and  the 
formula  is  useless  as  far  as  exact  results  are  concerned,  for 
it  is  much  simpler,  and  certainly  more  direct,  to  add  the 
^ven  n  terms  of  the  series  at  once  than  to  deduce  n — 1 
-orders  of  differences,  substitute  in  (4),  and  then  add  n 
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terms  of  it,  except  in  the  yery  unlikely  e^ent  of  (4)  being  a 
progression,  or  other  simple  series,  which  can  be  summed 
much  more  easily  than  (1).  If  an  exact  result  is  not  re- 
quired, the  formula  is  of  service,  for  an  approximate  result 
is  obtained  by  taking  the  sum  of  any  number  of  terms 
(less  than  n)  of  the  second  member  of  (4).  The  degree  of 
closeness  of  the  approximation  is  necessarily  determined 
by  the  number  of  terms  taken,  and  the  relative  numerical 
value  of  the  terms;  if,  in  (4),  the  terms  increase  toward  the 
right,  or  diminish  very  slowly  in  this  direction,  the  approx- 
imation, if  any  of  the  later  terms  be  neglected,  will  be  very 
coarse,  while,  if  the  terms  of  (4)  diminish  rapidly  toward 
the  right,  the  approximation  will  be  sufficiently  close  for  all 
practical  purposes.  If  the  term  involving  Dc  is  the  last  one 
taken,  the  accuracy  of  the  work  may  be  increased  by  sub- 
stituting for  Dcthe  arithmetic  mean,  or  average,  of  the  terms 
of  the  cth  order  of  differences.  The  number  of  terms  of  (4) 
to  be  taken,  in  any  case  in  which  an  approximate  result  is 
desired,  must,  therefore,  be  determined  by  the  nature  of 
the  series. 

The  formula  gives  exactly  the  sum  of  an  arithmetical 
progression  of  any  order  whatever,  the  number  of  terms  of 
the  second  member  being  greater  by  1  than  the  number 
indicating  the  order  of  the  progression.  Thus,  in  a  pro- 
gression of  the  first  order,  two  terms  must  be  taken,  in  one 
of  the  second  order  three,  and  so  on;  the  number  taken  in 
a  progression  of  the  rth  order  being  r-f-l,  since  all  terms 
after  that  involving  Dr  reduce  to  0.  If  the  progression  be 
of  the  first  order,  all  the  terms  of  the  first  order  of  differ- 

fi 1 

enceswillbe  equal,  and  S»=na+n—^D„  or  since  Di=5, 

the  same  expression  previously  deduced. 

When  n=  oo ,  the  second  member  of  (4)  becomes  d=oo . 
This  result  we  should  anticipate,  for,  in  the  case  of  an  aritk- 
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metical  progression,  ±00  is  the  true  sum,  positive  or  nega- 
tive, as  the  series  is  increasing  or  decreasing.  In  any 
other  case,  the  infinite  result  is  an  indication  of  the  failure 
of  the  formula,  a  failure  to  be  expected,  since  the  number 
of  terms  essential  to  an  exact  result  is,  except  in  the  cases 
already  noted,  n+1,  which,  if  n==Qo  ,  is  oo  . 

505.  VII. — If  none  of  the  methods  now  indicated  be 
expedient  in  any  particular  case,  the  only  general  method 
of  summing  a  series  is  the  method  of  direct  addition  of 
the  terms.  If  the  given  series  be  finite  in  the  number  and 
value  of  its  terms,  the  sum  may  be  obtained  exactly;  but 
if  the  series  be  infinite,  the  sum  can  be  obtained  only  ap- 
proximately, the  degree  of  closeness  of  the  approximation 
depending  on  the  nature  of  the  series  (as  to  convergence, 
etc.),  and  the  number  of  terms  taken. 

506.  Of  the  methods  of  summing  series,  all  that  give 
exact  results,  except  VII.,  are  applicable  when  the  number  of 
terms  to  be  summed  is  infinite,  and  I-V  are  never  used  except 
wheu  they  give  exact  results.  While  the  special  nature 
and  consequent  limited  applicability  of  these  methods  is  a 
serious  inconvenience,  the  fact  of  their  giving  the  sum  of 
an  infinite  number  of  terms  is  a  great  advantage.  The 
method  by  differences,  or  differential  method,  on  the  other 
hand,  is  often  used  even  when  its  use  leads  to  merely 
approximate  results,  and  is  theoretically  applicable  to  any 
series  whatever.  Its  importance  depends  largely  on  this 
extended  applicability,  though  its  practical  utility  is  im- 
paired, in  different  degrees,  by  the  various  defects  already 
pointed  out. 

Examples. 
Find  the  sum  of  the  following  series: 

1.  l±x+a^±a?'+x*±af''\-. . . . 

2.  a?+3ic*+6a;*+10a?*+ ....  Ana. 


3.  l+3x+6x'+l(Kf'-^....  Ans. 


1+x 
{l^xf 
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4.  a?+2a:*-f-3a^44a?*+ ;  when  the  series  is  decreasing. 

Place  S=a?+2ar+3aj»-f42?*+ .... 

— 2arS=  — 2a:»— 4ir»— 6a?*— 

a^=  -j-a»+2a?*+.... 


6.  2—6+18—54+162—.... 


7.  64—53+52-^1+50 to  20  terms. 

1  17Q 

8.  60-59+58^-57^+ to  10  terms. 

2       3        4         5          6 
^-  ^-6+20-56+144-352+ tolOterms. 

3.5      5.7^7.9      9.11^11.13 
This  may  be  derived  from     JT    \  ^7  placing  p=2» 
^=2,  —3,  +4,  —5,  +6,. . .  .and  ifc=3,  6,  7,  9. . . . 
1^.  Auxiliary  series, 

2_3      4_5       6^_       _  n+1 
3      5  +  7      9+11      ^2n+l 

20.       do             ?_?+f_A+..^^L_:^ZHl 
^.       ao.  g      ^-t-g       ^^-r 2n4.1^2n+3 

Notice  that  numerators  and  denominators  form  arith- 
metical progressions,  the  nth  terms  of  which  find  by  (474); 
or  find  the  nlh  terms  by  induction  from  the  law  of  forma- 
tion of  any  of  the  first  terms. 

Then  S=-^  [  (|±£t^)-(l-l+l-l+...±l)]. 
the  upper  or  lower  sign  being  taken,  as  n  is  even  or  odd. 
When  n  is  even,  S=^g  F  (g  +^)^)  — l],  as,  there  bo- 
ing  n — 1  terms  in  the  second  parenthesis,  this  reduces  to 
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1  when  n  is  even.     Hence 

When  n=  00,  apparently  reduces  to  a5>    a     symbol 

n+1        ^+^ 
of  indetermination.    But  ^ — rs  =        „,  which  reduces  to 

2«4-3  3 

n 
-  when  n  =  00.     Hence,  S,_=  g  •  g  =  J^- 
,-l.l,l-l,  .-  31 

^^-  i:5+5:9-^03+iof+--  ^""i- 

^^'  3'^9'^i8"^30'^'" 
This  may  be  placed  under  the  form 

2/1,1,1,1.,         \.      _  2 

3VO +  2:1  +  0+0 +••••-)    ^"••S— =3- 

Find  the  sum  of  n  terms  of  the  following  series: 

15.  1.  1+2,  1+2+3. 1+2+3+4 

a=l,  D,=2,  Dr=l,  D,=0,  Dt=JD,  etc. 

s    „  ,  n(n-l)         n(n-lXn-2)_n(n+l)(n+2) 

^=**+^:t'-^+     0:3 — - — TO — • 

16.  6,  24,  60, 120,  etc. 

0=6,  D,=18,  D,=18, 1V=6,  D«=0,  Di=0,  etc. 

»     «(n+l)(n+2)(w+3) 
S= J 

17.  1.  4,  9, 16,  25.  36. . . .  Ans.  ^»+lX2«+l). 

18.  (to+1),  2(m+2),  3(«i+3),  4(m+4). . . . 

■Ino.  "(M-lX14-2»+3m) 
6 
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19.  1,  4. 10.  20.  35.  . . .  Ans.  n(n+l)(n+2^n+3)^ 

1.^.0.4 

20.  1,  4,  8,  13, 19, Am.    ^    T^ ^. 

21.1,2^,3S4S5S....         ^n..  n(|+5+|-^). 

22.  70,  252,  594, 1144, ,..,    Ans.  ^Bn3+44r^+99n+61)^ 

23.  3,10,28,62,117,198,.... 

24.  10,  18,  29,  50,  90,  160,  273,  444, ... . 

25.  17,  27,  47,  85,  152,  262,  432,  682, .... 

PILING  BALLS  AND  SHELLS. 

507.  In  uavy  yards,  arsenals,  etc.,  cannon  balls  and 
shells  are  usually  stored  on  a  level  surface,  in  piles  of  three 
shapes,  viz. :  triangular,  square,  and  oblong. 

I.  The  triangular  pile  is  composed  of  successive  layers, 
each  in  the  shape  of  an  equilateral  triangle, 
the  number  of  balls  in  each  side  of  the  layers 
increasing  from  the  top,  which  contains  1,  to 
the  lowest  layer,  which  has  as  many  balls  on 
each  side  as  there  are  layers.  Hence,  the 
number  of  balls  in  a  complete  triangular  pile 

is  the  sum  of  the  series,  1,  1+2,  l+2-f3, 1+2+3+ 

+n,  n  being  the  number  of  courses.     The  sum  of  this 

series,  and,  therefore,  the  number  of  balls  in  a  complete 

triangular  pile  is,  (Ex.  15,  page  435),  S=  '^('^+^)i'^+^) ^ 

n.  The  complete  square  pile  is  made  up  of  successiye 
layers,  square  in  shape,  the  number  of 
balls  in  each  side  of  the  squares  increas- 
ing from  the  top,  where  it  is  1,  to  the 
lowest  layer,  where  it  is  n,  the  number 
of  layers.  Hence,  in  a  complete  square 
pile  the  number  of  balls  is  l*+2H3'+4'+^r.T+n»  or 
(Ex.l7.page435).S=»("+^f»+^) 
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m.  The  complete  oblong  pile  is  made  up  of  layers,  rect- 
angular in  shape;  the 
second  layer  from  the 
top  may  be  considered 
as  made  up  of  two  lines 
of  balls,  each  line  con- 
taining one  ball  more  than  the  top  row;  the  third  layer  con- 
sists of  three  lines,  each  having  one  ball  more  than  either 
line  of  the  second  layer,  and  so  on.  In  the  long  face  of 
the  pile,  then,  the  number  of  balls  in  the  successive  lines 
increases  by  one  in  each  line,  from  the  top  downward, 
and  in  the  nth  line,  as  the  number  of  balls  has  increased  by 
one  for  each  line,  the  number  of  balls  will  be  greater  by 
n — 1  than  the  number  in  the  top  row.  In  the  end  of  the 
pile,  the  number  of  balls  in  any  line  will  be  the  number 
indicating  the  distance  from  the  top,  and  in  the  nth  line 
will  be  n.  Hence,  if  t+1  represent  the  number  of  balls 
in  the  top  row,  the  number  in  the  complete  oblong  pile  will 
be  the  sum  of  the  series  (^+1),  2(^+2),  3(<+3). . .  .n{^+n), 

/Ti      ..o  ..orx   o      n(n+l)(l+2n+3t) 

or  (Ex.  18,  page  435),  8=    ^  ^  ^^  ^^    ^    \ 

If  any  of  these  piles  be  incomplete,  the  number  of  balls 
that  would  be  in  the  pile  if  it  were  complete,  should  be 
computed  first;  this,  minus  the  number  required  to  com- 
plete it,  is  the  number  actually  in  the  pile.  Or,  suppose 
as  many  terms  to  be  wanting  from  the  beginning  of  the 
corresponding  series,  as  there  are  courses  wanting  in  the 
given  pile;  then  sum  the  remaining  terms  of  the  series. 

508.  The  preceding  formulae  may  be  written: 


S= 


3 
3 


(<H-n+<+n+<+l). 


Now,  the  number  of  balls  in  the  triangular  face  of  each 
of  the  piles  is  the  sum  of  n  terms  of  the  arithmetical  pro- 

gmeion,  1.-2..3"  -  or  (494)  (^^)n.     Hence,  !^(!^) 
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expresses  the  number  of  balls  in  the  triangular  face  of  each 
pile.  The  first  term  of  the  second  factor,  in  each  case,  is 
the  number  in  the  longest  side  of  the  base;  the  second 
term,  the  number  in  the  opposite  side  of  the  base,  and  the 
third,  the  number  in  the  top  row.  The  number  of  balls  in 
a  pile  of  any  one  of  the  shapes  mentioned  may,  therefore^ 
be  obtained  by  the  following 

EuLE. — Add  to  the  number  of  baUs  in  the  longest  side  of  the 
base  the  number  in  the  opposite  side  thereof  and  the  number 
in  the  top  parallel  row.  Multiply  this  sum  by  one  third  the 
number  in  the  triangular  face  of  the  pile. 

Examples. 

1.  Required^  the  number  of  balls  in  a  triangular  pile  of 
20  courses;  of  40  courses;  of  50  courses. 

Ans.  1540;  11,480;  22,100. 

2.  Bequired,  the  number  of  balls  in  a  complete  square 
pile  of  30  courses;  of  35  courses;  of  40  courses. 

Ans.  9455;  14,910;^  22,140. 

3.  Required,  the  number  of  balls  in  the  last  course  of 
each  of  the  piles  mentioned. 

4.  Required,  the  number  of  balls  in  a  complete  oblong 
pile,  the  number  in  the  top  row  being  41,  and  the  numbers 
in  the  sides  of  the  lowest  course  being  70  and  30,  re- 
spectively. Ans.  28,055. 

5.  Required,  the  number  of  balls  in  an  incomplete  trian- 
gular pile,  the  number  in  each  side  of  the  top  course  beings 
7,  and  in  each  side  of  the  bottom  40. 

6 .  Required,  the  number  of  balls  in  an  incomplete  squazor 
pile,  the  number  in  each  side  of  the  upper  course  being,  13^ 
and  in  each  side  of  the  lowest  course  50. 

7.  Required,  the  number  of  balls  in  an  incomplete  oblong" 
pile,  the  numbers  in  the  upper  courses  being  81  and  20, 
ftnd  in  the  lower  courses  106  and  45. 
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LOGARITHMS. 

509.  The  Logarithm  of  a  number  is  the  exponent  of 
the  power  to  which  it  is  necessary  to  raise  a  fixed  number 
in  order  to  produce  the  given  number. 

Thus,  in  the  equation  a*=N,  a  being  a  fixed  number,  and 
N  any  given  number,  a?,  the  exponent  of  the  power  to  which 
a  must  be  raised,  that  N  may  result,  is  the  logarithm  of  N. 
If,  for  a  fixed  value  of  a,  N  be  supposed  to  have  every  pos- 
sible numerical  value,  the  resulting  values  of  x  form  what 
is  called  a  System  of  logarithms,  and  the  fixed  value  of  a  is 
called  the  base  of  the  system.  If  a  second  value  be  given 
to  a,  we  have  a  second  system  of  logarithms,  and  in  general 
there  is  a  system  of  logarithms  for  every  value  that  can  be 
given  to  a.  Now,  any  positive  value,  except  1,  may  be 
assigned  to  a.  No  negative  values  can  be  assigned,  for  the 
even  fractional  powers  of  negative  quantities  are  imaginary, 
and  the  integral  powers  are  positive  or  negative,  as  the 
exponent  is  even  or  odd.  If,  then,  a  negative  value  were 
assigned  to  a,  there  would  be  no  numbers  corresponding  to 
even  fractional  values  of  x,  and  no  positive  numbers  cor- 
responding to  odd  values  of  x.  Again,  1  cannot  be  taken 
as  the  base  of  a  system,  for,  every  power  of  1  being  1,  no 
number  except  1  would  have  a  logarithm  in  such  a  system, 
and  the  logarithm  of  1  itself  would  be  indeterminate.  As 
we  can  assign  to  a  an  infinite  number  of  positive  values 
besides  1 ,  an  infinite  number  of  systems  of  logarithms  is 
possible. 

610.  Even  fractional  powers  of  any  positive  number 
liave  the  double  sign;  odd  fractional  powers  are  positive. 
If,  therefore,  the  logarithms  of  negative  numbers  were  con- 
sidered at  all,  these  numbers  would  fall  in  two  classes: 
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those  having  logarithms,  and  those  not  having  logarithms. 
To  avoid  the  confusion  that  would  inevitably  result  if  we 
were  called  upon  to  discriminate  in  the  case  of  every  nega- 
tive number  met  with,  we  discard  altogether  the  consider- 
ation of  the  logarithms  of  negative  numbers.  This  is 
often,  but  inaccurately,  expressed  thus:  "Negative  num- 
bers have  no  logarithms."  The  notation  log^N,  etc.,  is 
often  used  to  indicate  the  system  in  which  the  logarithm 
of  a  given  number  is  to  be  taken,  the  subscript  indicating 
the  base  of  the  system. 

611.  Three  systems  are  in  common  use.  The  first  was 
invented  by  Napier  (Baron  of  Merchiston,  Scotland),  in 
1614.  Though  often  called,  particularly  by  European 
writers,  the  Hyperbolic  system,  its  relation  to  the  rec- 
tangular hyperbola  is  not  essentially  different  from  that 
of  the  other  systems  to  the  common  hyperbola.  Its  base 
is  2.71828  18284  59045  23536  02874+. 

The  Natural  System  is  used  in  all  theoretical  dis- 
cussions in  the  Higher  Mathematics.  Its  base  is  the 
number  e,  equal  to  the  sum 

•^    1        1^1     O     1^1      O     Q     "^ 


1    '  1.2  '  1.2.3  '  1.2.3.4^ 

This  number  agrees  very  nearly  with  the  Napierian 
base,  as  already  given,  and  Natural  and  Napierian 
logarithms  were  long  treated  as  identical.  They  are  not 
so,  however,  the  relation  between  the  two  systems  being 
thus  expressed:     ^ 

6^=10'  e  ^^\  or  L=10^nat.  log.  (10')— 107, 

in  which  equations  L  represents  the  natural  logarithm  of 
any  number,  I  the  Napierian  logarithm  of  the  same  num- 
ber, and  e  the  natural  base.  The  Napierian  logarithms 
are  the  only  ones,  however,  aside  from  the  common  loga- 
rithms, for  which  tables  have  been  computed;  and  hence 
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in  comparing  with  the  common  system  we  shall  use  the 
Napierian  instead  of  the  Natural  logarithms.  This  will 
not  aflTect  the  numerical  exactness  of  the  propositions,  so 
far  as  we  have  to  deal  with  them,  but  the  student  should 
remember  that  theoretical  accuracy  would  require  us  to 
take  note  of  the  distinction  just  indicated. 

The  Common,  Denary,  or  Briggean  system  has  10 
as  its  base.  It  was  published  by  Briggs,  a  Professor  of 
Mathematics  in  Oxford,  in  1617,  after  consultation  with 
Napier.  It  is  now  used  to  the  exclusion  of  all  others,  in 
actual  numerical  calculations. 

Common  logarithms  will  be  denoted  usually  by  the  ab- 
breviation log.  Natural  logarithms  by  In,  and  Napierian 
logarithms  by  1. 

GENERAL  PROPERTIES  OP  LOGARITHMS. 

612.  I.  Tfie  logarithm  of  any  product  is  equal  to  the  sum 
of  tlie  logarithms  of  the  factors  thereof 

Let  N'  and  N''  be  two  numbers,  the  logarithms  of  which, 
in  a  system  with  any  base  whatever,  as  a,  are  of  and  af\ 
Then,  (509),  a^=N'  (1),  a=»'V-^N"  (2). 

Multiply  (1)  by  (2),  member  by  member. 

II.  The  logarithm  of  any  quotient  is  equal  to  the  logarithm 
of  the  dividend,  minus  the  logarithm  of  the  divisor. 

Divide  (1)  (I)  by  (2),  member  by  member. 

m.  The  logarithm  of  any  power  of  a  quantity  is  equal  to 
the  logarithm  of  the  quamiity  itself,  multiplied  by  the  exponent 
of  the  power. 

IV.  The  logarithm  of  any  root  of  a  quantity  equals  the  log- 
arithm of  the  quantity  itself,  divided  by  the  index  of  the  root. 

613.  Discussion  of  the  equation  a''=N. 
1°.  We  will  assume  tbat  N  is  always  positive. 

2°.  Suppose  N=l;  then  x=0,  since  a°  is  always  1;  i. «., 
The  logarithm  of  unity,  in  every  system,  is  zero. 
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3^.  Suppose  N=a;  then,  since  d}^=a,  x=l.     Hence, 
The  logarithm  of  any  base,  taken  in  the  system  of  which  U 
18  the  base,  is  unity, 

4^.  Suppose  a>l.  Then,  whatever  the  power  to  which 
it  be  raised,  whether  the  exponent  thereof  be  entire  or  frac- 
tional, the  result  will  be  greater  than  unity,  if  this  expo- 
nent be  positive.  If  this  exponent  be  negative,  however, 
it  indicates  that  the  reciprocal  of  a  is  to  be  raised  to  a 
power  indicated  by  the  positive  numerical  value  of  the  ex- 
ponent.   Now,  as  a  is  greater  than  1,  -  <<!,  i.  e.,  is  a  proper 

a 

fraction,  any  power  and  any  root  of  which  is  a  proper  frac- 
tion if  the  exponent  of  the  power,  or  index  of  the  root,  is 
positive.  If,  then,  a,  >1,  be  raised  to  a  power  indicated 
by  a  negative  exponent,  the  result  will  be  less  than  1.  We 
see,  then,  that  if  a>l,  when  N>1,  a?>0,  or  positive;  when 
N=l,  x=0;  when  N<1,  a;<0,  or  negative.     Hence, 

In  a  system  of  which  the  base  is  greater  than  1,  the  logar- 
ithms of  all  numbers  greaier  than  1  are  positive,  and  the 
logarithms  of  proper  fractions  are  negative. 

Suppose  that,  N  being  less  than  1,  a;  is  numerically  equal 
to  of;  whence  a~*'==N.  Then,  -p=N.  Suppose  N  to  di- 
minish continually.     As  N  diminishes,  its  equal,  —^,  must 

also  diminish;  and  since  1  is  invariable,  the  denominator 
is  the  only  part  of  the  fraction  that  can  change,  and  it 
must  therefore  inciease.  In  any  system,  however,  the  base 
is  fixed;  hence,  as  a  cannot  change,  and  is  greater  than  1, 
the  only  way  of  increasing   a*'  is  to  increase  of,     Hence» 

as  -^,  or  N,  diminishes,  of  must  increase;  when  N  is  very 

small  af  is  very  great;  finally,  when  N  becomes  less  than 
any  assignable  quantity  (i.  e.,  0),  a^  becomes  greater  than 
any  assignable  quantity  {i,  e.,  af=  oo).  Hence,  as  x= — .a/, 
when  N:=0,  x=  —  oo;  that  is. 
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In  any  system  of  which  the  base  is  greater  than  1,  the  logor- 
rithm  of  zero  is  — oo  . 

If,  a  and  N  being  greater  than  1,  N  increases  beyond 
any  assignable  limit,  x  will  increase  beyond  any  assignable 
limit;  that  is,  if  N  =  oo,  a?=  oo.     Hence, 

In  any  system  of  which  the  base  is  greater  than  1,  the  logor 
rUhm  of  infinity  is  -f-oo  . 

5°.  Suppose  a<l.  a  being  a  proper  fraction,  if  it  be 
raised  to  any  power  the  exponent  of  which  is  positive,  the 
result  will  be  a  proper  fraction,  smaller  as  the  exponent  is 
greater.  If  the  exponent  be  negative,  the  reciprocal  of  the 
proper  fraction,  which  reciprocal  must  be  an  improper  frac- 
tion, is  to  be  raised  to  some  power  with  a  positive  exponent, 
and  the  result  is  therefore  greater  than  1.  If,  then,  a<^l, 
and  N=l,  qc=Qi  as  N  diminishes  x  increases,  and  while 
N<^1,  X  is  always  greater  than  0,  i.  6.,  is  positive.  When 
N  becomes  very  small,  x  becomes  very  large;  and  finally^ 
when  N  becomes  less  than  any  assignable  quantity,  x  be- 
comes greater  than  any  assignable  quantity,  t.  6.,  when 
N=0,  afcrr-f-Qo  .  If,  on  the  other  hand,  N  becomes  greater 
than  1,  X  becomes  less  than  zero,  i.  6.,  becomes  negative,  and 
the  farther  N  recedes  from  1,  the  farther  x  recedes  from  0; 
i.  e.,  as  N  increases,  x  decreases  algebraically,  and  increases 
numerically.  When  N  becomes  very  large,  x  becomes  very 
large  numerically,  but  is  negative;  finally,  when  N becomes 
greater  than  any  assignable  quantity,  x  becomes  numerically 
greater  than  any  assignable  quantity,  but  remains  negative; 
i.  6.,  when  N=qo  ,  x= — oo  .     Hence  we  conclude  that 

In  any  system,  of  which  the  base  is  less  thanl,  the  logarithms 
of  aU  numbers  greater  than  1  are  negative,  and  the  logarithms 
of  dU  proper  fractions  are  positive. 

In  any  system,  the  base  of  which  is  less  than  1, 

The  logarithm  of  zero  is  -[-oo ,  and 

The  logarithm  of  infinity  is  — oo  . 
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THE  LOGARITHMIC  SERIES. 

514  Tbe  Iiogarithmio  Series  is  a  series  into  whioh  tbe 
logarithm  of  a  number  is  developed,  so  that  the  terms  are 
arranged  according  to  the  ascending  powers  of  a  number 
less  by  1  than  the  original  number. 

514^.  The  logarUkm  of  a  number  cannot  he  developed  into  a 
series  arranged  according  to  the  ascending  powers  qfihenumber. 

For,  assimie  a*'=y,  whence,  logaj/ :=«?'.  Suppose 
loga2/=P+Qi/+Ry'H-S^+ This  equation  being  iden- 
tical, is  true  for  all  values  of  y;  hence  it  must  be  true  wh^ 
y=Oy  i.  e,,  logaO=P,  or  dboo  =P  (as  a<l  or  >1);  a  manifest 
absurdity. 

Again,  suppose  that  the  first  term  of  the  development 
contains  y  to  any  power  whatever,  i,  e., 

loga  2/=Qtr +R2r*^  +S2r** + . . . . ; 

when  t/=0,  this  becomes  loga  0^0,  or  diQO=0. 

Hence  logay  cannot  be  developed  into  a  series  arranged 
according  to  the  ascending  powers  of  y.    The  development 

loga  {i+y)=iP+(iy+W+ .... 

presents  no  difficulty,  for  when  i/=0,  we  have  loga  1=P, 
t.  e.y  P=:0,  showing  that  the  development  must  commence 
with  a  term  containing  y,  i,  «.,  must  be  of  the  form 

loga{l+y)=Qy+'Ry'+^+- . . . ; 
in  which,  if  t/=0,  there  results  logo  1=0  or  0=0. 

515.  To  Deduce  the  Logarithmio  Series. 

Take  the  exponential  equation  a'^=z,  in  which  a  repre- 
sents any  base  whatever,  and  z  any  proposed  quantity. 
Suppose  a=l+b  and  z=l-\-y;  whence  (1-f  6)"^=l-f-3/  (1),  or 

^»=log(i-hb)(l+2/). 

Raising  both  members  of  (1)  to  the  power  /,  we  obtain 
(l-j-6)^=(l+2/)*  (2);  or,  expanding  each  member  by  the  bi- 
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members  by  t,  after  striking  out  1  from  each,  we  obtain, 


This  equation  being  identical,  is  true  for  all  values  of  t, 
and  is,  therefore,  true  when  t=zO;  then, 

Or,  a;=log  (l+y)= y     f.      f, (7). 

6  — -4-1— _-l- 

Placing  M=  ——a — n — rj (8),  we  obtain, 

^-2  +  3-4+-     ^ 
^log(l+2/)=M  (2/_^+^_|*  + . . .  .=F  ^        (9). 

The  Logarithmio  Series. 

The  logarithm  of  a  quantity  consists,  then,  of  two  factors, 
one,  the  factor  in  parenthesis,  depending  on  the  quantity 
itself,  and  the  other  depending  on  the  base  of  the  system, 
and,  therefore,  constant  for  every  system.  This  constant 
factor,  M,  is  called  the  Modulus  of  the  system. 

By  giving  to  the  modulus  any  value,  we  may  deduce  the 
corresponding  base.  Napier's  modulus=l,  and  the  num- 
ber b,  corresponding,  is  1.71828;  whence  a,  or  the  base  of 
his  system,  is  2.71828. 

516.  Theorem. — IJw  logarithms  of  the  same  number  in 
any  two  systems  are  to  each  other  as  the  modidi  of  the  systems. 

Let  l-^-y  represent  the  given  number,  and  M  and  M'  the 
moduli  of  the  systems,  a  and  c^  being  the  bases.     Then 
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loga(l-H/)=M  {y-  ^  +^-^  +•••+$)  ^1>- 

log.'(l+y)=M'(y-^+|-^+....zF§  (2). 

The  factors  in  the  parentheses  being  the  same,  we  obtain, 
dividing  (1)  by  (2),  member  by  member, 

gl|lg|  =  ^(3);  orlog^H-y):log^l+y)::M:M'  (4). 

517.  Ckyzollary  I. — (riven  the  logarUkm  of  a  number  in 
<iny  system  y  the  logarithm  of  this  number  in  any  other  system 
may  he  obtained  by  multiplying  the  given  logarithm,  by  the 
modulus  of  the  new  system^  and  dividing  the  result  by  the 
modudus  of  the  original  system. 

'     From  (3),  Art.  516,  log^l+y)=  ^^g^^^+y)^^  (l). 

518.  CJoroUary  n. — The  Napierian  logarithm  of  any 
number,  multiplied  by  the  modulus  of  any  other  system,^  wiU  be 
the  logarithm  of  the  given  number  in  this  system. 

In  (1),  (518),  if  M'=l,  we  have,  1(1  +y)=  ^^^*'^'^^\   or 

log«(l+y)=M.l(l+j/). 
From  this  proposition  it  follows  that  the  modulus  of  a 
system  may  be  defined  thus: 

519.  The  Modulus  of  a  system  is  the  number  by  which 
the  Napierian  logarithm  of  a  number  must  be  multiplied,  to 
produce  the  logarithm  of  the  same  number  in  the  system 
pi*oposed;  or 

The  Modulus  of  any  system  is  the  reciprocal  of  the 
Napierian  logarithm  of  the  base  of  the  system. 

Thus,  making  y=a — 1  or  y+l=a,  la=— ^ — ;  or,  since 
logaa==l,  la=g. 

520.  Oorollaxy  m.— Convebselt.— T^«  logarithm  of  a 
number  in  any  system^  divided  by  the  mjodulus  of  this  system^ 
is  equal  to  the  Napierian  logarithm  of  the  number. 
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521.  Corollary  IV. — The  moduluft  of  any  system  is  the 
logarUhviy  in  that  system,  of  the  Napierian  base. 

If  the  base  of  the  Napierian  system  be  denoted  by  e,  we 
have  (516)  loga^^l^:  :M:1  .*.  since  \e=zl,  (512),  logae=M. 

CALCULATION  OF  LOGAEITHMS. 

522.  It  might  be  supposed  that,  by  giving  a  value  to  M, 
and  substituting  for  y,  in  the  logarithmic  series,  values  from 
0  upward,  we  could,  by  summing  the  second  member,  find 
the  logarithms  of  numbers.  While  this  method  of  proceed- 
ing is  correct,  it  is  practically  useless,  as  the  series  does  not 
converge  if  t/>l,  though  if  t/<l  it  converges,  very  slowly. 
As  M  in  the  Napierian  system  is  1,  the  simplest  method  of 
calculating  is  to  obtain  the  Napierian  logarithms  first,  after 
which,  logarithms  in  any  other  system  may  be  computed  in 
accordance  with  the  principles  just  discussed.  Now,  if 
M=l,  we  have,  from  (515),  (9),  for  t/=l, 

12=1-^+^--  +  . ...-^-, 

which  converges  very  slowly.     If  y=2,  we  have 
2«      2*      2*      2*  2» 

a  series  in  which  each  term  is  greater  than  the  preoedrng, 
and  for  greater  values  of  y  the  divergence  is  still  more 
marked. 

523.  To  render  the  logarithmio  series  suffloiently 
oonverging  to  be  of  use  in  oaloulating  logarithms. 

We  have  log.(H-t/).=  M  (y-|'  +  ^-|!+.  •  •  •)      (1). 

Substitute  in  this  expression  — y  for  y;  there  results, 

loga(l-2/)=M(^2/- ^-J-J-"")  (2);  whence, 

loga(l+2/)-loga(l-t/)=2M(y+^  +  ^  +. . . .)      (3). 

In  this,  as  1 — y  is  negative  for  all  values  of  y  greater  than  1, 
and  negative  numbers  have  no  logarithms,  we  must  assign  to 
y  such  a  value  that  we  shall  not  have  the  logarithm  of  a  nega- 


448  LOGABITHMS. 

tive  quantity,  t.  e.,  we  must  assign  a  fractional  value.  To  do 
this,  put  the  first  member  under  the  form,  loga  {t-'-M  J  ^<>^ 

suppose -i£-=-i-;  whencey=- — -,  a  proper  fraction  for 
1 — y       z  %z+l 

all  positive  values  of  2.  Substitute  in  (3),  for  loga{l+y) 
— ^loga(l — y),  its  equal,  logo(l+«) — loga«,  and  for  y  the 
corresponding  value,  ;  there  results, 

22f-f-l 

log.(l-M>-log,-2M(^+3-i-+-J-^ 


or. 


in  which  the  series  in  the  parenthesis  converges  rapidly, 
and  the  more  rapidly  the  greater  the  value  of  2.  The  series 
has  one  peculiarity;  it  fails  when  2=0,  so  that  we  cannot 
obtain  the  loga  1  from  it.  This  is  no  great  drawback,  how- 
ever, for  we  know  that  the  logarithm  of  1,  in  any  system, 
is  zero,  and  (5)  does  not  fail  for  any  other  value  of  2.  We 
might  anticipate  the  failure  when  e=0,  for  logal  cannot  be 
developed  into  a  series,  according  to  the  ascending  powers 
of  1. 

524.  It  will  be  seen  that  the  transformation  of  the  log- 
arithmic series,  so  as  to  render  it  converging,  is  merely  a 
clever  device  for  placing  y  (9)  (515)  in  the  form  of  a  frac- 
tion, so  that  the  higher  the  power  of  y  involved  in  a  term, 
the  smaller,  numerically,  that  term  may  be.  A  transforma- 
tion might  have  been  effected  by  placing,  atonce,  y=c 

in  (1),   giving  Ioga(i±?)=M(i-l  +  ^_etc.),   or 

loga(l+2)=loga2+M( o^+q? — etc.Y  in  which  we 

have  a  series  converging  (500),  but  not  so  rapidly  converg- 
ing as  (5).     By  giving  to  y  various  fractional  values,  various 
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series  could  be  deduced,  any  one  of  which  might  be  used 
for  calculating  logarithms,  but  the  series  in  (5)  is  the  only 
one  ordinarily  used. 

THE  NAPIEEIAN  SYSTEM. 

525.  To  Calculate  Napierian  logarithms  by  this  series, 
(5)  (523),  make  M=l,  and  there  results 

l(^+l)=b-f-2(2^  +  g^^  +  5^2^  +. . . .) 

Substituting  for  z  successively  the  values  1,  2,  4,  6,  8,  10, 
etc.,  find  the  logarithms  of  the  prime  numbers;  the  loga- 
rithm of  any  composite  number  is  (512, 1)  the  sum  of  the 
logarithms  of  its  factors.  A  few  Napierian  logarithms  are 
here  given: 
11=0  =0.000000. 


12=21 


3.3»  '  5.3* 
13=0.693147+2(1 

NO 

14=2.12 


7.3^ 


=0.693147. 


3.5» 

1 


"6.5*  "^7 


16=1.386294+2(1  +  3  3, 

16=13+12 

17=1.791759+2(^ 


5.9* 
1 


7.9^ 
1 


13  '  3.13"  '  5.13*  '  7.13' 


18=14+12=3.12 

19=2.13 

110=15+12 

Etc.,  etc.,  etc. 


1.098612. 

=1.386294. 
)=1.609437, 

=1.791759. 
)=1.945910. 

=2.079441. 

=2.197224. 

=2.302585. 


THE  COMMON  SYSTEM. 

526.  While  the  Napierian  system  is,  on  account  of  its 
simple  modulus,  generally  used  in  higher  mathematics,  the 
Briggean,  or  common  system,  is  peculiarly  adapted  to 
ordinary  numerical  computation,  for  reasons  that  will 
appear  as  we  proceed  in  its  discussion. 
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527.  In  the  equation,  a*=N,  the  value  of  x  is  integral 
i¥hen  N  is  a  perfect  power  of  a,  and  then  only.  Hence, 
^he  logarithms  of  most  numbers  must  be  fractional  or 
:anixed,  L  e.,  must  consist  of  an  integer  (0, 1,  2,  3,  etc.),  plus 
:a  fraction,  usually  expressed  decimally.  The  integer  is 
called  the  Characteristic^  or  Index,  of  the  logarithm;  the 
decimal  part  is  called  the  Mantissa  (from  a  Tuscan  word, 

:  signifying  something  added  on).  One  great  advantage  of  the 
vcommon  system  is,  that  in  it  the  characteristic  of  the  log- 
'arithm  of  a  number  may  be  written  at  once  when  the  num- 
ber is  known. 

528.  To  Deduce  a  Rule  for  finding  the  Charaoter- 
Istio  of  the  logarithm  of  any  number. 

The  base  of  the  system  being  10,  we  have, 

(  ^10)*^=      1 or  log         1=0. 

'  (10y=    10 or  log       10=1. 

{10y=  100 , or  log     100=2. 

(10)»=1000 or  log  iooo=a. 

log     10"=n. 

An  examination  of  this  table  discloses  the  fact  that  the 
logarithm  of  any  number  between  1  and  10  is  between  0 
and  1,  t.  e.,  consists  of  0  plus  a  decimal;  the  logarithm  of 
any  number  between  10  and  100  is  between  1  and  2,  i.  6., 
consists  of  1  plus  a  decimal;  the  logarithm  of  any  number 
between  100  and  1000  is  between  2  and  3,  i.  e.,  consists  of 
2  plus  a  decimal;  and,  in  general,  the  logarithm  of  any 
number  between  10"  and  10"**,  is  between  n  and  n+1,  i,  e., 
consists  of  n  plus  a  decimal.  Now,  any  number  between 
1  and  10  is  expressed  by  one  figure  before  the  decimal 
point;  any  number  between  10  and  100  by  two  figures;  any 
number  between  100  and  1000  by  three  figures;  and,  in 
general,  any  number  between  10"  and  10"**,  by  n+1  figures. 
Hence,  the  characteristic  of  the  logarithm  of  a  number 
expressed  by  1  figure  before  the  decimal  point  is  0;  of  a 
number  expressed  by  two  figures  before  the  decimal  point,  1; 
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of  a  number  expressed  bj  three  figures,  2;  and,  in  general, 
of  a  number  expressed  by  n  figures,  is  n — 1.     Hence  the 

Rule. — The  characteristic  of  the  logarithm  of  an  integer  is 
poaiiivey  and  numerically  less  by  1  than  the  number  of  orders 
of  units  in  the  given  number. 

A  little  reflection  will  show  that  the  number  of  figures 
following  the  decimal  point  has  no  effect  on  the  character- 
istic. Thus,  54.6,  54.62,  54.625,  54.62575,  54.6257392,  and 
54.62573926482,  all  lie  between  10  and  100,  and  hence  the 
logarithm  of  any  one  lies  between  1  and  2,  i.  e,,  consists  of 
1  plus  a  decimal,  so  that  the  characteristic  is,  in  each 
case  1.  As  we  might  reason  similarly,  on  any  mixed  num- 
bers, we  deduce  the  following 

EuLE. — The  characteristic  of  the  logarithm  of  a  mixed 
number  is  the  same  as  the  characteristic  of  the  integral  part; 
(hat  is,  it  is  less  by  1  than  the  number  of  figures  preceding  the 
decimal  point. 

To  discuss  the  logarithms  of  decimals,  take  the  follow- 
ing table: 

1.        =   l(y>  =10« hence,  log  1.        =0 

.1=1   =10-* log  .1      =-1 

.01    =jl=10-« log  .01    =-2 

.001  =jlg=10-» log  .001  =-3 

.0001= -1— =10-* log  .0001=  —4 

10000   ^     ••••  ^ 

The  logarithm  of  every  number  between  1  and  .1,  lies 
between  0  and  — 1,  i,  e.,  is  equal  to  — 1  plus  a  decimal; 
the  logarithm  of  every  number  between  .1  and  .01  lies 
between  — 1  and  — 2,  i.  e.,  equals  — 2  plus  a  decimal;  the 
logarithm  of  any  number  between  .01  and  .001  lies  between 
— 2  and  — 3,  i.  e.,  equals  — 3  plus  a  decimal,  and  so  on. 
Hence,  as  every  number  between  0  and  .1  will  have  no  zero 
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immediately  following  the  decimal  point,  every  number 
between  .1  and  .01  will  have  one  zero  immediately  fol- 
lowing the  point,  and  so  on,  we  have  the 

BuLE. — Ihe  characteristic  of  the  logarithm  of  a  decimal 
fraction  is  negative,  and  numerically  greater  by  1  than  (he 
number  of  zeroes  immediately  follouring  the  decimal  point. 

It  should  be  observed  that  the  characteristic  alone  is 
negative;  the  mantissa  is  always  positive.  This  fact  is 
indicated  by  writing  the  negative  sign  over  the  character- 
istic, thus: 

log  .0015  =3.176091=  — 3+.176091 
log  .00026=4.414973=  — 4+.414973 

The  three  foregoing  rules  may  all  be  expressed  in  the 
following 

General  Bule. — The  characteristic  of  the  logarithm  of  a 
number  is  always  equal  to  the  number  of  places  by  which  the 
first  significant  figure  at  the  left  of  the  number  is  removed  from 
the  units'  place,  and  is  positive  when  this  figure  is  to  the  left  of 
units,  negative  when  it  is  to  the  right,  and  zero  when  it  is  in 
the  units'  place, 

529.  The  mantissa  of  the  logarithm  of  a  number  is  not 
affected  by  changing  the  position  of  the  decmial  point  in  the 
given  number;  i,  e.,  one  mantissa  is  common  to  the  logarithms 
of  all  numbers  having  the  same  significant  figures. 

Since  log  10=:1,  if  a  number  be  multiplied  or  divided  by 
10,  its  logarithm  will  be  increased  or  diminished  by  1, 
which  addition  or  subtraction  can  affect  only  the  character- 
istic. If  the  number  be  multiplied  or  divided  by  100,  the 
characteristic  of  the  logarithm  will  be  increased  or  dimin- 
ished by  2,  but  the  mantissa  will  remain  unchanged.  In 
general,  if  a  number  be  multiplied  or  divided  by  any  power 
of  10,  the  logarithm  of  the  number  will  be  increased  or 
diminished  by  the  exponent  of  the  power,  and  as  the  power 
involved  in  a  change  of  the  decimal  point  has  always  an 
integral  exponent,  this  addition  or  subtraction  can  affect 

"ly  the  characteristic. 
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c  c 

K  —  represent  a  number  having  q  decimal  places,  r^r— - 

^will  represent  the  number  when  the  decimal  point  is  re- 

moved  p  places  to  the  left  or  right.    Now  log  — -  =  log  o— ^, 

and  log  =  log  c—{q±p),  and  as  q  and  p  are  both 

integral,  the  mantissa  in  each  case  will  be  the  same  as  the 
mantissa  of  the  logarithm  of  c.      We  see,  then,  that 

The  mantissa  of  the  logarithm  of  a  decimal  fraction  is  the 
9ame  as  the  mantissa  of  the  logarithm  of  the  numerator. 

To  find  the  logarithm  of  a  common  fraction  we  may  sub- 
tract the  logarithm  of  the  denominator  from  the  logarithm 
of  the  numerator,  or  we  may  reduce  the  fraction  to  a  deci- 
mal and  then  take  the  logarithm  as  here  indicated. 

530.  The  common  system  is  the  only  one  in  which  the 
characteristics  of  logarithms  may  be  found  without  reference 
to  tables,  and  the  only  system  in  which  logarithms  of  frac- 
tions may  be  obtained  directly  from  the  tables. 

TABLES  OF  LOGARITHMS. 

^^  03L  A  Table  of  Logarithms  is  a  table  containing  a  list 

^  of  numbers  and  their  logarithms,  so  arranged  that  we  may 

\^  find  therefrom  the  logarithm  of  any  given  number,  and  the 

number  corresponding  to  any  given  logarithm. 

[[  The  tables  usually  contain  the  numbers  from  1  to  10000, 

•  1  with  their  logarithms  and  Tabular  Difibrenoes,  enabling 

t£i  us  to  obtain  from  them  the  logarithm  of  any  number.     In 

tl)e  common  tables  mantissas  only  are  given,  the  characteristics 

nil:  being  found  by  the  rules  already  laid  down.     For  further 

I:  information  concerning  the  tables,  see  page  i. 


icr 


582.  To  Compute  a  Table  of  Ck)mmon  Logarithms. 

Tables  of  common  logarithms  may  be  computed  in  several 
^^^  ways,  some  of  which  will  be  noted  hereafter.     The  most 

^  ^  expeditious  is,  perhaps,  the  method  by  the  use  of  (5)  (523), 
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in  whiohy  for  M,  the  modulus  of  the  common  system  is 
substituted.  Or,  having  a  table  of  Napierian  logarithms, 
computed  as  in  (525)  or  otherwise,  the  corresponding  com- 
mon logarithms  may  be  obtained  by  multiplying  the  loga- 
rithms in  this  table  by  the  modulus  of  the  common  system. 
In  either  case  the  modulus  of  the  common  system  must  be 
known. 

533.  To  find  the  Modulus  of  the  Common  System 
(519)  is  employed. 

The  modulus  of  any  system  being  the  reciprocal  of  the 
Napierian  logarithm  of  the  base  of  the  system,  we  have 

InlO 
Now  lnl0=2.302585093 .-.  IS=^^^^^^=0.m29iiS2. 

534.  To  find  the  Base  of  the  Napierian  System.— If 
e  be  this  base,  we  have  (521)  log  e=0.434294482,  whence^ 
from  a  table  of  common  logarithms,  finding  the  number 
corresponding  to  this  logarithm,  we  have  e=2.718281828. . , 

or  e=i2.71828.    This  is  approximately  the  sum  of  the  series 
^1^1.2^1.2.3^1.2.3.4^"'" 

APPLICATIONS 
OF  THE  THEORY  OF  LOGARITHMS. 

535.  The  manner  in  which  numerical  calculations  are 
simplified  by  the  use  of  logarithms  has  been  already  indi- 
cated (512).  When  several  divisors  and  multipliers  are  to 
be  used,  the  principle  of  the  Arithmetical  Complement  affordci 
a  further  means  of  simplifying  the  operation. 

The  Arithmetioal  Complement  of  a  number,  with 
respect  to  another,  is  the  difference  between  that  other  and 
the  given  number:  thus,  a.c.5,  with  respect  to  9,  is  4;  a.c. 
6,  with  respect  to  10,  is  4,  etc.     The  arithmetical  comple- 
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ments  of  logarithms  axe  always  taken  with  respect  to  10, 
and  their  use  in  numerical  calculation  is  based  on  the  fol- 
lowing 

Proposition. — The  logarithm  of  any  quotient  equals  the 
sum  of  the  logarithm  of  the  dividend  and  the  arithmetical 
complement  of  the  logarithm  of  the  divisor,  diminished  by  10. 

Log  T=log  a— log  h  (512).     Since  10  may  be  added  to» 

and  subtracted  from,  the  second  member,  without  altering 
its  value,  log  a — log  6=log  a+(10 — log  h) — 10;  or,  since 
10 — log6=a.c.  log  6,  log.  a — log  6=  log  o-f-a.c.  log  6 — 

a 
10.     Hence,  log  r  =  log  a+a.c.  log  h — 10. 

To  ILLUSTRATE  this  by  an  example:  Solve  the  proportion, 
89721;358884::5672:a;;  we  have  ,^358884x5672 


89721 

log  358884=5.654954 

log     5672=3.753736 

a.  c.  log   89721=5.047106 

log  a;=4.355796      .  •.      a?=22688. 
By  the  use  of  this  principle,  we  are  enabled  to  dispense 
with  subtraction  altogether,  which,  in  a  problem  requiring 
many  divisions,  is  a  great  convenience. 

Logarithms  are  very  useful  in  operations  requiring  the 
extraction  of  roots  with  large  indices,  and  in  raising  to 
powers  with  large  integral  or  with  fractional  exponents,  and 
examples  illustrating  Uieir  applicability  to  problems  in  per- 
centage, interest,  etc.,  will  be  given  hereafter. 

Before  solving  the  following  illustrative  examples,  the 
student  should  learn  thoroughly  the  manner  of  using  the 
Table  of  Logarithms:  seepage  i. 

Examples. 


/-(37 .  2iy -'+4327 .  03  V/(0 .  0672304)-^-^ 


..  £ 

\  f^O. 0000273    +10v^(0.3986)»-^'^(0.0087)-** 
Denote  by  — x  the  first  term,  and  by  y  the  second  term, 
of  the  numerator  of  the  fraction  under  the  sign,  and  by  af 
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and  }f  the  corresponding  terms  of  the  denominator.    Then 
log  af=log  37.21X1.3=1.57066X1.3=2.041868. 

2.041858  N=1101 

2  041787         Diff.=  393  .-.  a:^110.1181: 

393|    71|  181 

log  (0 .  0672304)-^  7=:2 .  827566  K— 0 .  7=— 1 .  172434X— 0 .7 

=0.8207038. 
0 .  8207038-5-3 .  2=0 .  2564699 
log  4327 .03  =3 .  6361900 

log  y  =3 .  8926699  N=7810, 

3.8926510     Diff.=    56. 

56|89|15893  ...^^7810. 15893. 
The  numerator,  y— a:,  =7810.15893—110.1181, 
=7700.04083. 
In  the  denominator: 

log«'=logO .  0000273-^ 2  =  ^  •  <^36163-5 — ^ 

=  — 4.563837H — |  =  3 .042558    N=1102 

3.042182     Diff.=393 
393|376|9567 
.-.  ar=1102^9567 

, Iog0.3986x3.2      .1.600537x3.2 

log^(0.3986)^  0.05 =       '   0.05 

-0 . 399463X3 . 2  _ -1.2782816 ^  ggggg^ 

~  0.05  0.05 

log0.0087x— 3.5     3.939519X— 3.S 

log^^(0 .0087)-*-»= 0:3 =  0:3 

— 2.060481X— 3.6_7.2116835_    24  038945 
"~  0.3  ""      0.3  —25.565632 

logy  =  —1.526687 
=  .  2.473313 
2.473313  N=2973 

2.473195  DifF.=146 

146  1 118 1  8082  .-.    y'=0. 02974X10=0. 2974 
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Hence   the    denominator   is    1102 -9567+0 -2974;    or, 

1103.2641. 

log  7700 .  04083=3 .  886493287 

log  1103 .  2541  =3 .  042675861 

logarithm  of  fraction  =0.843817426 

0.843817426-^ 302=  — .  0027940974=1.  9972059026. 

The  number  corresponding  to  this  logarithm  is  0.99358614, 
which  is  therefore  the  required  root. 


i.# 


536)'+489. 62(3. 786)- 


.000572^^.00013579 
Denote  the  second  term  of  the  numerator  of  the  fraction 
under  the  sign  by  x.    Log  ar=log  489 .  62+log  (3 .  786)-'-*= 
2. 689859+0. 578181X— 2.5  =  2.689859  —  1.4454525  = 

=  1.2444065.-.  a:=17. 55522. 
liog  (2. 536)"=. 404149X2 =.808298  .-.  (2.536)'=  6.43128 

'    17.55522 

Numerator  of  fraction      _J =23 .  98650 

Further,  log  ( .  000572  ^i/ .  00013579)= 

log  .000572+^5^^^^=4.757396  +*:f^« 

^.1  iS.  1 

=  -3.242604-^^¥^=-5.084095 
A,  1 

Logarithm  of  Numerator  of  fraction  =      1 .379967 

Logarithm  of  Denominator  of  fraction  =:  —  5.084095 

Logarithm  of  fraction  =      6 .  464062 

Dividing  this  logarithm,  bj  10,  we  obtain  0.6464062  as 
the  logarithm  of  the  number  required.  Hence,  4.4300224, 
the  number  corresponding  to  this  logarithm,  is  the  re- 
quired root. 


/o.0062. 
\126^0. 


g       fo. 0062. (3. 557)""^^^ 


00000137 


*#f 


28«+W.8x(4.289497)-.-.     .     ^5,5^,5 
■  0479^(0.001593478)2 
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5.  -j|-\/l4-v'0.2-V0.5+l/0.2  =?  •/?! 
^  *  \0. 


_,  o/0.12»/0^_y 


4+1/0.4" 

3(2^ ^y    ^n«.  0.7451646;  0.7482345;  4.520885. 
[1/0.24 


<lf 


6.  1^0007251=?    d';r^'])—=^^ 
^  y  T/5.82^5763 


EXPONENTIAL  EQUATIONS. 

536.  The  use  of  logarithms  greatly  facilitates  the  solation 
of  exponential  equations.  Take  the  equation  a*t=6.  If  « 
is  entire,  its  value  may  be  found  by  trial;  thus,  if  3*=243, 
we  see  that  3*=9,  3*=81,  3*=243,  whence  x=5. 

587.  If  ^  is  not  entire,  the  equation  may  be  solyed  in 
two  general  ways:  by  the  use  of  continued  fractions,  and 
by  the  means  of  logarithms.  The  former  method  will  be 
illustrated  first. 

Take  the  equation  2''==10  (1);  x  lies  between  3  and  4,  for 

2»=8,  and  2*=16.     Place,  then,  a:=3+-.     Substituting 

in(l),  2»^  =  10,  or2»x2^=10,i.e.,8x2"^=10.  .'.  2^=^ 
— =-  (2).    Raising  the  members  of  (2)  to  the  powers;',  we 

obtain  l-\  =2  (3),  an  equation  which,  being  similar  to  (1), 
may  be  similarly  treated.  As  (-^  ~"Br'  "^^^  *^^  vz)  ~ 
^^,  >2,  af  lies  between  3  and  4.     Let  of =3+  — .     Then 

Raising  both  members  of  (4)  to  the  power  a?",  we  obtain, 

/128\aJ"      5 

\125/     "^4  ^^^'  '^liicK  being  of  the  same  form  as  (1)  and 

(3),  may  be  treated  as  they  have  been.     Here  acT'  lies  oe- 
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tween  9  and  10;  let  ^  =9+ i;,.    Then,  (ig)  x  (fg)^ 

^  i'  ^^  (125)*^'^  4(128)^  ^^^'  ^^^^  ^^^^^  ^^®  ^^^*^  ^^  ^ 
may  be  determined.     In  a  similar  way  the  process  may  be 
continued  as  far  as  is  desirable,  or  as  far  as  necessary  ta 
secure  any  required  degree  of  accuracy.    Eeplacing  o^  and^ 

of'  by  their  values,  we  find  «=3-' 


3n 


9+-^ 

or,  a^3+  ^  =  §  =3.821+,  to  within  .001,  or,  2«-"*=10. 
Take,  as  a  further  example,  the  equation  3''^=6;  x  being: 
>1  and  <2,  place  a^l+i.  Then,  3 .  33?=6 . •.  d^=  g  =2^ 
and  raising  both  members  to  the  power  a/,  2*^=3;  of  being 
between  1  and  2,  place  af=l+—;  whence, 

2 .  ^=3  .:  ^=  |.  and  (|)"^'=2.    Now,  (|)  <2. 

/3\'     9 
and  [jA  =  r*  >2.     a?"  being  between  1  and  2,  place 

0^-1+1;  whence.  |:(|)5F'=2;  .-.  (|)s^'  =  g.  »nd 

(3)     =2'(3)<2'(3)  =  "9>2-^^'**'*^''^=^+5^' 
whence.  |.(|)^=  I  and  (|)^'=|. 

Baising  both  members  to  the  a^^'lh  power, 

/9\ai"     4        /9\'      81    ^4      ,/9>v'     729  ^4 
is)    =3'*n8)=64'<3'"**(8)  =  512'>3' 

«*^  is  between  2  and  3;  place,  then,  0^"=  2-f-  — ,  and  there 

results  (|)'-(|)^=|.<'rg-(|)^'=t.  ^^  (1)^=^' 

^J    ^^  Q»  *^  which  ap^=2-| — ■;^y  and  therefore, 
\2i3/  *  V2^/    ~  8*        ^  continumg  the  process,  «^,  aj'^S 
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«tc.,  may  be  found.    Bepladng  si,  si',  eic,  by  their  Talnea 
ve  have, 

«s=lH L^ =1 .  6815+ 


1+ 


1+ 


1+ 


EXAMFLSS. 

Solve  the  following  exponential  equations: 
3*=20.      Am,  2.727.  3«=2546.       Am.  7.13& 

10*=4.        Am,  0.602.  2*^10. 

6^.        Am,  -^.25.  6*=?. 

3  4 

In  general,  to  develop  any  quantity,  as  x,  into  a  continued  fraction, 
place  x=a+  -;;  x'=b+-^,  ixf'=c+  --^,  etc,  a  being  the  greatest  inte- 

3j  tB>  3b 

ger  in  SB,  6  the  greatest  integer  in  a/,  c  the  greatest  integer  in  a^,  and 
so  on.     The  numbers,  a,  6,  e....,  being  found,  and  sr',  a/',  a^,  etc., 

being  replaced  by  their  values,  there  results,  7=a-| 


H- 


•+^. 


It  will  be  seen  that  the  operation  just  outlined  is  one 
method  of  computing  logarithms,  the  number  of  which  x  is 
the  exponent  being  the  base  of  the  system. 

538.  Solution  by  means  of  logarithms.  Taking  the 
logarithm  of  each  member  of  the  equation  €^'^=by  we  obtain 

X  log  a=  log  b;  whence,  3?=    ^   .     If  ;r  is  a  polynomial 

log  a 

containing  but  one  unknown  quantity,  an  equation  of  the 
degree  of  this  polynomial  must  be  solved;  if  a;  be  a  poly- 
nomial containing  miore  than  one  unknown  quantity, 
the  equation    is   indeterminate.     Thus,  in    the  equation 

5*«^7«+iL_l    y^Q  have  «"— 7a?+ll=— 1,  or  «•— 7a?=— 12; 

6 
whence,  x=S  or  4. 
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Again,  take  the  equation  Pa*+Qa»-*+Ra»-«+ =M. 

Factoring,  we  obtain  c^(f+  -^  -j J-   . .  .^=M;  as  a,  b,  c, 

\         Or       a^  / 

etc.,  and  P,  Q,  etc.,  are  known,  denote  the  factor  in  paren- 
thesis by  F.     Then  Ftf«b=M,  and  a*=— .,  an  equation  that 

F 
may  be  solved  in  the  manner  already  indicated. 

Examples. 

log  .0459914 


~log  .4742759+a.  c.  log  4875.3—10* 

2.  9.  (3)»«=27-»;  16(2>»+^4**»  •  x=^;  «=0. 

3.  2*3-1=100.  «=3.18334. 

4.  2»-i4-3*+i=3*-i+2»+«;  this  may  be  written 
i2«+3.3»^i3«+4.2»  .-.  16.3»=21.2»  .-.  Q  =5 


21 

'l6 
•.  0^=0.67067. 


6.  rf»— 2&=car-*;  place  a'=y,  whence  a-*=-;  then 


3/^— 26t=-,i/'— 26y=c,  and  y=b±:Vb^+€  .*.  (f=b±\/b^+c, 

log  a 

6.  c*<^^*«^*=^;+a  (^)-  Taking  the  logarithms  of  the 
members  of  (1),  x  log  C'{^x — 1)  log  d-^^x — ^2)  log  e=log  a+ 
log  6+a?  log  e— (a:+2)  log  d;  whence, 

log  a+  log  6 —  log  d+  2loge 

^—  log  c+2  log  <f 

7.  ^^^H-  — =^. 


log  a — log  e 
log  c  +log  e 


_j_     llogg+logft+logc  ,  /log  g— log  e\* 
A/       log  c-f-log  c  Vlog  c+log  eJ  ' 
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SECTION  I. 

ARRANGEMENTS,  PERMUTATIONS, 

AND   COMBINATIONS. 

539.  Permutations  are  the  different  orders  in  which  a 
T^umber  of  things  may  be  placed;  the  results  obtained  by 
placing  a  number  of  things  in  every  possible  order.  Each 
thing  must,  therefore,  enter  each  result,  and  enter  but 
.once.  The  number  of  permutations  of  m  things  will  be  in- 
dicated thus:  P. 

m 

640.  Arrangements  are  the  results  obtained  by  placing 
.a  number  of  things  in  sets  of  1  and  1,  2  and  2,  3  and  3, 
etc.,  n  and  n,  the  things  in  each  set  having  every  possible 
.order.     The  number  of  arrangements  of  m  things  taken  n 

n 

in  a  set  will  be  indicated  thus:  A. 

m 

541.  Combinations  are  the  different  groups  that  can  be 
formed  by  placing  a  given  number  of  things  in  sets  of  1,  2, 

.3, n.     The  groups  being  different^  any  one  must  differ 

from  any  other  by  at  least  one  of  the  things  entering  them, 
and  the  different  orders  of  the  members  of  the  groups  will 
not  affect  the  number  of  combinations.  The  number  of 
.  combinations  of  m  things  taken  n  in  a  set  will  be  indicated 

n 

thus:  C. 
f» 
If  the  things  .taken  be  literal  factors,  it  will  be  seen  that 

.combinations  correspond  to  products  of  the  factors  taken  n 

at  a  time,  arrangements  to  the  orders  of  the  factors  in  these 

products,  and  permutations  to  continued  products  of    all 

<the  factors  taken. 
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542.  To  find  the  number  of  Arrangements  of  m 
things,  taken  n  in  a  set. 

1°.  Take  three  things,  as  three  letters,  which,  if  taken    a 
1  in  a  set,  give  three  arrangements.    For  each  arrange-    b 
ment  there  will  be  two  reserved  letters,  i,  e.,  letters    c 
ihat  do  not  enter  it.     If,  now,  to  a,  we  annex  in  turn  the 
ireserved  letters,  b  and  c,  we  obtain  two  sets  of  let-    ab 
iers  having  two  in  each  set,  ab  and  ac;  by  annexing    ao 
to  6,  successively,  the  reserved  letters  a  and  c,  we  ob-    ba 
tain  the  sets  ba  and  be,  and  from  c  we  obtain  ca  and   be 
-cb,  thus  obtaining,  in  all,  six  arrangements,  of  three    ca 
letters,  taken  two  in  a  set.     No  other  arrangements,    cb 
two  in  a  set,  can  be  obtained  from  these  letters,  for  a  occu- 
pies all  the  positions  that  it  can  possibly  have,  with  respect 
to  b  and  c,  and,  similarly,  b  and  c  with  respect  to  a.     Hence, 
4bs  each  of  the  arrangements  in  sets  of  1,  gives  as  many 
■arrangements  in  sets  of  two  as  there  are  reserved  letters,  the 
number  of  arrangements  of  three  letters,  taken  two  in  a 
set,  equals  the  number  of  arrangements  in  sets  of  1,  multi- 
plied by  the  number  of  reserved  letters. 

If,  now,  a  fourth  letter,  d,  be  introduced,  and  it  be  re- 
quired to  find  the  number  of  arrangements  of  the  four  let- 
ters, taken  three  in  a  set,  we  may  arrange  them,  first    a 
one  in  a  set.     For  each  set  there  are  three  reserved    b 
letters,  for  a,  6,  c,  and  d;  for  b,  a,  c,  and  d\  for  d,  a,    c 
b  and  c;  and  as  each  of  the  reserved  letters  can  be    d 
annexed  to  the  set  from  which  it  is  reserved,  the  number 
of  arrangements  of  the  four  letters,  in  sets  of  two,  is  equal 
to  the  number  of  arrangements  in  sets  of  one,  multiplied 
by  the  number  of  reserved  letters,  thus: 

ab  ba  ca  da 

ac  Itc  cb  db 

ad  bd  cd  dc 

Now,  for  each  of  these  sets  of  two  there  are  two  reserved 
letters;  for  ab,  c  and  d;  for  ac,  b  and  d,  etc.  If,  therefore, 
we  annex  successively  to  each  set  the  letters  reserved  from 
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that  set,  we  sliall  obtain  from  each  as  many  arrangements 
in  sets  of  three,  as  there  are  reserved  letters,  thus: 
abc  hoc  cab  dab 
abd            had            cad            doc 
acb             bca             cba  dbc 
acd            bed             cbd  dba 
adb            bda            cda            dca 
adc            bdc            cdb             deb 
An  examination  of  this  table  will  show,  also,  that  no 
more  arrangements  can  be  obtained  from  each  set  than 
there  are  reserved  letters,  without  repetition.     Hence,  the 
number  of  arrangements  of  four  letters,  taken  three  in  a 
set,  equals  the  number  of  arrangements  of  four  letters,  taken 
two  in  a  set,  multiplied  by  the  number  of  reserved  letters. 
In  general,  if  m  things  be  given,  the  number  of  arrange- 
ments in  sets  of  1  is  m,  and  there  will  evidently  be  m — 1 
reserved  things.     As  each  reserved  thing,  in  succession, 
may  be  placed  after  the  set  from  which  it  is  reserved,  each 
arrangement  in  sets  of  1  will  give  m — 1  arrangements  in 
sets  of  two.     Further,  as  there  are  two  things  in  each  of 
these  arrangements,  there  must  be  m — 2  reserved  things; 
and,  as  each  reserved  thing  may  be  placed  after  any  set  of 
2  from  which  it  is  reserved,  each  set  of  2  ivill  give  m — 2 
sets  of  three,  and,  therefore,  the  7n{m — 1)  sets  of  2  must 
give  m{m — l)(m — 2)  sets  of  three,  in  all.     Similarly,  there 
would  be  m{m — l)(m — 2)(m — 3)   arrangements  in  sets  of 
four,  and  we  might  conclude  at  once  that  the  number  of 
arrangements  of  m  things  in  sets  of  n,  is  m{m — l)(m — 2) 
(m — w+1).     But  to  remove  all  doubt,  let  us  assume 

n 

that  the  law  already  indicated  holds  good  for  A;    then 

must  it  hold  good  for  A.     For,  from  each  set  of  n  things 

» 
there  will  be  m — n  reserved.     Hence,  if,  after  the  first  set 

of  n,  we  place,  successively,  the  reserved  things,  there  wiU 
result  wi — n  arrangements,  in  sets  of  n-f-l,  each  differing 
from  the  others  by  at  least  one  of  the  first  n  things.  Simi- 
larly, m — n  new  arrangements  can  be  obtained  from  the 
second  of  the  old  ones,  and  so  on  for  each  of  the  arrange- 
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ments  in  sets  of  n.  Hence,  the  nnmber  of  arrangements  of 
m  things  in  sets  of  n+1,  equals  the  number  of  arrange- 
ments of  m  things  in  sets  of  n,  multiplied  by  the  number 
of  reserved  letters^  that  is, 

A=m(m— l)(m— 2) (m— (wr— 1)  Xm—n)  (1); 

»  n 

In  other  words,  if  the  law  indicated  holds  good  for  A,  it 

m 

must  hold  good  for  A.     It  has  been  proyed  to  hold  good 

1     a     3  4 

for  A,  A,  A,  and  therefore  it  holds  good  for  A,  and  hence 

m     m      m  » 

6 

for  A,  and  so  on;  that  is,  it  is  general.     Hence, 
f» 

A=m(m— l)(m— 2Xw— 3) (m— n+1)  (2);  or, 

m 

The  number  of  arrangements  of  m  things  taken  nina  set, 
is  equal  to  the  continued  product  of  the  natural  numbers  from 
m  d<yum  to  m — ^n+1,  inclusive, 

543.  Corollary. —  The  number  of  Permutations  of  m 
things  is  equal  to  the  continued  product  of  the  naiural  numbers 
from  lup  tota  inclvMve. 

If  m  things  be  arranged  in  sets  of  m,  i.  e.,  if  each  thing 
enters  every  arrangement  once,  the  arrangements  become 
permutations,  all  the  things  being  taken  every  time.'    If  in 

(2)  (542),  w=w,  A;=7n(m— l)(m— 2)(m— 3) 2.1,  or,  since 


A=P,  and  the  order  of  the  factors  in  the  second  member 

m      m 

may  be  changed  at  pleasure, 

P=l  .2.3....  (m— 3)(m— 2)(m-.l)m  (1). 

m 

544.  To  find  the  number  of  Combinations  of  m 
things  taken  n  in  a  set. 

Suppose  the  number  of  combinations  is  C.  Now,  in  each 
combination  there  are  n  things,  say  letters,  and  hence  each 
combination  may  be  written  in  as  many  different  ways,  the 
things  in  it  may  be  placed  in  as  many  different  orders,  as 
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there  are  permutations  of  n  things.  From  the  definition  of 
arrangements,  each  one  of  these 'results  would  be  an  ar- 
rangement, and  therefore  one  combination  will  giye  as 
many  arrangements  in  sets  of  n  as  there  are  permutations 

of  n  things;  hence  O  combinations  will  give  O  (1 . 2.3 n) 

arrangements,  and  these  will  be  all  the  arrangements  pos- 
sible of  m  things,  taken  in  n  a  set;  that  is, 
A==0  (1.2.  .8.  ■ . .»).  or  £^"K"^lXm--2). . .  .(m-^+l)^ 

mm  m  1.2.3.  .  .  .71 

545. — Corollary.  The  number  of  comJbituUions  of  m 
things,  taken  n  in  a  set,  is  equal  to  the  number  of  combina- 
tion ofta  things  taken  m — ^a  in  a  set 

J*      7n(m— l)(m— 2) (m— n+1) 

«  1.2.3 n  ^^^' 

"g*   m(m-l)(m~2) (n+1)  .«. 

«;  1.2.3 (m— n)  ^  ^' 

Hence, 

n,  '  »~         m{m^l){m^2). . .  .(n+l)w. . .  .3.2.1        ^  ^' 

The  numerator  and  denominator  in  the  second  member 

of  (3)  being  each  the  product  of  the  natural  numbers  from 

n   m— N  n    m — n 

m  to  1,  inclusive,  are  equal.    Hence,  C^-^-0=l ;  or  0=C. 

mm  mm 

n 

546.  It  will  be  seen  that  the  expression  for  C  is  the  samA 

m 

as  the  coefficient  of  the  general  term  of  the  binomkd  formula^ 
and  any  coefficient  in  this  formula  is,  therefore,  the  number 
of  combinations  of  m  things,  taken  as  many  in  a  set  as 
there  are  preceding  terms.  Moreover,  since  the  (n-\-\)th 
term  from  the  beginning  has  n  terms  before  it,  and  the 
{n+iyh  term  from  the  end  has  n  terms  after  it,  or  m — n 
before  it,  the  corollary  furnishes  another  method  of  proving 
that  the  coefficients  of  terms  equally  distant  from  the  ex- 
tremes are  equal.  The  theory  of  combinations  is  the  basis 
of  one  of  the  most  elegant  demonstrations  of  the  binomial 
formula,  which  is  given  in  many  of  our  text-books. 
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The  applications  of  the  theory  of  permutations,  combin- 
ations, and  arrangements,  are  frequent  and  important. 
While  one  of  the  most  noticeable  is  in  the  determination  of 
the  coefficients  in  a  deyelopment  of  the  form,  A-f-Baj+Cjj'-l- 

Dar^+ ,  the  applications  in  geometry  are  hardly  less 

useful,  and  the  same  may  be  said  of  the  applications  in 
crystallography,  in  determining  the  numerous  forms  of 
crystals,  in  chemistry,  acoustics,  etc.  In  common  life, 
however,  the  most  important  use  is  in  the  calculus  of  prob- 
abilities, upon  a  short  discussion  of  which  we  are  about 
to  enter. 


SECTION  n. 

CALCULUS  OF  PROBABILITIES. 

547.  The  Mathexnatioal  Probability  of  the  occurrence 
of  an  eyent  is  the  ratio  of  the  number  of  opportunities  of 
occurrence  to  the  whole  number  of  possible  cases,  favourable 
and  unfayourable. 

548.  The  Mathematioal  Improbability  of  the  occur- 
rence of  an  event  is  the  ratio  of  the  number  of  chances 
against  the  occurrence  to  the  whole  number  of  chances  for 
and  against  the  occurrence. 

It  must  be  understood,  howeVer,  that  no  one  case  is  more 
likely  to  present  itself  than  any  other,  or  to  prevail  over  any 
other.     That  is,  the  chances  must  all  be  equal  in  influence. 

549.  A  Siiaple  Probability  is  the  probability  of  the  oc- 
currence of  a  single  event. 

550.  A  Cknnpouiid,  or,  as  it  is  often  cidled.  Complex 
Probability,  is  the  probability  of  the  simultaneous  occur- 
rence of  two  or  more  separate  and  independent  events. 

551.  The  Odds  in  Favour  of  an  occurrence  is  the  ratio 
of  the  number  of  favourable  to  the  number  of  unfavourable 
chances;  the  Odds  Against  an  occurrence  is  the  reciprocal 
of  this  ratio. 
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SIMPLE  PROBABILITT. 

552.  If  there  are  h  ways  in  which  an  eyent  may  happen^ 
and /ways  in  which  it  may  fail,  and  no  one  of  these  cases 
is  any  more  likely  to  occur  than  any  other,  the  probability 

of  the  occurrence  of  the  eyent  is  7 — >    It  is  clear  that  this- 

h+r 
will  be  greater,  as  /  decreases,  and  the  denominator  thus 

approaches  h  in  yalue.     If/  should  be  zero,  the  ratio  would 

be  one  of  equality,  would  equal  1 ,  and  the  probability  would 

pass  into  certainty,  as  all  the  h  possible  cases  would  be 

favourable,  and  therefore  the  event  must  occur.     1,  then, 

may  be  called  the  symbol  of  certainty.    If,  onr  the  other 

hand,/  increases,  the  probability  --r-j,  diminishes,    and 

when  /  becomes  very  large  this  probability  becomes  very 

small.  When  /=oo  ,  the  probability  becomes  — ,  i.  e., 
zero. 

The  probability  that  the  event  will  not  happen,  i.  c,  the 

f 
probability  of  failure,  is  1—-%,  which,  if  h  remains  un- 

""TV 

changed,  evidently  decreases  or  increases  as  /  increases  or 
decreases,  but  not  in  the  same  proportion.  If  (whether  / 
be  fixed  or  not),  h  increases  or  decreases,  the  probability 
will  decrease  or  increase;  when  ^=0,  the  probability  be- 
comes 7:=1,  t.  c,  certainly. 

Again,  suppose  that  there  are  n  events,  one  of  which 
must  occur,  and  only  one  of  which  can  occur.     Suppose 

that  a,  6,  c ,  are  the  number  of  ways  in  which  these 

events  can  occur,  respectively.  Then,  as  the  first  event  can 
occur  in  a  out  of  a+b+c+d+ ways,  the  probability  of 

its  occurrence  is — r-r-, — t-t-. ;   the  probability  of  the 

a+b+c+d+ *^ 

b 
occurrence  of  the  second  event  is  — ,  ,  .     . :  and  so  for 

a+o+c-f-. ... 

every  one  of  the  n  events.  In  general,  to  find  the  probi^ 
bility  of  occurrence  of  any  event,  we  have  the 
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BuLE. — Divide  the  number  of  chances/or  the  occurrence  by 
4h€  whole  number  of  chances. 

Examples. 

1.  What  is  the  probability  that  a  ball  drawn,  at  random, 
from  a  box  containing  10  white  balls  and  25  red  ones,  shall 
be  white?    What  is  the  probability  of  its  being  red? 

2.  If  $600  depends  on  the  turning  up  of  any  particular 
&ce  of  a  die,  what  is  a  single  chance  worth  ?    Ans.  $100. 

3.  The  Expectation  of  a  person  is  the  product  of  the  prob- 
ability of  his  success  in  any  venture,  and  the  sum  to  be' 
received  in  case  of  success.  Suppose  that  a  prize  of  $500 
is  to  be  disposed  of  at  a  lottery.  If  there  are  m  persons, 
each  of  whom  has  one  ticket,  what  is  the  expectation  of 
each? 

4.  A  man  owning  400  horses  and  200  mules  is  informed 
by  his  superintendent  that  10  head  of  stock  have  been  lost. 
What  is  the  probability  of  the  lost  stock  being  all  horses? 
of  its  being  all  mules? 

5.  What  is  the  probability  of  throwing  at  least  one  aoe, 

with  three  dice,  at  a  single  throw  ? 
h  /* 

As  7-7-7.+ ■rT->=l>  t^®  sum  of  the  simple  probability 
h+f      h-j-f 

and  improbability  of  an  event  is  certainty,  which  would  be 
expected,  since  a  single  event  must  either  happen  or  fail. 

COMPOUND  PROBABILITY. 

558.  To  find  the  Compound  probability  of  several 
Independent  events. 

Suppose,  first,  that  there  are  but  two  events,  and  that 
the  first  may  occur  in  h  ways,  and  may  fail  in  /  ways; 
and,  further,  that  there  are  h'  ways  in  which  the  second 
may  occur,  and  f  ways  in  which  it  may  fail.  Now,  the 
first  event  occurring  in  any  one  of  the  h  ways,  the  second 
may  occur  in  all  the  h"^  ways.    Hence,  for  any  one  favourable 
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case  of  the  first  there  are  h\  and  for  aU  the  favourable 
cases  of  the  first  hh\  favourable  chances  of  the  simultaneous 
occurrence  of  the  two  events.  Similarly  {h+f){h'-\-f)  is 
the  whole  number  of  possible  cases,  favourable  and  un- 
favourable.   The  probability  of  the  simultaneous  occurrence 

of  the  events  is  therefore  ,^  .  ^,.^,  ,  ^,.  In  like  manner  we 

e^+zx^  +/ ) 

find,  for  the  probability  of  simultaneous  failure, .,  ,  r^,., ,  />v. 

(h+f){h  ±f) 

Suppose  that  there  are  three  events.  Suppose  that  the 
first,  secon^,  and  third  may  happen  in  a,  6  and  c  ways, 
respectively,  and  may  fail  in  a',  b'  and  c'  ways,  respectively, 
all  of  these  cases  being  equally  likely  to  occur.  Then  the 
whole  number  of  chances  favourable  to  simultaneous  occur- 
rence is  abc,  and  the  number  favourable  to  simultaneous, 
failure,   a'b*c\     Hence,  we  may  find,   as  above,   for  the 

probability  of  simultaneous  occurrence, ; — ; — ,...  ,  ,,., — -— — ^ 

{a+a  X0-I-&  )(c+c ), 

and  for  the  probability  of  simultaneous  failure, 

(a-KXH*0(^-K)'  "'^  "^"^  reaeoning  may  be  e^ 

tended  to  the  case  of  any  number  of  events.     As, 

W  h        h' 

(h+f){h^+f)^h+fh^+r 
abc  a         b         c 

the  compound  probability  of  several  independent  events  ia 
the  product  of  the  simple  probabilities  of  these  events. 
Hence,  we  deduce,  for  finding  the  compound  probability 
of  several  events,  the  following 

BxTLE. — Take  the  continued  product  of  the  simple  probabUiiies: 
of  the  events, 

554.  While  the  sum  of  the  simple  probability  of  ao 
event,  and  the  probabilii^  of  its  failure  is  1,  the  symbol  of 
certainty,  the  sum  of  the  expressions  given,  (553),  as  the 
compound  probabilities  of  simultaneous  occurrence  and  f  ail« 
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ure,  is  not  1.     This  arises  from  the  fact  that,  taking  the 

if' 

first  case,  .,   ,  /.w,/  .   n,.  is  not  the  improbability,  or  proba- 

bUity  of/aUure,  of  the  concurrence  under  discussion,  but 
the  probability  of  simultaneous  failure  of  the  events.  The 
whole  number  of  chances  is  ih+f){h'-y)=hh'  -{.fK-{-fh+j^, 
and  deducting  the  nounber  of  chances  {hK),  favourable  to  the 
concurrence  in  question,  we  obtain  /h'-^-fh-^ff^,  as  the 
number  of  chances  not  favourable  to  this  concurrence. 
Hence  the  improbability  of  the  simultaneous  occurrence  of 

the  events  is  ;^  ,  ,.,  rt  \\,\y  which,  added  to 


gives  1,  the  symbol  of  certainty,  as  it  should.     (h^f\(h'A^f\ 

is  the  probability  that  the  first  event  will  fail,  and  the 

fh 
second  occur;  7}rT~A[i7znpy  *^®  probability  that  the  first 

will  occur  and  the  second  fail,  and  /i,  i /-i/i^^  i /vy  as  before 

shown,  the  probability  that  the  events  will  fail  together. 
The  case  of  three  or  more  events  may  be  treated  in  a  simi- 
lar manner. 

555.  Suppose  that  there  are  two  dependent  events,  of 
which  the  first  may  happen  in  h  ways,  and  may  fail  in  / 
ways,  and  of  which  the  second  may,  after  the  occurrence  of 
the  first,  happen  in  K  ways,  and  fail  in/'  ways.  Then  we 
may  show,  just  as  in  (553),  that  the  probability  of  concur- 

rence  of  these  events  is  (h^f\(}/~rf\=^'hTf  *  hfAlf '  *•  «•» 
the  product  of  the  probability  of  the  occurrence  of  the  first 
into  the  probability  that,  after  the  first  has  occurred,  the 
second  will  follow.  A  similar  course  of  reasoning  might 
evidently  be  applied  to  the  case  of  three  or  more  dependent 
events. 

Examples. 

1.  Required,  the  probability  of  throwing  5  aces  with  5 
dice,  at  a  single  throw;  also,  the  probability  that  not  one 
ace  will  be  thrown.     What  is  the  odds  against  each  event  ^ 
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2.  From  a  box  containing  30  tags,  numbered  from  1  to 
30,  inclnaiyey  four  tags  are  drawn;  required,  the  proba- 
bility that  7  and  10  are  among  those  drawn. 

3.  If,  from  a  vase  containing  balls  numbered  1,  2,  3,  4, 
6,  6,  it  be  required  to  obtain,  in  three  drawings,  first  1, 
then  either  2  or  3,  and,  finally,  4, 5,  or  6,  what  is  the  prob- 
ability of  doing  so.  Ans.  5p-T=7s;- 

b  5  4      2U 

4.  In  a  box  are  7  white  balls,  5  red  ones,  and  3  black 
ones;  what  is  the  probability  of  obtaining,  at  a  single 
drawing,  3  white  balls,  2  red  ones,  and  1  black  one  ? 

The  total  number  of  possible  chances  is  the  number  of 
different  groups  of  7+5-|-3=15  balls,  in  sets  of  6;  this  num- 
ber is     ^*''fV!'?^^i'^*   =6005.     The  7  white  baUs 

IT    /»    er 

may  (544)  be  combined  in  sets  of  3  in  =-^7^  =35,  different 

x ,  ja.O 

ways;  35,  then,  is  the  whole  number  of  groups  of  white  balls, 

5.4 

in  sets  of  3,  that  can  be  drawn.     Similarly,  — ^  =10,  is  the 

whole  number  of  groups  of  red  balls  in  sets  of  2;  and  as 
each  group  of  white  balls  may  be  drawn  with  any  one  of 
the  groups  of  red  balls,  the  number  of  opportunities  of 
drawing  3  white  and  2  red  balls  is  35.10=350;  and  as 
one  of  the  three  black  balls  may  be  obtained  in  three  ways, 
the  whole  number  of  opportunities  of  drawing  3  white  balls, 
2  red  ones,  and  1  black  one,  is  350 .3=1050.    Hence,  the  re- 

^  ^.,.,    .    1050      210       30 
qmred  probability  is  ^^=^^=—, 

If  9  balls  are  drawn,  what  is  the  probability  of  there 
being  4  white,  3  red,  and  2  black  ones? 
The  whole  number  of  chances  is 

The  number  of  groups  of  white  balls  that  may  be  drawn  ia 

7  1.?.>.4  T 
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the  number  of  groups  of  red  balls  is  10,  and  the  number  of 

«      3.2 
groups  of  black  balls,  2  in  a  group,  is  C=  —-^=3.  As  each 

3        J. .  A 

group  of  black  balls  may  be  drawn  with  any  one  of  the 
groups  of  red  balls,  and  any  one  of  the  groups  of  red  and 
black  with  any  one  of  the  groups  of  white,  the  whole  num- 
ber of  favourable  chances  is  35 .  10 .  3=1050,  and  the  required 

.    -  ...^    .    1050      30 
probability  IS  g^=3^. 

5.  From  a  bag  containing  3  $100  bills,  5  $200  bills,  and 
8  $10  bills,  8  bills  are  drawn;  what  is  the  probability  that 
3  $10  bills,  2  $200  bills,  and  3  $100  bills,  will  be  found  in 
those  drawn  ? 

6.  On  an  average,  10  persons  die  in  10  years  out  of  every 
€2  who  are  30  years  old  at  the  beginning  of  the  decade. 
45        "        40      **        **  "  ''  ** 
85        "        50      "        "               "               "  " 
25        "        60      "        "               "               "  " 
Bequired,  the  probability  that  a  man,  now  30,  will  live 

until  he  is  60. 

52 
The  probability  that  he  will  live  until  he  is  40  is  ^,  for 

there  are  62  chances  in  all,  of  which  number  52  are  favour- 
able. 

The  probability  of  a  man  aged  40  living  until  he  is  50  is  jr , 

25 
50        "  "       60  is-, 

o5 

for  similar  reasons.      Hence,  the  required  probability  is 

52  35  25     130     .         .         ,      ^    ,.  ..|  ,      •    «n  ^i. 

^:^'7^'5F=H^j  Since,  m  order  to  live  until  he  is  60,  the 

62   4:0    OO         Jilu 

man  must  live  through  all  three  decades. 

7.  Bequired,  the  probability  that  a  man,  now  30,  will 
live  until  he  is  70;  also,  the  probability  that  two  persons, 
now  40,  will  live  until  they  are  70. 

8.  Bequired,  the  probability  that  four  persons,  aged, 
respectively,  30,  40,  50,  and  60,  will  all  be  alive  at  the  end 
of  10  years. 


OHAPTBB  XIII. 


INTEREST. 

556.  Business  calculations  are  often  veiy  much  facilitated 
by  the  use  of  algebraic  methods  and  formulsd.  Some  ex- 
amples  of  this  have  already  been  given,  and  a  few  more^ 
bearing  on  the  subject  of  Interest,  are  here  appended. 
While  the  multiplicity  and  variety  of  the  problems  that 
may  arise  precludes  the  possibility  of  an  exhaustive  treat- 
ment  of  the  subject,  it  is  hoped  that  the  illustrations  given^ 
with  the  student's  acquired  skill,  will  enable  him  to  apply, 
readily  and  accurately,  his  knowledge  of  algebra  to  the 
different  problems  of  practical  life. 

The  following  notation  will  be  used; 

p  denotes  the  number  of  dollars,  pounds,  francs,  etc., 
bearing  interest,  i.  e,,  denotes  the  principal, 

r  denotes  the  fraction  of  1  paid  for  the  use  of  1  (dollar, 
pound,  franc,  etc.),  for  one  unit  of  time,  as  one  year;  it  Ib 
usually  a  number  of  hundredths,  and  is  called  the  rate  per 
cent. 

t  denotes  the  number  of  units  of  time;  we  shall  assume 
these  units  to  be  years,  though  quarters,  months,  etc., 
might  l;>e  assumed  equally  well. 

i  denotes  the  interest  of  p  for  t  years. 

A  denotes  the  amount  of  p  for  ^  years. 

We  shall  assume  the  u;nits  of  money  to  be  dollars,  unless 
otherwise  specified. 

557.  To  find  the  interest  of  p  dollars  fi>r  t  yeara  at 
the  rate  r. 

i=ptr;  for,  since  for  the  use  of  $1  for  a  year  r  is  paid, 
for  |p  for  a  year  |jpr  must  be  paid,  and  since  %pr  is  paid  for 
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the  use  of  $p  for  one  year,  for  the  use  of  fp  for  t  years  fpri 
must  be  paid.     Hence,  i==prL 

558.  To  find  the  amount  of  p  doUcurs  fbr  t  years  at 
the  rate  r. 

A=p(l+tr). 

For,  since  the  amount  is  the  sum  of  the  principal  and  the 
accrued  interest,  A=|>-H=p-[-^r=p(l+<r). 

PRESENT  VALUE  AND  DISCOUNT  AT  SIMPLE  INTKBEST. 

559.  To  find  the  present  value  of  A  dollars  due  t 
years  hence,  r  being  the  legal  rate  of  Interest. 

A  . 

*^l+tr 

The  present  yalue  of  a  sum  due  ^  years  hence  is  the  prin- 
cipal which,  placed  at  interest  for  t  years  at  the  rate  r,  will 
produce  the  given  sum.     Hence,  if  p  is  this  principal,  A 

being  the  given  amount,  A=p(l+<r)  .*.  i>==-^ — 

560.  To  find  the  discount  on  a  sum  A,  due  t  years 
hence,  r  being  the  legal  rate. 

Atr 

Let  D  denote  the  discount  required.     Then  D=  . 

For,  discount  being  the  difference  between  the  sum  due  t 
years  hence,  and  its  present  value, 

^     *         A  ^     A+A^r— A        Air 


1-^tr  1+tr  1+ir 

661.  In  the  discussion  of  (Sf50f30)  it  has  been  assumed 
that  the  debt  does  not  bear  interest.  If  A  is  to  bear  interest 
at  the  rate  r\  A(l+^^)  is  the  debt  reftlly  due  at  the  end  of 
t  years,  and  the  A  of  the  formula  must,  therefore,  be  re- 
placed by  A(l+</). 

562.  As  four  quantities  enter  each  of  the  foregoing 
formulsd,  if  any  three  of  these  quantities  be  given  the /ourA 
may  be  found  by  making  the  proper  substitutions  in  the 
formulsB. 
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Examples. 

1.  Required,  the  interest  and  amount:  of  $200  f or  3  jean^ 
10  months  at  7%;  of  $5000  for  9  months  at  8%. 

Interea.  $53.66+;  $300. 

2.  Required,  the  amount:  of  $3050  for  4  years  8  months, 
at  5^%  per  annum;  of  $4562.09  for  3  years  3  months,  at 
3%;  of  $1276.25  for  1  year  10  months,  at  7%. 

Am.  $3797 .25-f;  $5006.89+;  $1440.03+. 

3.  What  sum,  invested  in  7%  bonds,  at  par,  will  yield  an 
annual  income  of  $1260?  Ans.  $18000. 

4.  What  is  the  interest  for  11  years  8  days  at  10J%,  of  a 
sum  that,  at  the  given  rate,  and  in  the  given  time,  will 
amount  to  $857.54.  Ans.  $460.04. 

5.  Show  that,  at  simple  interest,  the  discount  is  half 
the  harmonic  mean  between  the  sum  due  and  the  interest 
thereon. 

6.  At  what  rate  must  $1000  be  loaned  for  three  years, 
three  months  and  twenty-nine  days,  to  gain  $183.18. 

Ans.  5J%. 

7.  Required,  the  time  in  which  a  given  principal,  p,  will 

become  n  times  itself,  at  the  rate  r.  Ans. 

r 

PARTIAL  PAYMENTS. 

563.  To  find  "^hat  each  payment  must  be,  in  order 
to  discharge,  in  equal  payments,  made  at  equal  Inter- 
vals, the  principal  and  interest  of  a  given  debt,  bear- 
ing interest  at  a  given  rate. 

We  shall  take  one  of  the  equal  intervals  as  the  unit  of 
time,  so  that  t  will  denote  the  nounber  of  these  intervals 
in  the  whole  time,  and  r  will  denote  the  interest  on  $1  (or 
£,  or  fr.,  etc.),  for  one  of  these  intervals;  let  d  denote  the 
number  of  dollars  in  each  payment. 

When  the  first  interval  has  elapsed,  the  amount  of  the 
debt,  p,  is  p  (1-fr);  the  first  payment  is  now  made,  leaving 


INTEREST.  477 

a  balance  of  p  (l+r) — d,  on  which  interest  is  to  be  calcu- 
lated for  the  next  interval,  at  the  rate  r.  The  amount  due 
at  the  end  of  the  second  interval,  is  therefore 

p(l+r)—d-+pr{l+r)'-'dr,  or  p(l-|-r)(l-{-r)— d(l+r), 
or  p(l+r)'— J(l+r). 

The  second  payment  is  now  made,  leaving  a  balance  of 
p(l+r)' — (?(l+r) — dy  on  which,  calculating  the  interest  for 
the  next  interval,  we  obtain,  as  the  amount  due  at  the  end 
of  this  time,  p(l+r)' — d(l-|-r)^ — d{l-\-r),  and  subtracting 
the  third  payment,  which  is  now  made,  we  obtain 

p{l+ry—d{l+ry—d{l+ry^, 
as  the  sum  on  which  interest  is  calculated  for  the  fourth 
interval,  at  the  end  of  which  time 

p{l  +r)*— J(l  -f  r)»— d(l  +ry—d{l  +r) 
is  the  amount  due.     Subtracting  from  this  the  fourth  pay- 
ment, and  calculating  the  interest  on  the  remainder,  we 
find  that  the  amount  due  at  the  end  of  the  fifth  interval  is 

p{i+ry-d{i-{^Y-d{i+ry-d(i-\^y-d{i^\ 

from  which,  deducting  the  fifth  payment,  we  obtain 

p(14^)5_J(14^)*— ef(14^)»— rf(l+r)'— J(l+r)— d, 
upon  which  interest  is  to  be  calculated  for  the  sixth  inter- 
val, and  so  on. 

From  the  law  of  formation  evident  in  these  results,  it  fol- 
lows that  after  t  payments  have  been  made  there  will  remain 
p(l+r)'— <i(l+rV-i— J(l+r)^-. . .  .^l+ry—d{l+r)—d. 
From  the  conditions  of  the  problem,  however,  this  must 
be  zero,  for  the  debt  is  completely  discharged  in  t  intervals. 
From  the  equation 
p(l+ry— <?(H-r)*-»— (/(l+r)*-*— . . .  ..L^(l+r)^d=0  (1) 

we  deduce  d=  ^^_^y,._^^^_^^^  (2) 

The  sum  of  the  geometrical  progression  in  the  denominator  is 

(l-frV— 1      «  ,    ...    ..       .     ,ox  ^       P(l+ry         pr(l+ry 

LJt^.     Substituting  m  (2),  d=^^^j^  =  g^;^> 

r 
The  foregoing  solution,  it  will  be  seen,  is  based  on  the 
XJ.  S.  SuPBEMB  CouBT  rulc;  a  different  solution  is  required 
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if  any  other  rale  be  used.     The  solutions  for  the  New 
^Hampshire  and  Yermont  rules  are  subjoined. 

NEW  HAMPSHIRE  RULE. 

Here  let  n=  the  number  of  equal  intervals  in  a  year,  and 
i  the  number  of  years,  r  being  the  rate  for  each  interval. 

Then  the  amount  of  the  principal  pfor  1  year  is  p{l-\-m); 
from  which  must  be  deducted  the  sum  of  the  amounts  of 
the  payments  from  the  times  at  which  they  are  made  to 
ihe  end  of  the  year.  Let  x  denote  one  of  the  payments, 
then,  as  the  first  payment  bears  interest  for  (n — 1)  equal 
intervals,  the  second  for  (n — 2),  the  third  for  (n — 3),  etc., 

a?[l-f(n — l)r]=amount  of  first  payment  at  end  of  year. 

a:[l-|_(n_-2)r]=     "         **  second     "       "     "     "     " 

41+(n.— 3)r]=     "         "  third        "       "     ''     "     " 

a:[l+(n — n-}-l)r],  or 

41+r]  =amount  of  (n.--l)<^  "       "     **     "     " 

X  =     **         "  nth  "       "     **     **     ** 

The  sum  of  these  amounts  is: 

^]  [l+(n^l)rj+[l+(n~2)r]+. .  ,,+[l^]+l  ). ,  or 

a^^  n+4(n-l)+(n-2)+(n-3)+. . .  .+2+1]  |- 

Summing  the  arithmetical  progression  in  the  brackets, 

S=^ -i (n — ^l)=-^- — I;  the  whole  quantify  then 

as  ag|n+r       ^      ]=^^}1+^— gj—} 

This  will  be  the  sitme  for  every  year,  as  each  year  the 
sum  of  the  amounts  of  the  payments  for  that  year  must  be 
deducted  from  the  tunount  of  the  principal  for  the  year. 
Tor  simplicity  in  carrying  this  quantity  through  the  form- 
ulae, denote  it  by  X,  i.  e.,  place  X=ria;|l-f-r— — —  | 

Then  the  amount  due  at  the  end  of  the  first  year,  after 
all  payments  for  that  year  have  been  made,  is  p(l+nr) — ^X; 
which  must  be  treated  as  a  new  principal,  for  the  second 
;year.     The  interest  thereon,  for  this  year  is 
nr  -{  p(l-|-nr) — ^X  [  , 
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and  the  amount,  at  the  end  of  the  year,  is 
p{l+nry—X{l+nr). 
From  this,  deducting  X,  the  amount  of  the  payments  for 
the  year,  we  obtain  p(l-|-»7i)' — ^X(l+m) — ^X,  as  the  princi- 
pal for  the  third  year,  the  amount  of  which,  at  the  end  of 
the  year,  isp(l+m)'— X(l-|-m)'— X(l+m),  and  from  this 
deducting  X,  the  principal  for  the  next,  or  fourth,  year,  is 

p(l+rn)»— X(l+my— X(l+rn)— X, 
the  amount  of  which,  at  the  end  of  the  fourth  year,  is 

p(l+m)*— X(l+m)»— X(l+m)»— X(l+m), 
and  the  remainder,  after  deducting  the  amount  of  the  pay- 
ments, is  p(l+rn)*— X(l+rn)»— X(l+m)»— X(l+ni)— X. 
Finally,  at  the  end  of  t  years,  the  balance  due  will  be 

^l-frny_X(l+m)^i— X(l+m)*-«— _X(l+m)— X, 

which  must  be  zero,  as  the  debt  is  discharged  in  t  years. 
From  the  equation, 

p(14^ny— X(l-fmy-»— ....— X(l+m)— X^O,    (2), 

we  deduce,  X=  V-r — r. — r  =nx  \  l+r—zr-  r   Hence, 
(l+my— 1  (  2    ) 

VERMONT  RULE. 

The  formula  for  this  rule  may  be  deduced  very  simply 
from  the  preceding.  As  the  interert  is  calculated  on  p  for 
the  whole  time,  ii^tead  of  separate  years,  we  may  take  t  as 
1,  t.  e.,  the  whole  time,  letting  n  denote  the  number  of 
equal  intervals  in  this  time.  The  last  formula,  then,  be- 
comes, substituting  a^  for  a?,  x^=z    J^  7*^!^,* 

n[2-+r(n— 1)1 

Or,  we  may  deduce  a?"  directly  from  the  expression  for 
the  first  balance,  which,  as  i  is  now  taken  as  the  unit,  or  1, 
must  be  zero;    thus,    p(l+nr)=X= 
{2+r(«-l)j    .  2p(l+m) 
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1.  Borrowed  $3000  @  7%,  and  repaid  principal  and  inter- 
est in  five  equal  annual  payments.  Bequired,  the  annual 
payment.  U.  S.  S.  Court  rule,  $731.67.  Find  the  payments 
required  by  the  N.  H.  and  Yt.  rules. 

2.  A  man  purchased  a  farm  for  $8500,  and  agreed  to  pay 
the  sum  in  quarterly  instalments,  in  four  years,  "with  inter- 
est at  the  rate  of  10%  per  annum.  Bequired,  the  annual 
payment. 

3.  What  annual  payment  is  required  to  discharge  a  note 
of  $32,000,  bearing  interest  at  4%  per  annum,  in  six  equal 
payments  ? 

4.  Purchased  real  estate  for  $12,000;  haying  but  $5000 
on  hand,  used  this  sum  to  pay  a  part  of  the  debt,  and  inter- 
est in  advance,  @  10%,  on  a  note  running  three  years,  for 
the  balance.    Bequired,  the  face  of  the  note.     Ans.  $10,000. 

5.  A  man  purchased  a  lot  for  $1200,  discharging  the  debt, 
principal  and  interest,  at  4%  per  annum,  in  seven  equal 
annual  payments.     Bequired,  the  annual  payment. 

COMPOUND  INTEBEST. 

564.  To  find  the  amount  of  a  sum  p  in  t  years,  at 
the  rate  r,  interest  being  compounded  annually. 

A=p(l+ry. 

Since  the  interest  is  compounded  annually,  the  amount  of 
p  for  the  first  year  is  to  be  taken  as  a  principal  for  the  sec- 
ond year;  the  amount  of  this  sum  for  the  second  year  is  to 
be  taken  as  a  principal  for  the  third,  and  so  on. 

The  amount  of  p  for  one  year,  at  the  rate  r,  (558)  is 
p(l+r);  the  amount  of  p{l+r)  for  one  year,  at  the  rate  r,  is 

p{l+r){l+r)=p{l+rY; 
the  amount  of  p(l  +r)'  for  a  year  (the  third  year),  at  the  rate 
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r,  is  p(l+r)'(l+r)=p(l+r)',  and,  in  general,  the  amount  of 
p(l+r)*-*  for  a  year  being  p{l+ry-\l+r)==p{l+ry,  the 
amount  of  p  for  t  years  at  the  rate  r,  interest  being  com- 
pounded annually,  is  A;=p{l+ry. 

565.  Corollary.— r/ie  present  value  of  a  sum  p,  due  t 
years  hence,  is  ,  if  compound  interest  be  aUowed.     The 

discount^  on  the  same  hypothesis^  is  A^l — -Y 

506.  If  the  interest  is  compounded  quarterly,  or  at  anj 
other  intervals  than  years,  t  denotes  the  number  of  such  in- 
tervals. 

567.  The  use  of  all  the  formulse  relating  to  interest  is 
often  facilitated  by  the  employment  of  logarithms.  To 
take,  as  a  single  example,  the  formula  A=p(l-{-ry,  we  have 
logA=logp-|-Mog(l-fr).     From  this  we  may  deduce  at  once 

idties,  p.  A,  r,  or  t,  be  given  we  may  find  the  other. 

FiTAlTPT.IM. 

1.  Bequired,  the  amount  of  |7000  in  five  years,  at  6%, 
interest  being  compounded  quarterly. 

2.  Bequired,  the  amount  of  $300  in  four  years,  at  4%,  in- 
terest compounded  annually.  Ans.  $360.96. 

3.  Bequired,  the  time  in  which  a  given  principal  will  be- 
come n  times  itself,  at  compound  interest,  at  the  rate  r. 

.       ,         logn 
Ans.  t=-z — °  ,    >' 
log(l+r) 

4.  Bequired,  the  rate  at  which  $500  must  be  put  out  at 
compound  interest,  that  it  may,  in  seven  years,  amount  to 
$727.33.  Ans.  6^%, 

5.  Bequired,  the  present  value  of  the  amount  of  £1000, 
due  5  years  hence,  at  5%  per  annum,  compound  interest. 
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NOTE  ON  DETERMINANTS. 


1.  Let  there  be  rtf  symbols,  arranged  in  n  rows  and  n  col- 
mnns,  the  sequence  of  the  columns  being  indicated  hj  the 
alphabetic  order  of  the  letters,  and  that  of  the  rows  by  the 
numerical  order  of  the  subscripts,  thus: — 
fti    bi    Ci    dj    Ci 


■» 

I* 

c. 

^ 

e. 

a» 

b. 

Ci 

d. 

e» 

\ 

\ 

C4 

d. 

«« 

a. 

\ 

<H 

d. 

e, 

Let  all  poeable  products  be  formed  by  taking  <me  S3rmbol 
and  only  one  from  each  column,  and  <me  S3rmbol  and  only  one 
from  each  row.  When,  in  any  such  product^  the  letters  bdng  in 
alphabetical  order,  a  suffix  precedes  one  less  than  itself,  we  are 
said  to  have  an  inversion;  if  a  suffix  precede  two  smaller 
than  itself  we  have  two  inverdons,  and  so  on.  Give  to  each 
product  the  sign+or—  according  as  the  number  of  inversions 
in  it  is  even  or  odd.  The  algebraic  sum  of  these  products  is 
called  the  Determinant  of  the  quantities  involved.  Each 
quantity  is  called  a  oonMnierd  (op  h^  etc.),  and  each  product^ 
an  eUmeni^  of  the  determinant  The  order  of  a  determinant  ia 
indicated  by  the  number  of  rows  (or  columns). 

Thus  the  detenniiiant  of  the«ecoDd  orderJ  ^  >^  L  is  a|6|-«a^ 


The  detenninant  of  the  third  osder^ 

«i  ^  «i 
a,  h   0, 


a^h^o^ 


1-1  • 


"~m    -'m    ■"m 

and  80  on. 

2.  From  the  definilaon  it  is  dear  that  if  we  change  the  fwn 
into  columns,  or  mee  vena,  the  value  of  the  determinant  remains 
unchanged.  Hence  in  all  theorems  the  words  "rota"  and 
**colwmn^^  may  be  interchanged.  The  diagonal  leading  fit>m 
ihe  upper  left  comer  of  the  square  array  is  called  the  leading 
diagimal,  and  the  product  of  its  oonstituents  the  leading  ele- 
ment   Thiselementwe  always  consider  positive^  and  any  other 
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element  is  positive  or  negative  according  as  it  may  be  derived 
from  this  by  an  even  or  an  odd  number  of  interchanges  of  sub- 
scripts.* The  determinant  is  often  expressed  by  prefixing  to 
this  element  the  double  sign,  :t,  and  the  summation  sign,  2; 
or  by  simply  inclosing  this  leading  element  in  parentheses. 
Thus2±ai6,<5,=Oi6,c,+a,6,(5i+a,6jC,-ag6,Cj-a^6iC,-.c46,c, 

=(a,b,c^) 
and  fflmilarly  for  determinants  of  higher  orders. 

3.  As  an  interchange  of  two  rows  involves  an  interchange 
of  the  two  corresponding  suffixes  in  every  element,  and  hence 
changes  the  sign  of  the  element,  such  interchange  of  two  rows 
changes  the  sign  of  the  determinant  The  e£^t  of  such  inter- 
change is  always  to  increase  or  decrease  by  an  odd  number 
the  number  of  inversions  in  any  element.  Thus,  consider  the 
term  aj>^c^d^  of  the  determinant  (ajb^c^dj;  the  number  of  in- 
versions is  2,  and  the  term  is  therefore  positive ;  interchange 
the  third  and  fourth  rows ;  3  and  4  change  places,  and  the 
number  of  inversions  in  afi^Cjd^  is  3,  so  that  this  term  is  n^- 
ative.  Similarly  for  the  other  terms.  Hence,  also,  an  inter- 
change of  two  columns  changes  the  sign  of  the  function.  If 
two  columns  (or  rows)  be  identical  their  interchange  cannot 
affect  the  value  of  the  determinant,  which  must  therefore  be 
equal  to  itself  with  sign  changed.  If,  therefore,  two  columns 
be  identical  the  determinant  vanishes  (i.  e.,  equals  0). 

From  the  definition  it  is  also  dear  that  if  all  the  constitu- 
ents of  any  column  have  a  common  &ctor,  this  quantity 
is  a  &ctor  of  the  determinant  li^  therefore,  the  constitueoitB 
of  any  column  be  equal  respectively  to  those  of  any  other, 
multiplied  by  a  conmion  teuotor,  the  determinant  must  vanish. 

4.  Minors. — A  mmar  is  the  determinant  obtained  by  sup* 
pressing,  in  a  given  determinant,  any  number  of  rows  and 

*In  fact  the  law  of  signs  is  often  stated  thus:  "The  leading  ele- 
ment is  taken  as  positive ;  any  other  element  is  positilye  or  negattTS 
according  as  it  is  derived  from  the  leading  element  by  an  even  or  an 
odd  number  of  interchanges  of  suffixes.*' 
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tbe  same  number  of  columns,  without  changing  the  relative 
position  of  the  constituents  retained.  The  minors  are  called 
first  minors,  secovd  minors,  etc.,  according  as  we  suppress  one 
TOWf  two  rows,  etc.  Two  minors  are  compleinentary  when  each 
is  obtained  by  suppressing  the  rows  and  columns  containing 
the  constituents  of  the  other. 

Denoting  the  original  determinant  by  ^,  consider  the  coeffi- 
cient of  any  constituent,  say  a^  To  obtain  the  elements  of 
^  that  contain  o^  we  must  multiply  a^  by  the  sum  of  all  the 
products  obtained  by  taking  one  constituent  and  only  one 
from  each  row  and  column  in  which  a^  does  not  occur.  These 
are  precisely  the  elements  of  the  minor  obtained  by  suppressing 
the  row  and  column  containing  a^  Again,  prefixing  a^  to  any 
of  these  products  cannot  affect  the  number  of  inversions,  so 
that  the  signs  of  the  elements  of  ^  that  contain  a^  are  the 
same  as  those  of  the  elements  of  (jb^c^d^ ....),  the  minor  com- 
plementary to  ay  Hence  the  coefficient  of  a^  in  ^  is  this 
minor.  Similarly  a^  must  be  multiplied  by  the  successive  ele- 
ments of  (61  Cj  d^ . . .  ),  its  complementary  minor.  But,  since 
2  >  1  and  <  3,  4,  etc.,  prefixing  a,  to  any  element  of  this 
minor  introduces  one  inversion  into  every  term,  and  hence  in 
each  case  a  change  of  sign.  The  coefficient  of  a,  is  therefore 
-  (61  c,  d^ . .  .  .).  So  also  the  coefficient  of  a^  is  (h^  c^d^, . .), 
that  of  a^\a-(bjC^d^ . . .  )»  ^^^  so  on.  If,  then,  we  indicate 
the  complementary  minor  of  a^  by  A^ ,  that  of  a,  by  A^  etc., 
we  may  write 

^=ai  Ai-a,A2-ha8  A3— a^  A^+ /         (1). 

or,  changing  columns  into  rows,  and  vice  versa 

^  =  ai  Ai-6jBi  +  CiCi-diDi+ (2). 

In  general,  as  a  constituent  in  the  rth  column  and  the 
mth  row  can  be  brought  to  the  upper  left  comer  by  r  inter- 
changes of  columns,  and  m  interchanges  of  rows,  a  process  in 
which  the  sign  of  ^  is  changed  (m+r)  times,  the  coefficient 
of  this  constituent  is  (-!)"'"*"•'  multiplied  into  its  complex 
mentary  minor,  i.  e.,  the  minor  obtained  by  suppressing  the  rtk 
oolunm  and  the  mth  row. 
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5.  By  reasoning  amilar  to  that  of  (4)  we  may  diow  that 
the  coefficient  of  any  minor  in  J  is  the  complementary  minor, 
multiplied  by  (  - 1)";  n  denoting  the  number  of  interchanges 
of  rows  and  columns  required  to  bring  the  minor  whose 
<x)efficient  is  sought  into  the  upper  left  comer  of  the  square 
turray. 

Hence  J  may  be  developed  according  to  mmors-as  well  as 
in  the  manner  just  shown. 
Thus(a,6,C3dJ  = 

(aift.)MJ  -  (aA)(MJ  +  (ai&J(c.dO 

6.  From  equations  (1),  (2),  of  (4)  we  see  that  if  Bvery 
constituent  except  one  in  aijiy  column  (or  row)  vanishes,  the 
determinant  reduces  to  (  -  l)"into  the  complementary  minor  of 
that  one ;  n  denoting  the  number  of  interchanges  of  columns 
and  rows  required  to  bring  the  non-vanishing  constituent  into 
the  leading  place  (that  usually  occupied  by  ai).  Thus,  if  all 
the  constituents  of  the  first  column  vanish  except  a^  J» 

-  ajL^  and  similarly  for  any  other  case. 

7.  Again,  if  every  constituent  in  any  one  column  be  the 
sum  of  two  (or  m)  quantities  the  determinant  may  be  treated 
as  the  sum  of  two  (or  m)  determinants. 

Thus,if  ai=i,^+/i,  a^=k^  +  l^  a^=^g+^etc, 
J  =  aj  Ai  -  a,  Aj+Oj  A,  -  . . . .  = 

(^,+  /0  A,-(^,+0  A,+(A^+0  A,- « 

hjL^-k^+kjL^" +^Ai-^^+4^- 

K^i^M )+(^Ac^....r.).  (3). 

8.  The  value  of  a  determinant  is  not  affected  by  the  addi- 
tion to  the  constituents  of  any  column  of  the  products  of  l^e 
respective  constituents  of  any  other  column  by  any  common 
multiplier.     Thus 

a.    6.    c.  he    &.    c. 

M7). 


a^+hc^    6i    Cj 

O,    6,     0, 

*c.    6,   c, 

a,+  ^,    6,    c. 

s 

o,   J,    c. 

+ 

fe,    6,  c. 

0,+^    *,     0, 

a,   6,  0, 

*«b    6.   <^\ 
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<4  ft,  0, 

0,  6,  c, 

Ol   ^   Ci 

«.  *« «. 

+  * 

c,  6,  c. 

SB 

a,  6,  c. 

o,  6,  e« 

<^   ^   0. 

Ol  ^  c, 

b7(8). 


Similarly  for  determinants  of  higher  orders. 

Neither  is  the  value  of  a  determinant  altered  if  to  the  oon- 
«tituents  of  any  column  we  add  the  respective  constituents  of 
two  or  more  other  columns  multiplied  in  each  case  hy  a  fixed 
multiplier;  thus  it  is  easily  shown  that 

0.  The  forgoing  transformations  are  used  in  reducing  the 
degree  of  a  determinant,  to  amplify  its  evaluation.    Thus:— 


3  5    6 

8    5  2 

6  11  8 

-8 

6  11  1 

-8 

2  4    9 

2  4    8 

-9  -17 

6      11 

-16  -29 


9    17 
16  29 


--8(261-272)-8a 

The  second  determinant  is  obtained  by  taking  out  the  fiMStor 
S  firom  the  last  column  of  the  first  The  second  row  is  then 
multiplied  through  by  2  and  8  succesmvely  and  tiie  results  are 
flubtracted  from  the  first  and  third  rows  respectively.  Finally 
we  apply  (3)  and  expand  the  resulting  determinant  of  the 
second  order. 

10.  Determinants  are  vexy  usefiil  in  the  solution  of  prob* 
lems  involving  elimination. 

We  may  write  the  identities 

oiAi-  cj^if  c^-  cJl^-^.  . . 


>0 
«0 


03) 
diAi-d,A,+d,A,-<iA+ -0  (y) 

For,  the  first  member  of  (^cx)  is  what  J  becomes  when  6»a 
(Eq.  1,  (4)).  But  in  this  case  the  first  and  second  columns 
are  identical,  whence  J  =  0,  (3).  Similarly  the  first  member 
of  (J3)  is  what  J  becomes  when  the  first  and  third  columns  are 
identical,  and  so  on. 

Now  suppose  we  wish  to  solve  the  group  of  equations 


VI 
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b.x  +  b^y-^b^z^^'k,  (2) 

c^x  +  c^y+c^z^k^  (3) 

Multiply  both  members  of  (1)  by  Ai,  both  members  of  (2) 
by  -  A^,  both  members  of  (3)  by  A,,  and  add.  The  coefficients 
of  y  and  z  vanish  by  virtue  of  identities  (a)  and  (/S),  and  we 
have 


<^A^i 


«8 


^^8 


x  = 


or,  X' 


(^i^Cs) 


Simnarly,v  =  ^4^;^  =  ^l 

These  values  have  as  a  common  denominator  J,  the  determi- 
nant of  the  coefficients  in  the  first  members  of  the  given  equa- 
tions. To  obtain  the  numerator  of  the  value  of  any  variable 
we  substitute,  in  J,  the  second  members  of  the  equations  for 
the  column  of  coefficients  of  that  variable.  Ordinarily  the 
values  may  be  left  in  the  determinant  form.  If,  however, 
evaluation  be  required  it  may  be  effected  as  in  (9).  When  it 
is  desired  simply  to  eliminate  the  variables  or  unknown  con- 
stants the  result  is  best  expressed  in  determinant  form.  Thua^ 
the  result  of  eliminating  a,  b,  c,  from  the  equations 


ax'   -^-byf   H-c  =  0,         x^    ^    1 
ax!'  +6y"  +c  =  0,         a/'  f  1 
aa/"  +  6y'"  +  c  =  0,  is     xf"  f  \ 
Exercises. 
1.  Evaluate  the  determinants 


=  0 


3   9   2 

3   5   7 

8   16 

> 

1    a-h 

a    h  g 

o    1     e 

h  b  f 

h-c     1 

> 

9  f  c 

6 

32 

1 


-2 

7 
1 


^/w.,  r,360;  2^1  +  a'+6''  +  c»;  4°.  810. 
Evaluate  the  determinants 


1 
12 

8 
13 


15 
6 

10 
3 


14 

'  7 

11 

2 


4 

9 

5 

16 


10 
4 
23 
17 
11 


18 

12 

6 

5 

24 


1 
25 
19 
13 

7 


14 

8 

2 

21 

20 


22 

16 

15 

9 

3 
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Vll 


The  first  is  composed  of  the  first  sixteen  numbers,  and  the 
second  of  the  first  twenty-five  numbers,  so  arranged  that  the 
sum  of  the  constituents  in  any  fiill  straight  line  of  the  determi- 
nant equals  the  sum  of  those  in  any  other,  no  matter  how  taken. 
Such  arrays  are  called  ''  Magic  Squares." 

^tw.,0;- 4680000. 

3.  Evaluate  the  determinants 

(a+by    c« 
a«     (b  +  ey      a* 
6»         b^    {(H-ay 


a  0  c  b 
b  e  0  a 
c    b    a    0 


1111 
abed 
a*    b*    d"  d^ 
a' 


b'    (f  d!" 


4.  Solve  the  groups  of -equations  in  (373,376)  by  use  of 
determinants. 
6.  Show  that 

a,^i+6,/i+c,mi     a,^j+6,^j+c,m,    a^k^+b^l^+e^pn^ 
a,A^+6,/j+c,7?^     a^k^+bj^-^c^^    Os^+fts^+^'^H 
is  the  product  of  the  two  determinants  ((ij>^c^  and  (JcJ^jfn,^^ 
and  that,  in  general, 

The  product  of  two  determinants  of  the  same  order  is  the 
determinant  the  constituents  of  which  are  the  sums  of  the 
products  obtained  by  multiplying  the  constituents  of  any  row 
(or  column)  of  the  one  by  the  corresponding  constituents  in 
the  other. 

6.  Two  coiostituents  are  said  to  be  conjugate  to  each  other 
when  the  position  occupied  by  either  in  the  rows  is  the  same 
as  that  occupied  by  the  other  in  the  columns.  When,  in  any 
determinant,  the  conjugate  constituents  are  equal,  the  de- 
terminant is  said  to  be  symmetrical.  Show  that  the  square  of 
a  symmetrical  determinant  is  a  symmetrical  determinant. 

7.  Show  that  the  square  of  the  third  determinant  of  Ex.  3  is 


where 


and  80  on* 


III. 

TABLE  OF  LOGARITHMS. 


1.  To  find,  from  the  table,  the  logarithm  of  any 
number. 

I.  If  the  number  is  expressed  by  less  than  three  figores, 
find  the  number  in  one  of  the  columns  headed  N,  on  the 
first  page;  immediately  to  the  right  vrHl  be  found  the  loga^ 
rithm  required.    Thus  log  73=1 .  868323. 

n.  If  the  number  is  expressed  by  three  figures,  or  more, 
find  the  characteristic  by  (5!28). 

P.  If  the  number  is  expressed  by  three  figures,  find  it  in 
one  of  the  columns  headed  N;  immediately  to  the  right 
will  be  thd  mantissa,  or  the  last  four  figures  thereof;  in  the 
latter  case  ascend  the  column  until  a  row  of  six  figures  is 
found,  and  prefix  the  first  two  of  these  to  the  four  figures 
previously  found. 

2^.  If  the  number  is  expressed  by  four  figures,  find  the 
number  expressed  by  its  first  three  figures  in  the  column  N; 
on  the  same  horizontal  line,  in  the  column  headed  by  the 
fourth  figure,  will  be  found  the  last  four  figures  of  the  man- 
tissa, dots,  if  any  be  found,  being  replaced  by  O's.  If  heavy 
dots  have  been  met  in  passing  across  to  the  last  four  figures 
of  the  mantissa,  take  the  first  two  figures  on  the  next  lower 
horizontal  line  in  the  0  column,  and  prefix  them  to  the  four 
first  found;  the  result  is  the  complete  mantissa.  If  no 
heavy  dots  have  been  met,  and  the  first  three  figures  of  the 
number  stand  opposite  a  row  of  six  figures  in  the  0  column, 
the  first  two  figures  of  this  row  are  the  ones  to  be  prefixed 
to  the  four  figures  of  the  mantissa  previously  found.    If  a 
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row  of  six  figures  does  not  stand  opposite  the  first  three 
figures  of  the  number,  ascend  the  0  column  until  such  a 
row  is  f oundy  and  prefix  the  first  two  figures  thereof  to  the 
four  mantissa  figures  already  found. 

Thus  log  1205=.3. 080987, 

log  1324=3.121888, 

log  1853=3  267876. 
3^.  If  the  given  number  exceeds  10,000,  place  a  decimal 
point  after  the  fourth  figure,  thus  converting  the  number 
into  a  mixed  number  (528).  Find  the  mantissa  of  the  inte- 
gral part;  take  from  the  column  D  the  number  on  the  same 
horizontal  line  as  the  first  three  figures  of  the  given  num- 
ber, and,  multiplying  this,  which  is  always  millionths,  by 
the  decimal  part  of  the  given  number  as  pointed  off,  add 
the  product  to  the  mantissa  of  the  integral  part;  the  result 
will  be  the  mantissa  required.  The  numbers  in  the  column 
D,  called  Tabular  Differexioes,  are  the  differences  between 
the  logarithms  of  consecutive  whole  numbers,  at  the  differ- 
ent parts  of  the  table.  They  are  found  by  subtracting  the 
number  in  the  4  column  from  the  corresponding  number  in 
the  6  column. 

Take  the  number  1367626.  The  characteristic  of  the  log- 
arithm of  this  number  is  6.  Placing  a  decimal  point  be- 
tween the  7  and  the  6  will  not  affect  the  mantissa  of  the 
logarithm  (529);  this  decimal  point  being  placed,  the  num- 
ber becomes  1357 .  626.  The  mantissa  of  log  1357  is  .  132580; 
the  tabular  difference  at  this  point  is  321,  i.e.,  a  difference 
of  1  between  two  numbers  connotes  a  difference  of  321  mil- 
lionths between  their  logarithms.  Since  an  increase  of  1  in 
a  number  at  this  point  implies  an  increase  of  .000321  in  the 
mantissa  of  the  logarithm,  an  increase  of  ^^  of  1  implies 
an  increase  of  ^^  of  .000321  in  the  mantissa  (nearly).^^ 
of  .000321=.  000201.  Hencethe  mantissa  of  log  1367.625= 
mantissa  of  log  1357 +.000201=.  132781.  Therefore,  log 
1357625=6.132781,  the  mantissa  of  log  1357625  being 
identical  with  the  mantissa  of  log  1367 .625.  Similarly,  log 
79635279=7.901106. 
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2.  To  find,  from  the  table,  the  logarithm  of  a  frao- 
tion  or  mixed  number. 

Beduce  the  given  number  to  a  decimal  or  mixed  decimal; 
find  the  characteristic  by  (528);  and,  dropping  the  decimal 
point,  find  the  mantissa  as  indicated  in  (1). 

3.  To  find  the  number  oorresponding  to  a  given  log- 
arithm. 

To  do  this,  the  processes  just  indicated  must  be  reversed. 
Look  for  the  given  mantissa  in  the  table,  seeking  the  first 
two  figures  in  the  0  column;  the  others  may  be  in  the  columns 
to  the  right.  If  the  mantissa  is  found,  the  last  figure  of 
the  required  number  will  head  the  column  containing  the 
last  four  figures  of  the  mantissa,  and  the  first  three  figures 
of  the  required  number  will  be  found  on  the  same  horizon- 
tal line  as  the  last  part  of  the  mantissa,  and  in  the  N 
column.  The  numbers  corresponding  to  logarithms  on  the 
first  page  may  also  be  obtained  directly  from  this  page. 

If  the  mantissa  is  not  found  in  the  table,  take  out  the 
next  less  mantissa,  and  set  aside  the  corresponding  num- 
ber. Divide  the  difference  between  the  mantissa  of  the 
given  logarithm  and  that  taken  out,  by  the  tabular  differ- 
ence corresponding  to  the  latter,  annexing  as  many  O's  as 
may  be  necessitated  by  the  required  degree  of  accuracy. 
Annex  the  quotient  to  the  number  set  aside,  and  point  off 
the  number  of  places  corresponding  to  the  characteristic  of 
the  given  logarithm.  To  illustrate,  find  the  number  cor- 
responding to  the  logarithm  1.662758;  this  logarithm,  being 
given  on  the  first  page  of  the  table,,  we  take  out  at  once 
the  corresponding  number,  46.  The  number  corresponding 
to  the  logarithm  3.528145,  is  3374.  In  searching  for  the 
number  whose  logarithm  is  2.449918,  however,  we  cannot 
find  the  mantissa  in  the  table;  the  next  less  mantissa  is 
.449787,  and  the  corresponding  number  2817,  and  the  tab- 
ular difference  154.  The  difference  between  .449918  and 
449787  is  .000131.    Now,  as  a  difference  of  .000154  in  the 
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mnntiifffiftff  implieB  a  difference  of  1  in  the  corresponding 

131 
numbers,  a  difference  of  .  000131=  ^-=7,  of  .  000154  impliea 

lo4 

131 
a  difGorenoe  of  7^7  of  1  in  the  numbers, 
154 

JS=  1641 1310      1851  =  .  851. 
1^     'l282      

780 

770 

.100 
The  increase  of  .000131  in  the  n>f^yiti|tyffl  involving  an  in- 
crease of  .851+  in  the  number,  the  number  corresponding, 
to  the  mantissa  .449918,  is  2817.851,  or  (529), any  number 
having  these  significant  figures.  Hence,  the  significant 
figures  of  the  required  number  are  2817851,  and  since  the 
characteristic  is  2,  the  required  number  is  281.7851^-. 

To  -wxLte  out  tbe  aritlunetioal  complement  of  a  loga- 
rithm,  begin  at  the  left  and  subtract  each  figure  from  9, 
until  the  last  significant  figure  is  reached,  which  aubtiafiA 
from  10. 


A  TABLE 


LOGARITHMS  OF  NUMBERS 


PROM  1  TO  10,000. 


N. 

Log. 

N. 

Log. 

N. 

Log. 

N. 

Log. 

1 

0  000000 

26 

1.414973 

51 

1  707570 

76 

1.880814 

2 

0.301030 

27 

1.431364 

52 

1.716003 

77 

1.886491 

3 

0.477121 

28 

1.447158 

53 

1.724276 

78 

1  892095 

4 

0.602060 

29 

1.462398 

54 

1.732394 

79 

1.897627 

5 

0.698970 

30 

1.477121 

55 

1.740363 

80 

1.903090 

6 

0.778151 

31 

1.491362 

56 

1.748188 

81 

1  908485 

7 

0.845098 

32 

1.505150 

57 

1.755875 

82 

1.913814 

8 

0  903090 

33 

1.518514 

58 

1,763428 

83 

1.919078 

9 

0.954243 

34 

1.531479 

59 

1.770852 

84 

1.924279 

10 

1.000000 

35 

1.544068 

60 

1.778151 

85 

1.929419 

11 

1.041393 

36 

1.656303 

01 

1.785330 

86 

1.934498 

12 

1.079181 

37 

1.568202 

62 

1.792392 

87 

1.939519 

13 

1.113943 

38 

1,579784 

63 

1.799341 

88 

1.944483 

14 

1.146128 

39 

1.591065 

64 

1.806180 

89 

1.949390 

15 

1.176091 

40 

1.602060 

65 

1.812913 

90 

1.954243 

16 

1.204120 

41 

1,612784 

66 

1.819544 

91 

1.959041 

17 

1.230449 

42 

1  623249 

67 

1.826075 

92 

1.963788 

18 

1.255273 

43 

1.633468 

68 

1.832509 

93 

1.968483 

19 

1.278754 

44 

1.643453 

69 

1.838849 

94 

1.973128 

20 

1.301030 

45 

1.653213 

70 

1.845098 

95 

1.977724 

21 

1.322219 

46 

1.662758 

71 

1.851258 

96 

1.982271 

22 

1.342423 

47 

1.672098 

72 

1.857333 

97 

1.986772 

23 

1.361728 

48 

1.681241 

73 

1.863323 

98 

1,991226 

24 

1.380211 

49 

1.690196 

74 

1.869232 

99 

1.995635 

25 

1.397940 

50 

1.698970 

75 

1.875061 

100 

2.000000 

A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

100 

000000 

0434 

0868 

1301 

1734 

2166 

2598 

3029 

3461 

3891 

432 

101 

4321 

4751 

5181 

5609 

6038 

6466 

0894 

7321 

7748 

8174 

428 

102 

8600 

9026 

9151 

9876 

•300 

•724 

1147 

1570 

1993 

2115 

424 

103 

012837 

3259 

3680 

4100 

4521 

4940 

5360 

5779 

6197 

6616 

419 

104 

7033 

7451 

7868 

8284 

8700 

9116 

9532 

9947 

•361 

•775 

416 

105 

021189 

1603 

2016 

2428 

2841 

3252 

3664 

4075 

4486 

4896 

412 

106 

5306 

5715 

0125 

6533 

6942 

7350 

7757 

8164 

8571 

8978 

408 

107 

9384 

97«9 

•195 

•600 

1004 

1408 

1812 

2216 

2619 

3021 

404 

108 

033424 

3826 

4227 

4628 

5029 

5430 

5830 

6230 

6629 

7028 

400 

109 

7426 

7825 

8223 

8620 

9017 

9414 

9811 

•207 

•602 

•998 

396 

110 

041393 

1787 

2182 

2576 

2969 

3362 

3755 

4148 

4540 

4932 

393 

111 

5323 

5714 

6105 

6495 

0885 

7275 

7664 

8053 

8442 

8830 

389 

112 

9218 

9606 

9993 

•380 

•766 

1153 

1538 

1924 

2309 

2694 

386 

113 

053078 

3463 

3846 

4230 

4613 

4996 

5378 

5760 

6142 

6524 

382 

114 

6905 

7286 

7666 

8046 

8426 

8805 

9185 

9563 

9942 

•320 

379 

115 

060698 

1075 

1452 

1829 

2206 

2582 

2958 

3333 

3709 

4083 

376 

116 

4458 

4832 

5206 

5580 

5953 

6326 

6699 

7071 

7443 

7815 

372 

117 

8186 

8557 

8928 

9298 

9668 

••38 

•407 

•776 

1145 

1514 

369 

118 

071882 

2250 

2617 

2985 

3352 

3718 

4085 

4451 

4816 

5182 

366 

119 

5547 

5912 

6276 

6640 

7004 

7368 

7731 

8094 

8457 

8819 

363 

120 

079181 

9543 

9904 

•266 

•626 

•987 

1347 

1707 

2067 

2426 

360 

121 

082785 

3144 

3503 

3861 

4219 

4576 

4934 

5291 

5647 

6004 

357 

122 

6360 

6716 

7071 

7426 

7781 

8136 

8490 

8845 

9198 

9552 

355 

123 

9905 

•258 

•611 

•963 

1315 

1667 

2018 

2370 

2721 

3071 

351 

124 

093422 

3772 

4122 

4471 

4820 

5169 

6518 

5866 

6215 

6562 

349 

125 

6910 

7257 

7604 

7951 

8298 

8644 

8990 

9335 

9681 

••26 

346 

126 

100371 

0715 

1059 

1403 

1747 

2091 

2434 

2777 

3119 

3462 

343 

127 

3804 

4146 

4487 

4828 

5169 

5510 

5851 

6191 

6531 

6871 

340 

128 

7210 

7549 

7888 

8227 

8565 

8903 

9241 

9579 

9916 

•253 

338 

129 

110590 

0926 

1263 

1599 

1934 

2270 

2605 

2940 

3275 

3609 

335 

130 

113943 

4277 

4611 

4944 

5278 

5611 

5943 

6276 

6608 

6940 

333 

131 

7271 

7603 

7934 

8265 

8595 

8926 

9256 

9586 

9915 

•245 

330 

132 

120574 

0903 

1231 

1560 

1888 

2216 

2544 

2871 

3198 

3525 

328 

133 

3852 

4178 

4504 

4830 

5156 

5481 

5806 

6131 

6456 

6781 

325 

134 

7105 

7429 

7753 

8076 

8399 

8722 

9045 

9368 

9690 

••12 

323 

135 

130334 

0655 

0977 

1298 

1619 

1939 

2260 

2580 

2900 

3219 

321 

136 

3539 

3858 

4177 

4496 

4814 

5133 

5451 

5769 

6080 

6403 

318 

137 

6721 

7037 

7354 

7671 

7987 

8303 

8618 

8934 

9249 

9564 

315 

138 

9879 

•194 

•508 

•822 

1136 

1450 

1763 

2076 

2389 

2702 

314 

139 

143015 

3327 

3639 

3951 

4263 

4574 

4885 

5196 

5507 

5818 

311 

140 

146128 

6438 

6748 

7058 

7367 

7676 

7985 

8294 

8603 

8911 

309 

141 

9219 

9527 

9835 

•142 

•449 

•756 

1063 

1370 

1676 

1982 

307 

142 

152288 

2594 

2900 

3205 

3510 

3815 

4120 

4424 

4728 

5032 

305 

143 

5336 

5640 

5943 

6246 

6549 

6852 

7154 

7457 

7759 

8061 

303 

144 

8362 

8664 

8965 

9266 

9567 

9868 

•168 

•469 

•769 

1068 

301 

145 

161368 

1667 

1967 

2266 

2564 

2863 

3161 

3460 

3758 

4055 

299 

146 

4353 

4650 

4947 

5244 

5541 

5838 

6134 

6430 

6726 

7022 

297 

147 

7317 

7613 

7908 

8203 

8497 

8792 

9086 

9380 

9674 

9968 

295 

148 

170262 

0555 

0848 

1141 

1434 

1726 

2019 

2311 

2603 

2895 

•293 

149 

3186 

3478 

3769 

4060 

4351 

4641 

4932 

5222 

5512 

5802 
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A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


vu 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

150 

176091 

6381 

6670 

6959 

7248 

7536 

7825 

8113 

8401 

8689 

289 

151 

8977 

9264 

9552 

9839 

•126 

•413 

•699 

•985 

1272 

1558 

287 

152 

181844 

2129 

2415 

2700 

2985 

3270 

3555 

3839 

412J 

4407 

285 

153 

4691 

4975 

5259 

5542 

5825 

6108 

6391 

6674 

6956 

7239 

283 

154 

7521 

7803 

8084 

8366 

8647 

8928 

9209 

9490 

9771 

••51 

281 

155 

190332 

0612 

0892 

1171 

1451 

1730 

2010 

2289 

2567 

2846 

279 

156 

3125 

3403 

3681 

3959 

4237 

4514 

4792 

5069 

5346 

5623 

278 

157 

5900 

6176 

6453 

6729 

7005 

7281 

7556 

7832 

8107 

8382 

276 

158 

8657 

6932 

9206 

9481 

9755 

••29 

•303 

•577 

•850 

1124 

274 

159 

201397 

1670 

1943 

2216 

2488 

2761 

3033 

3305 

3577 

3848 

272 

160 

204120 

4391 

4C63 

4934 

5204 

5475 

5746 

6016 

6286 

6556 

271 

161 

6826 

7096 

73(55 

7634 

7904 

8173 

8441 

8710 

8979 

9247 

269 

162 

9515 

9783 

••51 

•319 

•586 

•853 

1121 

1388 

1654 

1921 

267 

163 

212188 

2454 

2720 

2986 

3252 

3518 

3783 

4049 

4314 

4579 

266 

164 

4844 

5109 

5373 

5638 

5902 

6166 

6430 

6604 

6957 

7221 

264 

165 

7484 

7747 

8010 

8273 

8536 

8798 

9060 

9323 

9585 

9846 

262 

166 

220108 

0370 

0631 

0892 

1153 

1414 

1675 

1936 

2196 

2456 

261 

167 

2716 

2976 

3236 

3496 

3755 

4015 

4274 

4533 

4792 

5051 

259 

168 

5309 

5568 

5826 

6084 

6342 

6G00 

6858 

7115 

7372 

7630 

258 

169 

7887 

8144 

8400 

8657 

8913 

9170 

9426 

9682 

9938 

•193 

256 

170 

230449 

0704 

0960 

1215 

1470 

1724 

1979 

2234 

2488 

2742 

254 

171 

2996 

3250 

3504 

3757 

4011 

4264 

4517 

4770 

5023 

5276 

253 

172 

5528 

5781 

6033 

6285 

6537 

6789 

7041 

7292 

7544 

7795 

252 

173 

8046 

8297 

8548 

8799 

9049 

9299 

9550 

9800 

••50 

•300 

250 

174 

240549 

0799 

1048 

1297 

1546 

1795 

2044 

2293 

2541 

2790 

249 

175 

3038 

3286 

3534 

3782 

4030 

4277 

4525 

4772 

5019 

5266 

248 

176 

5513 

5759 

6006 

6252 

6499 

6745 

6991 

7237 

7482 

7728 

246 

177 

7973 

8219 

8464 

8709 

8954 

9198 

9443 

9687 

9932 

•176 

245 

178 

250420 

0664 

0908 

1151 

1395 

1638 

1881 

2125 

2368 

2610 

243 

179 

2853 

3096 

3338 

3580 

3822 

4064 

4306 

4548 

4790 

5031 

242 

180 

255273 

5514 

5755 

5996 

6237 

6477 

6718 

6958 

7198 

7439 

241 

181 

7679 

7.918 

8158 

8398 

8637 

8877 

9116 

9355 

9594 

9833 

239 

182 

260071 

0310 

0548 

0787 

1025 

1263 

1501 

1739 

1976 

2214 

238 

183 

2451 

2688 

2925 

3162 

3399 

3636 

3873 

4109 

4346 

4582 

237 

184 

4818 

5054 

5290 

5525 

5761 

5996 

6^32 

6467 

6702 

6937 

235 

185 

7172 

7406 

7641 

7875 

8110 

8344 

8578 

8812 

9046 

9279 

234 

186 

9513 

9746 

9980 

•213 

•446 

•679 

•912 

1144 

1377 

1609 

233 

187 

271842 

2074 

2306 

2538 

2770 

3001 

3233 

3464 

3696 

3927 

232 

188 

4158 

4389 

4620 

4850 

5081 

5311 

5542 

5772 

6002 

6232 

230 

189 

6462 

6692 

6921 

7151 

7380 

7609 

7838 

8067 

8296 

8525 

229 

190 

278754 

8982 

9211 

9439 

9667 

9895 

•123 

•351 

•578 

•806 

228 

191 

281033 

12G1 

1488 

1715 

1942 

2169 

2396 

2622 

2849 

3075 

227 

192 

3301 

3527 

3753 

3979 

4205 

4431 

4656 

4882 

5107 

5332 

226 

193 

5557 

5782 

6007 

6232 

6456 

6681 

6905 

7130 

7354 

7578 

225 

194 

7802 

8026 

8249 

8473 

8696 

8920 

9143 

9366 

9589 

9812 

223 

195 

290035 

0257 

0480 

0702 

0925 

1147 

1369 

1591 

1813 

2034 

222 

196 

2256 

2478 

2699 

2920 

3141 

3363 

3584 

3804 

4025 

4246 

221 

197 

4466 

4087 

4907 

5127 

5347 

5567 

5787 

G(l{)7 

622G 

GI4G 

220 

198 

6605 

6884 

7104 

7323 

7542 

7761 

797'J 

8198 

841 G 

8G35 

219 

199 

8853 

9071 

9289 

9507 

9725 

9943 

•IGl 

•378 

•595 

•813 
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Viii  A  TABLE  OF  LOGARIT^MS  FROM  1  TO  10,000. 


N. 

0     1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

200 

301030 

1247 

1464 

1681 

1898 

2114 

2331 

2547 

2764 

2980 

217 

201 

3196 

3412 

3628 

3844 

4059 

4275 

4491 

4706 

4921 

5136 

216 

202 

5351 

5566 

5781 

6996 

6211 

6425 

6639 

6854 

7068 

7282 

215 

203 

7496 

7710 

7924 

8137 

8351 

8564 

8778 

8991 

9204 

9417 

213 

204 

9630 

9843 

••56 

•268 

•481 

•693 

•906 

1118 

1330 

1542 

212 

205 

311754 

1966 

2177 

2389 

26U0 

2812 

3023 

3234 

3445 

3656 

211 

206 

8867 

4078 

4289 

4499 

4710 

4920 

5130 

5340 

5551 

5760 

210 

207 

5970 

6180 

6390 

6599 

6809 

7018 

7227 

7436 

7646 

7854 

209 

208 

8063 

8272 

8481 

8689 

8898 

9106 

9314 

9522 

9730 

9938 

208 

209 

320146 

0354 

0562 

0769 

0977 

1184 

1391 

1598 

1805 

2012 

207 

210 

322219 

2426 

2633 

2889 

3046 

3252 

3458 

3665 

3871 

4077 

206 

211 

4282 

4488 

4694 

4899 

5105 

5310 

5516 

5721 

5926 

6131 

205 

212 

6336 

6541 

6745 

6950 

7155 

7359 

7563 

7767 

7972 

8176 

204 

213 

8380 

8583 

8787 

8991 

9194 

9398 

9601 

9805 

•••8 

•211 

203 

214 

330414 

0617 

0819 

1022 

1225 

1427 

1630 

1832 

2034 

2236 

202 

215 

2438 

2640 

2842 

3044 

3246 

3447 

3649 

3850 

4051 

4253 

202 

216 

4454 

4655 

4856 

5057 

5257 

5458 

5658 

5859 

6059 

6260 

201 

217 

6460 

6660 

6860 

7060 

7260 

7459 

7659 

7858 

8058 

8257 

200 

218 

8456 

8656 

8855 

9054 

9253 

9451 

9650 

9849 

••47 

•246 

199 

219 

340444 

0642 

0841 

1039 

1237 

1435 

1632 

1830 

2028 

2226 

198 

220 

342423 

2620 

2817 

3014 

3212 

3109 

3606 

3802 

3999 

4196 

197 

221 

4392 

4589 

4785 

4981 

5178 

5374 

5570 

5766 

5962 

6157 

196 

222 

6353 

6549 

G744 

6939 

7135 

7330 

7525 

7720 

7915 

8110 

195 

223 

8305 

8500 

8694 

8889 

9083 

9278 

9472 

9666 

9860 

••54 

194 

224 

350248 

0442 

0636 

0829 

1023 

1216 

1410 

1603 

1796 

1989 

193 

225 

2183 

2375 

2568 

2761 

2954 

3147 

3339 

3532 

3724 

3916 

193 

226 

4108 

4301 

4493 

4685 

4876 

5068 

5260 

5452 

5643 

5834 

192 

227 

6026 

6217 

6408 

6599 

6790 

6981 

7172 

7363 

7554 

7744 

191 

228 

7935 

8125 

8316 

8506 

8696 

8886 

9076 

9266 

9456 

9646 

190 

229 

9835 

••25 

•215 

•404 

•593 

•783 

•972 

1161 

1350 

1539 

189 

230 

361728 

1917 

2105 

2294 

2482 

2671 

2859 

3048 

3236 

3424 

188 

231 

3612 

3800 

3988 

4176 

4363 

4551 

4739 

4926 

5113 

5301 

188 

232 

5488 

5675 

5862 

6049 

6236 

6423 

6610 

6796 

6983 

7169 

187 

233 

7356 

7542 

7729 

7915 

8101 

82b7 

8473 

8659 

8845 

9030 

186 

234 

9216 

9401 

9587 

9772 

9958 

•143 

•328 

•513 

•098 

•883 

185 

235 

371068 

1253 

1437 

1622 

1806 

1991 

2175 

23G0 

2544 

2728 

184 

236 

2912 

3096 

3280 

3464 

3647 

3831 

4015 

4198 

4382 

4565 

184 

237 

4748 

4932 

5115 

5298 

5481 

5664 

5846 

6029 

6212 

6394 

183 

238 

6577 

6759 

6942 

7124 

7306 

7488 

7670 

7852 

8034 

8216 

182 

239 

8398 

8580 

8761 

8943 

9124 

9306 

9487 

9668 

9849 

••30 

181 

240 

380211 

0392 

0573 

0754 

0934 

1115 

1296 

1476 

1656 

1837 

181 

241 

2017 

2197 

2377 

2557 

2737 

2917 

3097 

3277 

3466 

3636 

180 

242 

3815 

3995 

4174 

4353 

4533 

4712 

4891 

5070 

5249 

5428 

179 

243 

5606 

5785 

5964 

6142 

6321 

6499 

6677 

6856 

7034 

7212 

178 

244 

7390 

7568 

7746 

7923 

8101 

8279 

8456 

8634 

8811 

8989 

178 

245 

9166 

9343 

9520 

9698 

9875 

••51 

•228 

•405 

•582 

•759 

177 

246 

390935 

1112 

1288 

1464 

1641 

1817 

1993 

2169 

2345 

2521 

176 

247 

2697 

2873 

3045 

3224 

3400 

3575 

3751 

3926 

4101 

4277 

176 

248 

4452 

4627 

4802 

4977 

5152 

5326 

5501 

5676 

5850 

6025 

175 

249 

6199 

6374 

6548 

6722 

6896 

7071 

7245 

7419 

7592 

7760 

174 
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A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

2G0 

397940 

8114 

8287 

8461 

8634 

8808 

8981 

9154 

9328 

9501 

173 

251 

9674 

9847 

••20 

•192 

•365 

•538 

•711 

•883 

1056 

1228 

r.s 

252 

401401 

1573 

1745 

1917 

2089 

2261 

2433 

2605 

2777 

2949 

112 

253 

3121 

3292 

3464 

3635 

3807 

3978 

4149 

4320 

4492 

4663 

l?i 

254 

4834 

5005 

5176 

5346 

5517 

5688 

5858 

6029 

6199 

6370 

171 

255 

6540 

6710 

6881 

7051 

7221 

7391 

7561 

7731 

7901 

8070 

170 

256 

8240 

8410 

8579 

8749 

8918 

9087 

9257 

9426 

9595 

9764 

169 

257 

9933 

•102 

•271 

•440 

•609 

•777 

•946 

1114 

1283 

1451 

169 

258 

41ie20 

1788 

1956 

2124 

2293 

2461 

2629 

2796 

2964 

3132 

168 

259 

3300 

3467 

3635 

3803 

3970 

4137 

4305 

4472 

4639 

4806 

167 

260 

414973 

5140 

5307 

5474 

5641 

5808 

5974 

6141 

6308 

6474 

167 

261 

6641 

6807 

6973 

7139 

7306 

7472 

7638 

7804. 

7970 

8135 

106 

262 

8301 

8467 

8633 

8798 

8964 

9129 

9295 

9460 

9625 

9791 

165 

263 

9950 

•121 

•286 

•451 

•616 

•781 

•945 

1110 

1275 

1439 

165 

264 

421604 

1768 

1933 

2097 

2261 

2426 

2590 

2754 

2918 

3082 

164 

265 

3246 

3410 

3574 

3737 

3901 

4065 

4228 

4392 

4555 

4718 

164 

266 

4882 

5045 

5208 

5371 

5534 

5697 

5860 

G023 

6186 

6349 

163 

267 

6511 

6674 

0836 

6999 

7161 

7324 

7486 

7648 

7811 

7973 

102 

268 

8135 

8297 

8459 

8621 

8783 

8944 

9106 

9268 

9429 

9591 

162 

269 

9752 

9914 

••75 

•236 

•398 

•559 

•720 

•881 

1042 

1203 

161 

270 

431364 

1525 

1685 

1846 

2007 

2167 

2328 

2488 

2649 

2809 

161 

271 

2969 

3130 

3290 

3450 

3610 

3770 

3930 

4090 

4249 

4409 

160 

272 

4569 

4729 

4888 

5048 

5207 

5367 

5526 

5685 

5844 

6004 

159 

273 

6163 

6322 

6481 

6640 

6799 

0957 

7116 

7275 

7433 

7592 

159 

274 

7751 

7909 

8067 

8226 

8384 

8542 

8701 

8859 

9017 

9175 

158 

275 

9333 

9491 

9648 

9806 

9964 

•122 

•279 

•437 

•594 

•752 

158 

276 

440909 

1066 

1224 

1381 

1538 

1695 

1852 

2009 

2166 

2323 

157 

277 

2480 

2637 

2793 

2950 

3106 

3263 

3419 

3576 

3732 

3889 

157 

278 

4045 

4201 

4357 

4513 

4669 

4825 

4981 

5137 

5293- 

5449 

156 

279 

5604 

5760 

5915 

6071 

6226 

6382 

6537 

6692 

6848 

7003 

155 

280 

447158 

7313 

7468 

7623 

7778 

7933 

8088 

8242 

8397 

8552 

155 

281 

8706 

8861 

9015 

9170 

9324 

9478 

9633 

9787 

9941 

••95 

154 

282 

450249 

0403 

0557 

0711 

0865 

1018 

1172 

1326 

1479 

1633 

154 

283 

1786 

1940 

2093 

2247 

2400 

2553 

2706 

2859 

3012 

3165 

153 

284 

33  J  8 

3471 

3624 

3777 

3930 

4082 

4235 

4387 

4540 

4692 

153 

285 

4845 

4997 

5150 

5302 

5454 

5606 

5758 

5910 

6062 

6214 

152 

286 

6366 

0518 

6670 

6821 

6973 

7125 

7276 

7428 

7579 

7731 

152 

287 

7882 

8033 

8184 

8336 

8487 

8638 

8789 

8940 

9091 

9242 

151 

288 

9392 

9543 

9694 

9845 

9995 

•146 

•296 

•447 

•597 

•748 

151 

289 

460898 

1048 

1198 

1348 

1499 

1649 

1799 

1948 

2098 

2248 

150 

290 

462398 

2548 

2697 

2847 

2997 

3146 

3296 

3445 

3594 

3744 

150 

291 

3893 

4042 

4191 

4340 

4490 

4639 

4788 

4936 

5035 

5234 

149 

292 

5383 

5532 

5680 

5829 

5977 

6126 

6274 

6423 

6571 

6719 

149 

293 

6868 

7016 

7164 

7312 

7460 

7608 

7756 

7904 

8052 

8200 

148 

294 

8347 

8495 

8643 

8790 

8938 

9085 

9233 

9380 

9527 

9675 

148 

295 

9822 

9969 

•116 

•203 

•410 

•557 

•704 

•851 

•998 

1145 

147 

296 

471291 

1438 

1585 

1732 

1878 

2025 

2171 

2318 

2464 

2610 

146 

297 

2756 

2903 

3049 

3195 

3341 

3487 

3633 

3779 

3925 

4071 

146 

298 

4216 

4362 

4508 

4653 

4799 

4944 

5090 

5235 

5381 

552G 

146 

299 

5671 

5816 

5962 

6107 

6252 

G397 

6542 

6687 

6332 

6976 

145 
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A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

300 

477121 

7266 

7411 

7555 

7700 

7844 

7989 

8133 

8278 

8422 

145 

301 

8566 

8711 

8855 

8999 

9143 

9287 

9431 

9575 

9719 

9863 

144 

302 

480007 

0151 

0294 

0438 

0582 

0725 

0869 

1012 

1156 

1299 

144 

303 

1443 

1586 

1729 

1872 

2016 

2159 

2302 

2445 

2588 

2731 

143 

304 

2874 

3016 

3159 

3302 

3445 

3587 

3730 

3872 

4015 

4157 

143 

305 

4300 

4442 

4585 

4727 

4869 

5011 

5153 

5295 

5437 

5579 

142 

306 

5721 

5S63 

6005 

6147 

6289 

6430 

6572 

6714 

6855 

6997 

142 

307 

7138 

7280 

7421 

7563 

7704 

7845 

7986 

8127 

8269 

8410 

141 

308 

8551 

8692 

8833 

8974 

9114 

9255 

9396 

9537 

9677 

9818 

141 

309 

9958 

••99 

•239 

•380 

•520 

•661 

•801 

•941 

1081 

1222 

140 

310 

491362 

1502 

1642 

1782 

1922 

2062 

2201 

2341 

2481 

2621 

140 

311 

2760 

2900 

3010 

3179 

3319 

3458 

3597 

3737 

3876 

4015 

139 

312 

4155 

4291 

4433 

4572 

4711 

4850 

4989 

5128 

5267 

5406 

139 

313 

5544 

5683 

5822 

59G0 

6099 

6238 

6376 

6515 

6653 

6791 

139 

314 

6930 

7068 

7206 

7344 

7483 

7621 

7759 

7897 

8035 

8173 

138 

316 

8311 

8448 

8586 

8724 

8862 

8999 

9137 

9275 

9412 

9550 

138 

316 

9687 

9824 

9962 

••99 

•236 

•374 

•511 

•648 

•785 

•922 

137 

317 

501059 

1196 

1333 

1470 

1607 

1744 

1880 

2017 

2154 

2291 

137 

318 

2427 

2564 

2700 

2837 

2973 

3109 

3246 

3382 

3518 

3655 

136 

319 

3791 

3927 

4063 

4199 

4335 

4471 

4607 

4743 

4878 

5014 

136 

320 

505150 

5286 

5421 

5557 

5693 

5828 

5964 

6099 

6234 

6370 

136 

321 

6505 

6640 

6776 

6911 

7046 

7181 

7316 

7451 

7586 

7721 

135 

322 

7856 

7991 

8126 

8260 

8395 

8530 

8664 

8799 

8934 

9068 

135 

323 

9203 

9337 

9471 

9606 

9740 

9874 

•••9 

•143 

•277 

•411 

134 

324 

510545 

0679 

0813 

0947 

1081 

1215 

1349 

1482 

1616 

1750 

134 

325 

1883 

2017 

2151 

2284 

2418 

2551 

2684 

2818 

2951 

3084 

133 

326 

3218 

3351 

3484 

3617 

3750 

3883 

4016 

4149 

4282 

4414 

133 

327 

4548 

4681 

4813 

4946 

5079 

5211 

5344 

5476 

5609 

5741 

133 

328 

58T4 

6006 

6139 

6271 

6403 

6535 

G668 

6800 

6932 

7064 

132 

329 

7196 

7328 

7460 

7592 

7724 

7855 

7987 

8119 

8251 

8382 

132 

330 

518514 

8646 

8777 

8909 

9040 

9171 

9303 

9434 

9566 

9697 

131 

331 

9828 

9959 

••90 

•221 

•353 

•484 

•615 

•745 

•876 

1007 

131 

332 

521138 

1269 

1400 

1530 

1661 

1792 

1922 

2053 

2183 

2314 

131 

333 

2444 

2575 

2705 

2835 

2966 

3096 

3226 

3356 

3486 

3616 

130 

334 

3746 

3876 

4C06 

4136 

4266 

4396 

4526 

4656 

4785 

4915 

130 

335 

5045 

5174 

5304 

5434 

5503 

5693 

5822 

5951 

6081 

G210 

129 

336 

6339 

6469 

6598 

6727 

6856 

6985 

7114 

7243 

7372 

7501 

129 

337 

7630 

7759 

7888 

8016 

8145 

8274 

8402 

8531 

8660 

8788 

129 

338 

8917 

9045 

9174 

9302 

9430 

9559 

9687 

9815 

9943 

••72 

128 

339 

530200 

0328 

0456 

0584 

0712 

0840 

0968 

1096 

1223 

1351 

128 

340 

531479 

1007 

1734 

1862 

1990 

2117 

2245 

2372 

2500 

2627 

128 

341 

2754 

2882 

3009 

3136 

3264 

3391 

3518 

3645 

3772 

3899 

127 

342 

4026 

4153 

4280 

4407 

4534 

4661 

4787 

4914 

5041 

5167 

127 

343 

5294 

5421 

5547 

5674 

5800 

5927 

6053 

6180 

6306 

6432 

126 

344 

6558 

6685 

6811 

6937 

7063 

7189 

7315 

7441 

7567 

7693 

126 

345 

7819 

7945 

8071 

8197 

8322 

8448 

8574 

8699 

8825 

8951 

126 

346 

9076 

9202 

9327 

9452 

9578 

9703 

9829 

9954 

••79 

•204 

125 

347 

540329 

0455 

0580 

0705 

0830 

0955 

1080 

1205 

1330 

1454 

125 

318 

1579 

1704 

1829 

1953 

2078 

2203 

2327 

2452 

2576 

2701 

125 

349 

2825 

2950 

3074 

3199 

3323 

3447 

3571 

3696 

3820 

3944 

124 
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A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


XI 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

350 

544068 

4192 

4316 

4440 

4564 

4688 

4812 

4936 

5060 

5183 

124 

351 

5307 

5431 

5555 

5678 

5802 

5925 

6049 

6172 

6296 

6419 

124 

352 

6543 

6666 

6789 

6913 

7036 

7159 

7282 

7405 

7529 

7652 

123 

353 

7775 

7898 

8021 

8144 

8267 

8389 

8512 

8635 

8758 

8881 

123 

354 

9003 

9126 

9249 

9371 

9494 

9616 

9739 

9861 

9984 

•106 

123 

355 

550228 

0351 

0473 

0595 

0717 

0840 

0962 

1084 

1206 

1328 

122 

356 

1450 

1572 

1694 

1816 

1938 

2060 

2181 

2303 

2425 

2547 

122 

357 

2668 

2790 

2911 

3033 

3155 

3276 

3398 

3519 

3640 

3762 

121 

358 

3883 

4004 

4126 

4247 

4368 

4489 

4610 

4731 

4852 

4973 

121 

359 

5094 

5215 

5336 

5457 

5578 

5699 

5820 

5940 

6061 

6182 

121 

360 

556303 

6423 

6544 

6664 

6785 

6905 

7026 

7146 

7267 

7387 

120 

361 

7507 

7627 

7748 

7868 

7988 

8108 

8228 

8349 

8469 

8589 

120 

362 

8709 

8829 

8948 

9068 

9188 

9308 

9428 

9548 

9667 

9787 

120 

363 

9907 

••26 

•146 

•265 

•385 

•504 

•624 

•743 

•863 

•982 

119 

364 

561101 

1221 

1340 

1459 

1578 

1698 

1817 

1936 

2055 

2174 

119 

365 

2293 

2412 

2531 

2650 

2769 

2887 

3006 

8125 

3244 

3362 

119 

366 

3481 

3600 

3718 

3837 

3955 

4074 

4192 

4311 

4429 

4548 

119 

367 

4666 

4784 

4903 

5021 

5139 

5257 

5376 

5494 

5612 

5730 

118 

368 

5348 

5966 

G084 

6202 

G320 

6437 

6555 

6673 

6791 

0909 

118 

369 

7026 

7144 

7262 

7379 

7497 

7614 

7732 

7849 

7967 

8084 

118 

370 

568202 

8319 

8436 

8554 

8671 

8788 

8905 

9023 

9140 

9257 

117 

371 

9374 

9491 

9608 

9725 

9812 

9959 

••76 

•193 

•309 

•426 

117 

372 

570543 

0660 

0776 

0893 

1010 

1126 

1243 

1359 

1476 

1592 

117 

373 

1709 

1825 

1942 

2058 

2174 

2291 

2407 

2523 

2639 

2755 

116 

374 

2872 

2988 

3104 

3220 

3336 

3452 

3568 

3684 

3800 

3915 

116 

375 

4031 

4147 

4263 

4379 

4494 

4610 

4726 

4841 

4957 

5072 

116 

376 

5188 

5303 

5419 

5534 

5650 

5765 

5880 

5996 

6111 

6226 

115 

377 

6341 

6457 

6572 

6687 

6802 

6917 

7032 

7147 

7262 

7377 

115 

378 

7492 

7607 

7722 

7836 

7951 

8066 

8181 

8295 

8410 

8525 

115 

379 

8639 

8754 

8868 

8983 

9097 

9212 

9326 

9441 

9555 

9669 

114 

380 

579784 

9898 

••12 

•126 

•241 

•355 

•469 

•583 

•697 

•811 

114 

381 

580925 

1030 

1153 

1267 

1381 

1495 

1608 

1722 

1836 

1950 

114 

382 

2063 

2177 

2291 

2404 

2518 

2631 

2745 

2858 

2972 

3085 

114 

383 

3199 

3312 

3426 

3539 

3652 

3765 

3879 

3992 

4105 

4218 

113 

384 

4331 

4444 

4557 

4670 

4783 

4896 

5009 

5122 

5235 

5348 

113 

385 

5461 

5574 

5686 

5799 

5912 

6024 

6137 

6250 

6362 

6475 

113 

386 

6587 

6700 

6812 

6925 

7037 

7149 

7262 

7374 

7486 

7599 

112 

387 

7711 

7823 

7935 

8047 

8160 

8272 

8384 

8496 

8608 

8720 

112 

388 

8832 

8944 

9056 

9167 

9279 

9391 

9503 

9615 

9726 

9838 

112 

389 

9950 

••61 

•173 

•284 

•396 

•507 

•619 

•730 

•842 

•953 

112 

390 

591065 

1176 

1287 

1399 

1510 

1621 

1732 

1843 

1955 

2066 

111 

391 

2177 

2288 

2399 

2510 

2621 

2732 

2843 

2954 

3064 

3175 

111 

392 

3286 

3397 

3508 

3618 

3729 

3840 

3950 

4061 

4171 

4282 

111 

393 

4393 

4503 

4G14 

4724 

4834 

4945 

5055 

5165 

5276 

5386 

110 

394 

5496 

5606 

5717 

5827 

5937 

6047 

6157 

6267 

6377 

6487 

110 

395 

6597 

0707 

6817 

6927 

7037 

7146 

7256 

7366 

7476 

7586 

110 

396 

7695 

7805 

7914 

8024 

8134 

8243 

8353 

8462 

8572 

8681 

110 

397 

8791 

8900 

9009 

9119 

9228 

9337 

9446 

9556 

9665 

9774 

109 

398 

9883 

9992 

•101 

•210 

•319 

•428 

•537 

•646 

•755 

•834 

109 

399 

600973 

1082 

1191 

1299 

1408 

1517 

1625 

1734 

1843 

1951 
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A  TABLE  OF  LOGARITHMS  FROM 

1  TO  10,000. 

N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

400 

802060 

2169 

2277 

2386 

2494 

2603 

2711 

2819 

£928 

3036 

108 

401 

3144 

3253 

3361 

3469 

3577 

3686 

3794 

3902 

4010 

4118 

108 

402 

4226 

4334 

4442 

4550 

4658 

4766 

4874 

4982 

5089 

5197 

108 

403 

5305 

5413 

5521 

5628 

5736 

5844 

5951 

6059 

6166 

6274 

108 

404 

6381 

6489 

6596 

6704 

6811 

6919 

7026 

7133 

7241 

7348 

107 

405 

7455 

7562 

7669 

7777 

7884 

7991 

8098 

8205 

8312 

8419 

107 

406 

8526 

8633 

8740 

8847 

8954 

9061 

9167 

9274 

93S1 

9488 

107 

407 

9594 

9701 

9808 

9914 

••21 

•128 

•234 

•341 

•447 

•554 

107 

408 

610660 

0767 

0873 

0979 

1086 

1192 

129b 

1405 

1511 

1617 

106  - 

409 

1723 

1829 

1936 

2042 

2148 

2254 

2360 

2466 

2572 

2678 

106  " 

410 

612784 

2890 

2996 

.3102 

3207 

3313 

3419 

3525 

3630 

3736 

106 

411 

3842 

3947 

4053 

4159 

4264 

4370 

4475 

4581 

4686 

479  J 

106 

412 

4897 

5003 

5108 

5213 

5319 

5424 

5529 

5634 

5740 

5845 

105 

413 

5950 

0055 

6160 

6265 

6370 

6476 

6581 

6686 

6790 

6895 

105 

414 

7000 

7105 

7210 

7315 

7420 

7525 

7629 

7734 

7839 

7943 

105 

415 

8018 

8153 

8257 

83G2 

8466 

8571 

8676 

8780 

8884 

8989 

105 

416 

9093 

9198 

9302 

9406 

9511 

9615 

9719 

9824 

9928 

••32 

104 

417 

620136 

0240 

0344 

0448 

0552 

0656 

0760 

0864 

0968 

1072 

104 

418 

1176 

1280 

1384 

1488 

1592 

1695 

1799 

1903 

2007 

2110 

104 

419 

2214 

2318 

2421 

2525 

2628 

2732 

2835 

2939 

3042 

3146 

104 

420 

623249 

3353 

3456 

3559 

3663 

3766 

3869 

3973 

4076 

4179 

103 

421 

4282 

4085 

4488 

4591 

4695 

4798 

4901 

5004 

5107 

5210 

103 

422 

5312 

5415 

5518 

5021 

5724 

5827 

5929 

6032 

6135 

6238 

103 

423 

6340 

0443 

6546 

6648 

6751 

6853 

6956 

7058 

7161 

7263 

103 

424 

7306 

7468 

7571 

7673 

7775 

7878 

7980 

8082 

8185 

8287 

102 

425 

8389 

8491 

8593 

8095 

8797 

8900 

9002 

9104 

9206 

9C08 

102 

426 

9410 

9512 

9613 

9715 

9817 

9919 

••21 

•123 

•224 

•326 

102 

427 

630428 

0530 

0031 

0733 

0835 

0936 

1038 

1139 

1241 

1342 

x02 

428 

1444 

1545 

1647 

1748 

1849 

1951 

2052 

2153 

2255 

2356 

101 

429 

2457 

2559 

2660 

2761 

2862 

2963 

3064 

3165 

3266 

3367 

101 

430 

633468 

3569 

3670 

3771 

3872 

3973 

4074 

4175 

4276 

4376 

100 

431 

4477 

4578 

4079 

4779 

4880 

4981 

5081 

5182 

5283 

5383 

100 

432 

5484 

5584 

5685 

5785 

5886 

5986 

6087 

6187 

6287 

6388 

100 

433 

6488 

0588 

C688 

0789 

0889 

6989 

7089 

7189 

7-90 

7390 

100 

434 

7490 

7590 

7690 

7790 

7890 

7990 

8090 

8190 

8290 

8389 

99 

435 

8489 

8589 

8689 

8789 

8888 

8988 

9088 

9183 

9287 

9387 

99 

436 

9486 

9586 

9G86 

9785 

9885 

9984 

••84 

•183 

•283 

•382 

99 

437 

640481 

0581 

0G80 

0779 

0879 

0978 

1077 

1177 

1276 

1375 

99 

438 

1474 

1573 

1672 

1771 

1871 

1970 

20G9 

2168 

2267 

2366 

99 

439 

2465 

2563 

2662 

2761 

2860 

2959 

3058 

3156 

3255 

3354 

99 

440 

643453 

3551 

3650 

3749 

3847 

3946 

4044 

4143 

4242 

4340 

98 

441 

4439 

4537 

4636 

4734 

4832 

4931 

5029 

5127 

5226 

5324 

98 

442 

5422 

5521 

5619 

5717 

5815 

5913 

6011 

6110 

6208 

6306 

98 

443 

6404 

6502 

6600 

6698 

6796 

6894 

6992 

7089 

7187 

7285 

98 

444 

7383 

7481 

7579 

7676 

7774 

7872 

7969 

8067 

8165 

8262 

98 

445 

8360 

8458 

8555 

8653 

8750 

8848 

8945 

9043 

9140 

9237 

97 

446 

9335 

9432 

9530 

9627 

9724 

9821 

9919 

••16 

•113 

•210 

97 

447 

650308 

0405 

0502 

0599 

0696 

0793 

0890 

0987 

1084 

1181 

97 

448 

1278 

1375 

1472 

1569 

1666 

1762 

1859 

1956 

2053 

2150 

97 

i  449 

2246 

2343 

2440 

2536 

2633 

2730 

28i6 

2923 

3019 

3116 

97 
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N. 

0 

1 

2 

3 
3502 

4 

5 

6 

7 

8 

9    D. 

450 

653213 

3309 

3405 

3598 

3695 

3791 

3888 

3984 

4080 

96 

451 

4177 

4273 

4369 

4465 

4562 

4658 

4754 

4850 

4946 

5042 

96 

452 

5138 

5235 

5331 

5427 

5523 

5619 

5715 

5810 

5906 

6002 

96 

453 

6098 

0194 

6290 

6386 

6482 

6577 

6673 

6769 

6864 

6960 

96 

454 

7056 

7152 

7247 

7343 

7438 

7534 

7629 

7725 

7820 

7916 

96 

455 

8011 

8107 

8202 

8298 

8393 

8488 

8584 

8679 

8774 

8870 

95 

456 

8965 

9060 

9155 

9250 

9346 

9441 

9536 

9631 

9726 

9821 

95 

457 

9916 

••11 

•106 

•201 

•296 

•391 

•486 

•581 

•676 

•771 

95 

458 

660865 

0960 

1055 

1150 

1245 

1339 

1434 

1529 

1623 

1718 

95 

459 

1813 

1907 

2002 

2096 

2191 

2286 

2380 

2475 

2569 

2663 

95 

460 

662758 

2852 

2947 

3041 

3135 

3230 

3324 

3418 

3512 

3607 

94 

461 

3701 

3795 

3889 

3983 

4078 

4172 

4266 

4360 

4454 

4548 

94 

462 

4642 

4736 

4830 

4924 

5018 

5112 

5206 

5299 

5393 

5487 

94 

463 

55S1 

5675 

5769 

5862 

5956 

6050 

6143 

6237 

6331 

6424 

94 

464 

6518 

6612 

6705 

6799 

6892 

6986 

7079 

7173 

7266 

7360 

94 

465 

7453 

7546 

7640 

7733 

7826 

7920 

8013 

8106 

8199 

8293 

93 

466 

8386 

8479 

8572 

8665 

8759 

8852 

8945 

9038 

9131 

9224 

93 

467 

9317 

9410 

9503 

9596 

9689 

9782 

9875 

9967 

••60 

•153 

93 

468 

670246 

0339 

0431 

0524 

0617 

0710 

0802 

0895 

0988 

1080 

93 

469 

1173 

1265 

1358 

1451 

1543 

1636 

1728 

1821 

1913 

2005 

93 

470 

672098 

2190 

2283 

2375 

2467 

2560 

2652 

2744 

2836 

2929 

92 

471 

3021 

3113 

3205 

3297 

3390 

3482 

3574 

3666 

3758 

3850 

92 

472 

3942 

4034 

4126 

4218 

4310 

4402 

4494 

4586 

4677 

4769 

92 

473 

4861 

4953 

5045 

5137 

5228 

5320 

5412 

5503 

5595 

5687 

92 

474 

5778 

5870 

5962 

6053 

6145 

6236 

6328 

6419 

6511 

6602 

92 

475 

6694 

6785 

6876 

69G8 

7059 

7151 

7242 

7333 

7424 

7516 

91 

476 

7607 

7698 

7789 

7881 

7972 

8063 

8154 

8245 

8336 

8427 

91 

477 

8518 

8609 

8700 

8791 

8882 

8973 

9064 

9155 

9246 

9337 

91 

478 

9428 

9519 

9610 

9700 

9791 

9882 

9973 

••63 

•154 

•245 

91 

479 

680336 

0426 

0517 

0607 

0698 

0789 

0879 

0970 

1060 

1151 

91 

480 

681241 

1332 

1422 

1513 

1603 

1693 

1784 

1874 

1964 

2055 

90 

481 

2145 

2235 

2326 

2416 

2506 

2590 

268G 

2777 

2807 

2957 

90 

482 

3047 

3137 

3227 

3317 

3407 

3497 

3587 

3677 

3767 

3857 

90 

483 

3947 

4037 

4127 

4217 

4307 

4396 

4486 

4576 

4666 

4756 

90 

484 

4845 

4935 

5025 

5114 

5204 

5294 

5383 

5473 

5563 

5652 

90 

485 

5742 

5831 

5921 

6010 

6100 

6189 

6279 

6368 

6458 

6547 

89 

486 

6636 

0726 

6815 

6904 

6994 

7083 

7172 

7261 

7351 

7440 

89 

487 

7529 

7618 

7707 

779G 

7886 

7975 

8064 

8153 

8242 

8331 

89 

488 

8420 

8509 

8598 

8687 

8776 

8865 

8953 

9042 

9131 

9220 

89 

489 

9309 

9398 

9486 

9575 

9664 

9753 

9841 

9930 

••19 

•107 

89 

490 

690196 

0285 

0373 

0462 

0550 

0639 

0728 

0816 

0905 

0993 

89 

491 

1081 

1170 

1258 

1347 

1435 

1524 

1612 

1700 

1789 

1877 

88 

492 

1965 

2053 

2142 

2230 

2318 

2406 

2494 

2583 

2671 

2759 

88 

493 

2847 

2935 

3023 

3111 

3199 

3287 

3375 

3463 

3551 

3639 

88 

494 

3727 

3815 

3903 

3991 

4078 

4166 

4254 

4342 

4430 

4517 

88 

495 

.  4605 

4693 

4781 

4868 

4956 

5044 

5131 

5219 

5307 

5394 

88 

496 

5482 

6569 

5657 

5744 

5832 

5919 

6007 

6094 

6182 

6269 

87 

497 

6356 

6444 

6531 

6618 

6706 

6793 

6880 

6968 

7055 

7142 

87 

498 

7229 

7317 

7404 

7491 

7578 

7665 

7752 

7839 

7926 

8014 

87 

499 

8101 

8188 

8275 

8362 

8449 

8535 

8622 

8709 

8796 

8883 

87 
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N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

500 

698970 

9057 

9144 

9231 

9317 

9404 

9491 

9578 

9664 

9751 

87 

501 

9838 

9924 

••11 

••98 

•184 

•271 

•358 

•444 

•531 

•617 

87 

502 

700704 

0790 

0b77 

0963 

1050 

1136 

1222 

1309 

1395 

1482 

86 

603 

1568 

1654 

1741 

1827 

1913 

1999 

2086 

2172 

2258 

2344 

86 

504 

2431 

2517 

2603 

2689 

2776 

2861 

2947 

3033 

3119 

3205 

86 

505 

3291 

3377 

3463 

3549 

3635 

3721 

3807 

3895 

3979 

4065 

86 

506 

4151 

4236 

4322 

4408 

4494 

4579 

4665 

4751 

4837 

4922 

86 

507 

5008 

5094 

5179 

6265 

5350 

5436 

5522 

5607 

5693 

5778 

86 

508 

5864 

5949 

6035 

6120 

6206 

6291 

6376 

6462 

6547 

6632 

85 

509 

6718 

0803 

6888 

6974 

7059 

7144 

7229 

7315 

7400 

7485 

85 

510 

707570 

7655 

7740 

7826 

7911 

7996 

8081 

8166 

8251 

8336 

85 

511 

8421 

8506 

8591 

8676 

8761 

8846 

8931 

9016 

9100 

9185 

85 

512 

9270 

9355 

9440 

9524 

9609 

9694 

9779 

9863 

9948 

••33 

85 

513 

710117 

0202 

0287 

0371 

0456 

0540 

0625 

0710 

0794 

0879 

85 

514 

0963 

1048 

1132 

1217 

1301 

1385 

1470 

1554 

1639 

1723 

84 

515 

1807 

1892 

1976 

2060 

2144 

2229 

2313 

2397 

2481 

2566 

84 

516 

2650 

2734 

2818 

2902 

2986 

3070 

3154 

3238 

3323 

3407 

84 

517 

3491 

3575 

3659 

3742 

3826 

3910 

3994 

4078 

4162 

4246 

84 

518 

4330 

4414 

4497 

4581 

4665 

4749 

4833 

4916 

5000 

5084 

84 

519 

5167 

5251 

5335 

5418 

5502 

5586 

5669 

5753 

5836 

6920 

84 

520 

716003 

6087 

6170 

6254 

6337 

6421 

6504 

6588 

6671 

6754 

83 

521 

6838 

6921 

7004 

7088 

7171 

7254 

7338 

7421 

7504 

7587 

83 

522 

7671 

7754 

7837 

7920 

8003 

8086 

8169 

8263 

8336 

8419 

83 

523 

8502 

8585 

8668 

8751 

8834 

8917 

9000 

9083 

9165 

9248 

83 

524 

9331 

9414 

9497 

9580 

9663 

9745 

9828 

9911 

9994 

••77 

83 

525 

720159 

0242 

0325 

0407 

0490 

0673 

0655 

0738 

0821 

0903 

83 

526 

0986 

1068 

1151 

1233 

1316 

1398 

1481 

1563 

1646 

1728 

82 

527 

1811 

1893 

1975 

2058 

2140 

2222 

2305 

2387 

2469 

2552 

82 

528 

2634 

2716 

2798 

2881 

2963 

3045 

3127 

3209 

3291 

3374 

82 

529 

3456 

3538 

3620 

3702 

3784 

3866 

3948 

4030 

4112 

4194 

82 

530 

724276 

4358 

4440 

4522 

4604 

4685 

4767 

4849 

4931 

5013 

82 

531 

5095 

517G 

5258 

5340 

5422 

5503 

6585 

5667 

6748 

5830 

82 

532 

5912 

5993 

6075 

6156 

6238 

6320 

6401 

6483 

6564 

6646 

82 

533 

6727 

6809 

6890 

6972 

7053 

7134 

7216 

7297 

7379 

7460 

81 

534 

7541 

7623 

7704 

7785 

7866 

7948 

8029 

8110 

8191 

8273 

81 

535 

8354 

8435 

8510 

8597 

8678 

8759 

8841 

8922 

9003 

9084 

81 

53G 

91C5 

9246 

9327 

9408 

9189 

9570 

9651 

9732 

9813 

9893 

81 

537 

9974 

••55 

•136 

•217 

•298 

•378 

•459 

•540 

•621 

•702 

81 

538 

730782 

0863 

0944 

1024 

1105 

1186 

1266 

1347 

1428 

1508 

81 

539 

1589 

1669 

1750 

1830 

1911 

1991 

2072 

2152 

2233 

2313 

81 

540 

732394 

2474 

2555 

2635 

2715 

2796 

2876 

2956 

3037 

3117 

80 

541 

3197 

3278 

3358 

3438 

3518 

3598 

3679 

3759 

3839 

3919 

80 

542 

3999 

4079 

4160 

4240 

4320 

4400 

4480 

4560 

4640 

4720 

80 

543 

4800 

4880 

4960 

5040 

5120 

6200 

5279 

5359 

6439 

5519 

80 

544 

5599 

5679 

5769 

5838 

5918 

5998 

6078 

6157 

6237 

6317 

80 

515 

6397 

6476 

6556 

6635 

6715 

6795 

6874 

6954 

7034 

7113 

80 

546 

7193 

7272 

7352 

7431 

7511 

7590 

7670 

7749 

7829 

7908 

79 

547 

7987 

8067 

8146 

8225 

8305 

8384 

8463 

8543 

8622 

8701 

79 

548 

8781 

8860 

893D 

9018 

9097 

9177 

9256 

9335 

9414 

9493 

79 

549 

9572 

9651 

9731 

9810 

9889 

9968 

••47 

•126 

•205 

•284 
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XV 


N. 

0  . 

1 

2 

3 

4 

5 

6 

.  7 

8 

9 

D. 

550 

740363 

0442 

0521 

0600 

0678 

0757 

0836 

0915 

0994 

1073 

79 

551 

1152 

1230 

1309 

1388 

1467 

154G 

1624 

1703 

1782 

1860 

79 

552 

1939 

2018 

2096 

2175 

2254 

2332 

2411 

2489 

2568 

2646 

79 

553 

2725 

2804 

2882 

2961 

3039 

3118 

3196 

3275 

3353 

3431 

78 

554 

3510 

3588 

3667 

3745 

3823 

3902 

3980 

4058 

4136 

4215 

78 

555 

4293 

4371 

4449 

4528 

4606 

4084 

4762 

4840 

4919 

4997 

78 

556 

5075 

5153 

5231 

5309 

5387 

5465 

5543 

5621 

5699 

5777 

78 

557 

5855 

5933 

6011 

6089 

6167 

6245 

6323 

6401 

0479 

6556 

78 

558 

6634 

6712 

6790 

6868 

6945 

7023 

7101 

7179 

7256 

7334 

78 

659 

7412 

7489 

7567 

7646 

7722 

7800 

7878 

7955 

8033 

8110 

78 

560 

748188 

8266 

8343 

8421 

8498 

8576 

8653 

8731 

8808 

8885 

77 

561 

8963 

9040 

9118 

9195 

9272 

9350 

9427 

9304 

9582 

9659 

77 

562 

9736 

9814 

9891 

99G8 

••45 

•123 

•200 

•277 

•354 

•431 

77 

563 

750508 

0586 

0663 

0740 

0S17 

0894 

(.971 

1048 

1125 

1202 

77 

564 

1279 

1366 

1433 

1510 

1587 

1664 

1741 

1818 

1895 

1972 

77 

565 

2048 

2125 

2202 

2279 

2356 

2433 

2509 

2586 

2663 

2740 

77 

566 

2816 

2893 

2970 

3017 

3123 

3200 

3277 

3353 

3430 

3506 

77 

567 

3583 

3060 

3736 

3813 

3889 

3906 

4042 

4119 

4195 

4272 

77 

568 

4348 

4425 

4501 

4578 

4654 

4730 

4807 

4883 

4900 

5036 

76 

569 

5112 

5189 

5265 

5341 

5417 

5494 

5570 

5646 

5722 

5799 

76 

570 

755875 

5961 

6027 

6103 

6180 

6256 

6332 

6408 

6484 

6560 

76 

571 

6636 

6712 

6788 

6864 

6940 

7016 

7092 

7168 

7244 

7320 

76 

572 

7396 

7472 

7548 

7624 

7700 

7775 

7851 

7927 

8003 

8079 

76 

573 

8155 

8230 

8306 

8382 

8458 

8533 

8609 

8685 

8761 

8836 

76 

574 

8912 

8988 

9063 

9139 

9214 

9290 

9366 

9441 

9517 

9592 

76 

575 

9668 

9743 

9819 

9894 

9970 

••45 

•121 

•196 

•272 

•347 

75 

576 

760422 

0498 

0573 

0619 

0724 

0799 

0875 

0950 

1025 

1101 

75 

577 

1176 

1251 

132G 

1402 

1477 

1552 

1627 

1702 

1778 

1853 

75 

578 

1928 

2003 

2078 

2153 

2228 

2303 

2378 

2453 

2529 

2604 

75 

579 

2679 

2754 

2829 

2904 

2978 

3053 

3128 

3203 

3278 

3353 

75 

580 

763428 

3503 

3578 

3653 

3727 

3802 

3877 

3952 

4027 

4101 

75 

,  681 

4176 

4251 

4326 

4400 

4475 

4550 

4624 

4699 

4774 

4848 

75 

682 

4923 

4998 

5072 

5147 

5221 

5296 

5370 

6445 

5520 

5594 

75 

683 

5669 

5743 

5818 

5892 

5966 

6041 

6115 

0190 

6264 

6338 

74 

584 

6413 

6487 

6562 

6636 

6710 

6785 

6859 

6933 

7007 

7082 

74 

586 

715Q 

7230 

7304 

7379 

7453 

7527 

7601 

7675 

7749 

7823 

74 

586 

7898 

7972 

8046 

8120 

8194 

8208 

8342 

8416 

8490 

8564 

74 

687 

8638 

b712 

8786 

8860 

8934 

9008 

9082 

9156 

9230 

9303 

74 

688 

9377 

9451 

9525 

9599 

9673 

9746 

9820 

9894 

9968 

••42 

74 

589 

770115 

0189 

0263 

0336 

0410 

0484 

0557 

0631 

0705 

0778 

74 

590 

770852 

0926 

0999 

1073 

1146 

1220 

1293 

1367 

1440 

1514 

74 

591 

1587 

1661 

1734 

1808 

1881 

1955 

2028 

2102 

2175 

2248 

73 

592 

2322 

2395 

2468 

2542 

2615 

2688 

2762 

2836 

2908 

2981 

73 

593 

3055 

3128 

3201 

3274 

3348 

3421 

3494 

3567 

3640 

3713 

73 

594 

3786 

3860 

3933 

4006 

4079 

4152 

4225 

4298 

4371 

4444 

73 

595 

4517 

4590 

4663 

4736 

4809 

4882 

4955 

5028 

5100 

5173 

73 

596 

5246 

5319 

5392 

54G5 

5538 

5610 

5683 

5756 

6829 

5902 

73 

597 

5974 

G047 

6120 

6193 

0265 

6338 

6411 

6483 

6556 

6629 

73 

598 

6701 

6774 

6846 

6919 

6992 

•7064 

7137 

7209 

7282 

7354 

73 

699 

7427 

7499 

7572 

7644 

7717 

7789 

7862 

7934 

8006 

8079 

72 
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XVI  A  TABLE  OP  LOGARITHMS  EEOM  1  TO  10,000. 


N. 

0 

1 

a 

3 

4 

5 

6 

7 

8 

1 
9        D.   1 

600 

778151 

8224 

8296 

8368 

8441 

8513 

8585 

8658 

8730 

8802     72    1 

601 

8874 

8947 

9019 

9091 

9163 

9236 

9308 

9380 

9452 

9524 

72 

602 

9596 

9669 

9741 

9813 

9885 

9957 

••29 

•101 

•173 

•245 

72 

603 

780317 

0389 

0461 

0533 

0605 

0677 

0749 

0821 

0893 

0965 

72 

694 

1037 

1109 

1181 

1253 

1324 

1396 

1468 

1540 

1612 

1684 

72 

COS 

1755 

1827 

1899 

1971 

2042 

2114 

2186 

2258 

2329 

2401 

72 

606 

2473 

2544 

2616 

2688 

2759 

2831 

2902 

2974 

3046 

3117 

72 

607 

3189 

3260 

3332 

3403 

3475 

3546 

3618 

3689 

3761 

3832 

71 

608 

3901 

3975 

4046 

4118 

4189 

4261 

4332 

4403 

4475 

4546 

71 

609 

4617 

4689 

4760 

4831 

4902 

4974 

5045 

5116 

5187 

5259 

71 

610 

785330 

5401 

5472 

5543 

5615 

5686 

5757 

5828 

5899 

5970 

71 

611 

6041 

6112 

6183 

6254 

6325 

6396 

6467 

6538 

6609 

6680 

71 

612 

6751 

6822 

6893 

6964 

7035 

7106 

7177 

7248 

7319 

7390 

71 

613 

7460 

7531 

7602 

7673 

7744 

7815 

7885 

7956 

8027 

8098 

71 

614 

8168 

8239 

8310 

8381 

8451 

8522 

8593 

8663 

8734 

8804 

71 

615 

8875 

8916 

9016 

9087 

9157 

9228 

9299 

9369 

9440 

9510 

71 

616 

9581 

9651 

9722 

9792 

9863 

9933 

•  •  mA 

••74 

•144 

•215 

70 

G17 

790285 

0356 

0426 

0496 

0567 

0637 

0707 

0778 

0848 

0918 

70 

618 

09S8 

1059 

1129 

1199 

1269 

1340 

1410 

1180 

1550 

1620 

70 

619 

1691 

1761 

1831 

1901 

1971 

2041 

2111 

2181 

2252 

2322 

70 

620 

792392 

2462 

2532 

2602 

2672 

2742 

2812 

2882 

2952 

3022 

70 

G21 

3092 

3162 

3231 

3301 

3371 

3441 

3511 

3581 

3651 

3721 

70 

622 

3790 

3860 

3930 

4000 

4070 

4139 

4209 

4279 

4349 

4418 

70 

623 

4488 

4558 

4627 

4697 

4767 

4836 

4906 

4976 

5045 

5115 

70 

624 

5185 

5254 

5324 

5393 

5463 

5532 

5602 

5672 

5741 

5811 

70 

625 

5880 

5949 

6019 

6088 

6158 

6227 

6297 

6366 

6436 

6505 

69 

626 

6574 

6644 

6713 

6782 

6852 

6921 

6990 

7060 

7129 

7198 

69 

627 

7268 

7337 

7406 

7475 

7545 

7614 

7683 

7752 

7821 

7890 

69 

628 

7960 

8029 

8098 

8167 

8236 

8305 

8374 

8443 

8513 

8582 

69 

629 

8651 

8720 

8789 

8858 

8927 

8996 

9065 

9134 

9203 

9272 

69 

630 

799341 

9409 

9478 

9547 

9616 

9685 

9754 

9823 

9892 

9961 

69 

631 

800029 

0098 

0167 

0236 

0305 

0373 

0442 

0511 

0580 

0648 

69 

632 

0717 

0786 

0854 

0923 

0992 

1061 

1129 

1198 

1266 

1335 

69 

633 

1404 

1472 

1541 

1609 

1678 

1747 

1815 

1884 

1952 

2021 

69 

G34 

2089 

2158 

2226 

2295 

2363 

2432 

2500 

2568 

2637 

2705 

69 

635 

2774 

2842 

2910 

2979 

3047 

3116 

3184 

3232 

3321 

3389 

68 

636 

3457 

3525 

3594 

3662 

3730 

3798 

3867 

3935 

4003 

4071 

68 

637 

4139 

4208 

4276 

4344 

4412 

4480 

4548 

4616 

4685 

4753 

68 

638 

4821 

4889 

4957 

5025 

5093 

5161 

5229 

5297 

5J65 

5433 

68 

639 

5501 

5569 

5637 

5705 

5773 

5841 

5908 

5976 

6044 

6112 

68 

640 

806180 

6248 

6316 

6384 

6451 

6519 

6587 

6655 

6723 

6790 

68 

641 

6858 

6926 

6994 

7061 

7129 

7197 

7264 

7332 

7400 

7467 

68 

642 

7535 

7603 

7670 

7738 

7806 

7873 

7941 

8008 

8076 

8143 

68 

643 

8211 

8279 

8346 

8414 

8481 

8549 

8616 

8684 

8751 

8818 

67 

644 

8886 

8953 

9021 

9088 

9156 

9223 

9290 

9358 

9425 

9492 

67 

645 

9560 

9627 

9694 

9762 

9829 

9896 

9964 

••31 

••98 

•165 

67 

646 

810233 

0300 

03G7 

0434 

0501 

0569 

0636 

0703 

0770 

0837 

67 

647 

0904 

0971 

1039 

1106 

1173 

1240 

1307 

1374 

1441 

1508 

67 

648 

1575 

1642 

1709 

1776 

1813 

1910 

1977 

2044 

2111 

2178 

67 

G49 

2245 

2312 

2379 

2445 

2512 

2579 

2646 

2713 

2780 

2847 

67 
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A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


XYU 


N. 

0 

1 

2 

3 

4 

5 

G 

7 

8 

9 

D. 

650 

812913 

2980 

3047 

3114 

3181 

3247 

3314 

3381 

3448 

3514 

67 

651 

3581 

3048 

3714 

3781 

3848 

3914 

3981 

4018 

4114 

4181 

67 

652 

4248 

4314 

4381 

4447 

4514 

4581 

4647 

4714 

4780 

4847 

67 

653 

4913 

4980 

5046 

5113 

5179 

5246 

5312 

5378 

5445 

5511 

66 

654 

5578 

5644 

5711 

5777 

5843 

5910 

5976 

6042 

6109 

0175 

66 

655 

6241 

6308 

6374 

0440 

6506 

6573 

C639 

6705 

6771 

6838 

66 

656 

6904 

0970 

7036 

7102 

7169 

7235 

7301 

7367 

7433 

7499 

66 

657 

7565 

7631 

7698 

7764 

7830 

7896 

7962 

8028 

8094 

8160 

66 

65S 

8226 

8292 

8358 

8424 

8490 

8556 

8622 

8688 

8754 

8820 

66 

659 

8885 

8951 

9017 

9083 

9149 

9215 

9281 

9346 

9412 

9478 

66 

660 

819544 

9610 

9676 

9741 

9807 

9873 

9939 

•••4 

••70 

•136 

66 

661 

820201 

0267 

0333 

0399 

0464 

0530 

0595 

0661 

0727 

0792 

66 

662 

0858 

0924 

0989 

1055 

1120 

1186 

1251 

1317 

1382 

1448 

66 

663 

1514 

1579 

1645 

1710 

1775 

1841 

1906 

1972 

2037 

2103 

65 

664 

2168 

2233 

2299 

2364 

2430 

2495 

2560 

2626 

2691 

2756 

65 

665 

2822 

2887 

2952 

3018 

3083 

3148 

3213 

3279 

3344 

3409 

65 

666 

3474 

3539 

3605 

3670 

3735 

3800 

3865 

3930 

3996 

4061 

65 

667 

4126 

4191 

4256 

4321 

4386 

4451 

4516 

4581 

4646 

4711 

65 

668 

4776 

4841 

4906 

4971 

5036 

5101 

5166 

5231 

5296 

5361 

65 

669 

5426 

5491 

5556 

5621 

5686 

5751 

5815 

5880 

5945 

6010 

65 

670 

826075 

6140 

6204 

6269 

6334 

6399 

6464 

6528 

6593 

6658 

65 

671 

6723 

6787 

6852 

6917 

6981 

7046 

7111 

7175 

7240 

7305 

65 

672 

7369 

7434 

7499 

7563 

7628 

7692 

7757 

7821 

7886 

7951 

65 

673 

8015 

8080 

8144 

8209 

8273 

8338 

8402 

84G7 

8531 

8595 

64 

674 

8660 

8724 

8789 

8853 

8918 

8982 

9046 

9111 

9175 

9239 

64 

675 

9304 

9368 

9432 

9497 

9561 

9625 

9690 

9754 

9818 

9882 

64 

676 

9947 

••11 

••75 

•139 

•204 

•268 

•332 

•396 

•460 

•525 

64 

677 

830589 

0653 

0717 

0781 

0845 

0909 

0973 

1037 

1102 

1166 

64 

678 

1230 

1294 

1358 

1422 

1486 

1550 

1614 

1678 

1742 

1806 

64 

679 

1870 

1934 

1998 

2062 

2126 

2189 

2253 

2317 

2381 

2445 

64 

680 

832509 

2573 

2637 

2700 

2764 

2828 

2892 

2950 

3020 

3083 

64 

681 

3147 

3211 

3275 

3338 

3402 

3466 

3530 

3593 

3657 

3721 

64 

682 

3784 

3848 

3912 

3975 

4039 

4103 

4166 

4230 

4294 

4357 

64 

683 

4421 

4484 

4548 

4611 

4675 

4739 

4802 

4866 

4929 

4993 

64 

684 

5056 

5120 

5183 

5247 

5310 

5373 

5437 

5500 

5564 

5627 

63 

685 

5691 

5754 

5817 

5881 

5944 

6007 

6071 

6134 

6197 

6261 

63 

686 

6324 

6387 

6451 

6514 

6577 

6641 

6704 

6767 

6830 

6894 

63 

687 

6957 

7020 

7083 

7146 

7210 

7^73 

7336 

7399 

7462 

7525 

63 

688 

7588 

7652 

7715 

7778 

7841 

7904 

7967 

8030 

8093 

8156 

63 

689 

8219 

8282 

8345 

8408 

8471 

8534 

8597 

8660 

8723 

8786 

63 

690 

838849 

8912 

8975 

9038 

9101 

9164 

9227 

9289 

9352 

9415 

63 

691 

9478 

9541 

9604 

9667 

9729 

9792 

9855 

9918 

9981 

••43 

63 

692 

840106 

0169 

0232 

0294 

0357 

0420 

0482 

0545 

0608 

0671 

63 

693 

0733 

0796 

0859 

0921 

0984 

1046 

1109 

1172 

1234 

1297 

63 

694 

1359 

1422 

1485 

1547 

1610 

1672 

1735 

1797 

1860 

1922 

63 

695 

1985 

2047 

2110 

2172 

2235 

2297 

2360 

2422 

2484 

2547 

62 

696 

2609 

2672 

2734 

2796 

2859 

2921 

2983 

3046 

3108 

3170 

62 

697 

3233 

3295 

3357 

3420 

3482 

3544 

3606 

3669 

3731 

3793 

62 

698 

3855 

8918 

3980 

4042 

4104 

4166 

4229 

4291 

4353 

4415 

62 

699 

4477 

4539 

4601 

4664 

4726 

4788 

4850 

4912 

4974 

5036 

62 
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1LV111       A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

700 

845098 

5160 

5222 

5284 

5346 

5408 

5470 

5532 

5594 

6656 

62 

701 

5718 

5780 

5842 

5904 

5966 

6028 

6090 

6151 

6213 

6275 

62 

702 

6337 

6399 

6461 

6523 

6585 

6646 

6708 

6770 

6832 

6894 

62 

703 

6955 

7017 

7079 

7141 

7202 

7264 

7326 

7388 

7449 

7511 

62 

704 

7573 

7634 

7696 

7758 

7S19 

7881 

7942 

8004 

8066 

8128 

62 

705 

8189 

8251 

8312 

8374 

8435 

8497 

8559 

8620 

8682 

8743 

62 

706 

8805 

8866 

8928 

8989 

9051 

9112 

9174 

9235 

9297 

9358 

61 

707 

9419 

9481 

9542 

9604 

9665 

9726 

9788 

9849 

9911 

9972 

61 

708 

850033 

0095 

0156 

0217 

0279 

0340 

0401 

0462 

0624 

0585 

61 

709 

0646 

0707 

0769 

0830 

0891 

0952 

1014 

1075 

1136 

1197 

61 

710 

851258 

1320 

1381 

1442 

1503 

1564 

1625 

1686 

1747 

1809 

01 

711 

1870 

1931 

1992 

2053 

2114 

2.75 

2236 

2297 

2358 

2419 

61 

712 

2480 

2541 

2602 

2663 

2724 

2785 

2846 

2907 

2968 

3029 

61 

713 

3090 

3150 

3211 

3272 

3333 

3394 

3455 

3516 

3577 

3637 

61 

714 

3698 

3759 

3820 

3881 

3941 

4002 

4063 

4124 

4185 

4245 

61 

715 

4306 

4367 

4423 

4488 

4549 

4610 

4670 

4731 

4792 

4852 

61 

716 

4913 

4974 

5034 

5095 

5156 

5216 

5277 

5337 

6398 

5459 

61 

717 

5519 

5580 

5640 

5701 

5761 

5822 

5882 

5943 

6003 

6064 

61 

718 

6124 

6185 

6245 

6306 

6366 

6427 

6487 

6548 

6608 

6668 

60 

719 

6729 

6789 

6850 

6910 

6970 

7031 

7091 

7152 

7212 

7272 

60 

720 

857332 

7393 

7453 

7513 

7574 

7634 

7694 

7755 

7815 

7875 

60 

721 

7935 

7995 

8056 

8116 

8176 

8236 

8297 

8357 

8417 

8477 

60 

722 

8537 

8597 

8657 

8718 

8778 

8838 

8898 

8958 

9018 

9078 

60 

723 

9138 

9198 

9258 

9318 

9379 

9439 

9499 

9559 

9619 

9679 

60 

724 

9739 

9799 

9859 

9918 

9978 

••38 

••98 

•168 

•218 

•278 

60 

725 

860338 

0398 

0458 

0518 

0578 

0637 

0697 

0757 

0817 

0877 

60 

726 

0937 

0996 

1056 

1116 

1176 

1236 

1295 

1365 

1415 

1475 

6i» 

727 

1534 

1594 

1654 

1714 

1773 

1833 

1893 

1952 

2012 

2072 

GO 

728 

2131 

2191 

2251 

2310 

2370 

2430 

2489 

2549 

2608 

2668 

GO 

729 

2728 

2787 

2847 

2906 

2966 

3025 

3085 

3144 

3204 

3263 

GO 

730 

863323 

3382 

3442 

3501 

3561 

3620 

3680 

3739 

3799 

3858 

69 

731 

3917 

3977 

4036 

4096 

4155 

4214 

4274 

4333 

4392 

4452 

59 

732 

4511 

4570 

4630 

4689 

4748 

4808 

4867 

4926 

4985 

5045 

59 

733 

5104 

5163 

5222 

5282 

5341 

5400 

5459 

6519 

5578 

5637 

59 

734 

5696 

5755 

6814 

5874 

5933 

5992 

6051 

6110 

G169 

6228 

59 

735 

6287 

6346 

6405 

6465 

6524 

6583 

6642 

6701 

6760 

6819 

59 

736 

6878 

6937 

6996 

7055 

7114 

7173 

7232 

7291 

7350 

7409 

69 

737 

7467 

7526 

7585 

7644 

7703 

7762 

7821 

7880 

7939 

7998 

59 

738 

8056 

8115 

8174 

8233 

8292 

6350 

8409 

8468 

8527 

8586 

59 

739 

8644 

8703 

8762 

8821 

8879 

8938 

8997 

9056 

9114 

9173 

59 

740 

869232 

9290 

9349 

9408 

9466 

9525 

9584 

9642 

9701 

9760 

59 

741 

9818 

9877 

9935 

9994 

••53 

•111 

•170 

•228 

•287 

•345 

59 

742 

870404 

0462 

0521 

0579 

0638 

0696 

0755 

0813 

0872 

0930 

58 

743 

0989 

1047 

1106 

1164 

1223 

1281 

1339 

1398 

1456 

1515 

58 

744 

1573 

1631 

1690 

1748 

1806 

1865 

1923 

1981 

2040 

2098 

58 

745 

2156 

2215 

2273 

2331 

2389 

2448 

2506 

2564 

2622 

2681 

58 

746 

2739 

2797 

2855 

2913 

2972 

3030 

3088 

3146 

3204 

3262 

68 

747 

3321 

3379 

3437 

3495 

3553 

3611 

3669 

2727 

3785 

3844 

58 

748 

3902 

3960 

4018 

4076 

4134 

■4192 

4250 

4308 

4366 

4424 

58 

749 

4482 

4540 

4598 

4656 

4714 

4772 

4830 

4888 

4945 

5003 

58 
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A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


XIX 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

750 

875061 

5119 

5177 

5235 

5293 

5351 

5409 

5466 

5524 

5582 

58 

751 

5640 

5698 

5756 

5813 

5871 

5929 

5987 

6045 

6102 

6160 

58 

752 

6218 

G276 

6333 

6391 

6449 

6507 

6564 

6622 

6680 

6737 

58 

753 

6795 

6853 

6910 

6968 

7026 

7083 

7141 

7199 

7256 

7314 

58 

754 

7371 

74i9 

7487 

7544 

7602 

7659 

7717 

7774 

7832 

7889 

58 

755 

7947 

8004 

8062 

8119 

8177 

8234 

8292 

8349 

8407 

8464 

57 

756 

8522 

8579 

8637 

8694 

8752 

8809 

8866 

8924 

8981 

9039 

57 

757 

9096 

9153 

9211 

9268 

9325 

9383 

9440 

9497 

9555 

9612 

57 

758 

9669 

9726 

9784 

9841 

9890 

9956 

••13 

••70 

•127 

•185 

57 

759 

880242 

0299 

0356 

0413 

0471 

0528 

0585 

0642 

0699 

0756 

57 

760 

880814 

0871 

0928 

0985 

1042 

1099 

1156 

1213 

1271 

1329 

57 

761 

1385 

1442 

1499 

1556 

1613 

1670 

1727 

1784 

1841 

1898 

57 

762 

1955 

1012 

2069 

2126 

2183 

2240 

2297 

2354 

2411 

2468 

57 

763 

2525 

2581 

2638 

2695 

2752 

2809 

2866 

2923 

2980 

3037 

57 

764 

3093 

3150 

3207 

3264 

3321 

3377 

3434 

3491 

3548 

3605 

57 

765 

3661 

3718 

3775 

3832 

3888 

3945 

4002 

4059 

4115 

4172 

57 

766 

4229 

4285 

4342 

4399 

4455 

4512 

4569 

4625 

4682 

4739 

57 

767 

4795 

4852 

4909 

4965 

5022 

5078 

5135 

5192 

5248 

5305 

57 

768 

5361 

6418 

5474 

5531 

5587 

5644 

5700 

5757 

5813 

5870 

57 

769 

5926 

5983 

6039 

6096 

6152 

6209 

6265 

6321 

6378 

6434 

56 

770 

886491 

6547 

6604 

6660 

6716 

6773 

6829 

6885 

6948 

6998 

56 

771 

7054 

7111 

7167 

7223 

7280 

7336 

7392 

6449 

7505 

7561 

56 

772 

7617 

7674 

7730 

7786 

7842 

7898 

7955 

8011 

8067 

8123 

56 

773 

8179 

8236 

8292 

8348 

8404 

8460 

8516 

8573 

8629 

8685 

56 

774 

8741 

8797 

8853 

8909 

8965 

9021 

9077 

9131 

9190 

9246 

56 

775 

9302 

9358 

9414 

9470 

9526 

9582 

9638 

9694 

9750 

9806 

56 

776 

9862 

9918 

9974 

••30 

••86 

•141 

•197 

•253 

•309 

•365 

56 

777 

890421 

0477 

0533 

0589 

0645 

0700 

0756 

0812 

0868 

0924 

56 

778 

0980 

1035 

1091 

1147 

1203 

1259 

1314 

1370 

1426 

1482 

56 

779 

1537 

1593 

1649 

1705 

1760 

1816 

1872 

1928 

1983 

2039 

56 

780 

892095 

2150 

2206 

2262 

2317 

2373 

2429 

2484 

2540 

2595 

56 

781 

2651 

2707 

2762 

2818 

2873 

2929 

2985 

3040 

3096 

3151 

56 

782 

3207 

3262 

3318 

3373 

3429 

3484 

3540 

3595 

3651 

3706 

56 

783 

3762 

3817 

3873 

3928 

3984 

4039 

4094 

4150 

4205 

4261 

55 

784 

4316 

4371 

4427 

4482 

4538 

4593 

4648 

4704 

4759 

4814 

65 

785 

4870 

4925 

4980 

5036 

5091 

5146 

5201 

5257 

6312 

5367 

55 

786 

5423 

5478 

5533 

5588 

5644 

5699 

5754 

5809 

5864 

5920 

55 

787 

5975 

6030 

6085 

6140 

6195 

6251 

6306 

6361 

6416 

6471 

55 

788 

6526 

6581 

6636 

6692 

6747 

6802 

6857 

6912 

6967 

7022 

55 

789 

7077 

7132 

7187 

7242 

7297 

7352 

7407 

7462 

7517 

7572 

55 

790 

897627 

7682 

7737 

7792 

7847 

7902 

7957 

8012 

8067 

8122 

55 

791 

8176 

8231 

8286 

8341 

8396 

8451 

8506 

8561 

8615 

8670 

55 

792 

8725 

8780 

8835 

8890 

8944 

8999 

9054 

9109 

9164 

9218 

55 

793 

9273 

9328 

9383 

9437 

9492 

9547 

9602 

9656 

9711 

9766 

55 

794 

9821 

9875 

9930 

9985 

••39 

••94 

•149 

•203 

•258 

•312 

55 

795 

900367 

0422 

0476 

0531 

0586 

0640 

0695 

0749 

0804 

0859 

55 

796 

0913 

0968 

1022 

1077 

1131 

1186 

1240 

1295 

1349 

1404 

55 

797 

1458 

1513 

1567 

1622 

1676 

1731 

1785 

1840 

1894 

1948 

54 

798 

2003 

2057 

2112 

2166 

2221 

2275 

2329 

2384 

2438 

2492 

54 

799 

2547 

2601 

2655 

2710 

2764 

2818 

2873 

2927 

2981 

3036 

54 
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A  TABLE  OF  LOGABITflMS  FBOM  1  TO  10,000. 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

800 

903090 

3144 

3199 

3253 

3307 

3361 

3416 

3470 

3524 

3578 

54 

801 

8633 

3687 

3741 

3795 

3849 

3904 

3958 

4012 

4066 

4120 

54 

802 

4174 

4229 

4283 

4337 

4391 

4445 

4499 

4553 

4607 

4661 

54 

803 

4716 

4770 

4824 

4878 

4932 

4986 

5040 

5094 

5148 

5202 

54 

804 

5256 

5310 

5364 

5418 

5472 

5526 

5580 

5634 

5688 

5742 

54 

805 

5796 

5850 

5904 

5958 

6012 

6066 

6119 

6173 

6227 

6281 

54 

806 

6335 

6389 

6443 

6497 

6551 

6604 

6658 

6712 

6766 

6820 

54 

807 

6874 

6927 

6981 

7035 

7089 

7143 

7196 

7250 

7304 

7358 

54 

808 

7411 

7465 

7519 

7573 

7626 

7680 

7734 

7787 

7841 

7895 

54 

809 

7949 

8002 

8056 

8110 

8163 

8217 

8270 

8324 

8378 

8431 

54 

810 

908485 

8539 

8592 

8646 

8699 

8753 

8807 

8860 

8914 

8967 

54 

811 

9021 

9074 

9128 

9181 

9236 

9289 

9342 

9396 

9449 

9503 

54 

812 

9556 

9610 

966» 

9716 

9770 

9823 

9877 

9930 

9984 

••37 

53 

813 

910091 

0144 

0197 

0251 

0304 

0358 

0411 

0464 

0518 

0571 

53 

814 

0624 

0678 

0731 

0784 

0838 

0891 

0944 

0998 

1051 

1104 

53 

815 

1158 

1211 

1264 

1317 

1371 

1424 

1477 

1530 

1584 

1637 

53 

816 

1690 

1743 

1797 

1850 

1903 

1956 

2009 

2063 

2116 

2169 

53 

817 

2222 

2275 

2328 

2381 

2435 

2488 

2541 

2594 

2647 

2700 

53 

818 

2753 

2806 

2859 

2913 

2966 

3019 

3072 

3125 

3178 

3231 

53 

819 

3284 

3337 

3390 

3443 

3496 

3549 

3602 

3655 

3708 

3761 

53 

820 

913814 

3867 

3920 

3973 

4026 

4079 

4132 

4184 

4237 

4290 

53 

821 

4343 

4396 

4449 

4502 

4555 

4608 

4660 

4713 

4766 

4819 

53 

622 

4872 

4925 

4977 

5030 

5083 

5136 

5189 

5241 

5294 

5347 

53 

823 

5400 

5453 

5505 

5558 

5614 

5664 

5716 

5769 

5822 

5875 

53 

824 

5927 

5980 

6033 

6085 

6138 

6191 

6243 

6296 

6349 

6401 

53 

825 

6454 

6507 

6559 

6612 

6664 

6717 

6770 

6822 

6875 

6927 

53 

B26 

6980 

7033 

7085 

7138 

7190 

7243 

7295 

7348 

7400 

7453 

53 

827 

7506 

7558 

7611 

7663 

7716 

7768 

7820 

7873 

7925 

7978 

52 

628 

8030 

8083 

8135 

8188 

8240 

8293 

8345 

8397 

8450 

8502 

52 

629 

8555 

8607 

8659 

8712 

8764 

8816 

8869 

8921 

8973 

9026 

52 

830 

919078 

9130 

9183 

9235 

9287 

9340 

9392 

9444 

9496 

9549 

52 

631 

9601 

9653 

9706 

9758 

9810 

9862 

9914 

9967 

••19 

••71 

52 

632 

920123 

0176 

0228 

0280 

0332 

0384 

0436 

0489 

0541 

0593 

52 

833 

0645 

0697 

0749 

0801 

0853 

0906 

0958 

1010 

1062 

1114 

52 

834 

1166 

1218 

1270 

1322 

1374 

1426 

1478 

1530 

1582 

1634 

52 

835 

1686 

1738 

1790 

1842 

1894 

1946 

1998 

2050 

2102 

2154 

52 

836 

2206 

2258 

2310 

2362 

2414 

2466 

2518 

2570 

2622 

2674 

52 

837 

2725 

2777 

2829 

2881 

2933 

2985 

3037 

3089 

3140 

3192 

52 

638 

3244 

3296 

3348 

3399 

3451 

3503 

3555 

3607 

3658 

3710 

52 

839 

3762 

3814 

3865 

3917 

3969 

4021 

4072 

4124 

4176 

4228 

52 

840 

924279 

4331 

4383 

4434 

4486 

4538 

4589 

4641 

4693 

4744 

52 

641 

4796 

4848 

4899 

4951 

5003 

5054 

5106 

5157 

5209 

5261 

52 

842 

5312 

5364 

5415 

5467 

5518 

5570 

5621 

6673 

5725 

5776 

52 

843 

5828 

5879 

5931 

5982 

6034 

6085 

6137 

6188 

6240 

6291 

51 

844 

6342 

6394 

6445 

6497 

6548 

6600 

6651 

6702 

6754 

6805 

51 

845 

6857 

6908 

6959 

7011 

7062 

7114 

7165 

7216 

7268 

7319 

51 

646 

7370 

7422 

7473 

7524 

7576 

7627 

7678 

7730 

7781 

7832 

51 

847 

7883 

7935 

7986 

8037 

8088 

8140 

9191 

8242 

8293 

8345 

51 

848 

8396 

8447 

8498 

8549 

8601 

8652 

8703 

8754 

8805 

8857 

51 

849 

8908 

8959 

9010 

9061 

9112 

9163 

9215 

9266 

9317 

9368 

51 
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A  TABLE  OF  LOGARITHMS  FROM  1  TO  10.000. 


N. 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

D. 

850 

929419 

9470 

9521 

9572 

9623 

9674 

9725 

9776 

9827 

9879 

51 

851 

9930 

9981 

••32 

••83 

•134 

•185 

•236 

•287 

•338 

•389 

51 

852 

930440 

0491 

0542 

0592 

0643 

0694 

0745 

0796 

0847 

0898 

51 

853 

0949 

1000 

1051 

1102 

1163 

1204 

1254 

1305 

1356 

1407 

51 

854 

1458 

1509 

1560 

1610 

1661 

1712 

1763 

1814 

1865 

1915 

51 

855 

1966 

2017 

2068 

2118 

2169 

2220 

2271 

2322 

2372 

2423 

51 

856 

2474 

2524 

2575 

2626 

2677 

2727 

2778 

2829 

2879 

2930 

51 

857 

2981 

3031 

3082 

3133 

3183 

3234 

3285 

3335 

3386 

3437 

51 

858 

3487 

3538 

3589 

3639 

3690 

3740 

3791 

3841 

3892 

3943 

51 

859 

3993 

4044 

4094 

4145 

4195 

4246 

4296 

4347 

4397 

4448 

51 

860 

934498 

4549 

4599 

4650 

4700 

4751 

4801 

4852 

4902 

4953 

50 

861 

5003 

5054 

5104 

5154 

5205 

5255 

5306 

5356 

5406 

5457 

50 

862 

5507 

5558 

5608 

5658 

5709 

5759 

5809 

5860 

5910 

5960 

50 

863 

6011 

6061 

6111 

6162 

6212 

6262 

6313 

6363 

6413 

6463 

50 

864 

6514 

6564 

6614 

6665 

6715 

6765 

6815 

6865 

6916 

G9u6 

50 

865 

7016 

7066 

7117 

7167 

7217 

7267 

7317 

7367 

7418 

7468 

50 

866 

7518 

7568 

7618 

7668 

7718 

7769 

7819 

7869 

7919 

79G9 

50 

867 

8019 

8069 

8119 

8169 

8219 

8269 

8320 

8370 

8420 

8470 

50 

868 

8520 

8570 

8620 

8670 

8720 

8770 

8820 

8870 

8920 

8970 

50 

869 

9020 

9070 

9120 

9170 

9220 

9270 

9320 

9369 

9419 

9469 

50 

870 

939519 

9569 

9619 

9669 

9719 

9769 

9819 

9869 

9918 

9968 

50 

871 

940018 

0068 

0118 

0168 

0218 

0267 

0317 

0367 

0417 

04G7 

50 

872 

0515 

0566 

0616 

0666 

0716 

0765 

0815 

0865 

0915 

0964 

50 

873 

1014 

1064 

1114 

1163 

1213 

1263 

1313 

1362 

1412 

1462 

50 

874 

1511 

1561 

1611 

1660 

1710 

1760 

1809 

1859 

1909 

1958 

50 

875 

2008 

2058 

2107 

2157 

2207 

2256 

2306 

2355 

2405 

2455 

50 

876 

2504 

2554 

2603 

2653 

2702 

2752 

2801 

2851 

2901 

2950^  50  1 

877 

3000 

3049 

3099 

3148 

3198 

3247 

3297 

3346 

3396 

3445 

49 

878 

3495 

3544 

3593 

3643 

3692 

3742 

3791 

3841 

3890 

3939 

49 

879 

3989 

4038 

4088 

4137 

4186 

4236 

4285 

4335 

4384 

4433 

49 

880 

944483 

4532 

4581 

4631 

4680 

4729 

4779 

4828 

4877 

4927 

49 

881 

4976 

5025 

5074 

5124 

5173 

5222 

5272 

5321 

5370 

5419 

49 

882 

6469 

5518 

5567 

5616 

5665 

57i5 

5764 

5813 

5862 

5912 

49 

883 

6961 

6010 

6059 

6108 

6157 

6207 

6256 

6305 

6354 

6403 

49 

884 

6462 

6501 

6551 

6600 

6649 

6698 

6747 

6796 

6845 

6894 

49 

885 

6943 

6992 

7041 

7090 

7140 

7189 

7238 

7287 

7336 

7385 

49 

886 

7434 

7483 

7532 

7581 

7630 

7679 

7728 

7777 

7826 

7875 

49 

887 

7924 

7973 

8022 

8070 

8119 

8168 

8217 

8266 

8315 

83G4 

49 

888 

8413 

8462 

8511 

8580 

8609 

8657 

8706 

8755 

8801 

8853 

49 

889 

8902 

8951 

8999 

9048 

9097 

9146 

9195 

9244 

9292 

9341 

49 

890 

949390 

9439 

9488 

9536 

9585 

9634 

9683 

9731 

9780 

9829 

49 

891 

9878 

9926 

9975 

••24 

••73 

•121 

•170 

•219 

•267 

•316 

49 

892 

950365 

0414 

0462 

0611 

0560 

0608 

0657 

0706 

0754 

0803 

49 

893 

0851 

0900 

0919 

0997 

1046 

1095 

1143 

1192 

1240 

1289 

49 

894 

1338 

1386 

1435 

1483 

1532 

1580 

1629 

1077 

1726 

1775 

49 

895 

1823 

1872 

1920 

1969 

2017 

2066 

2114 

2163 

2211 

2260 

48 

896 

2308 

2356 

2405 

2453 

2502 

2550 

2599 

2647 

2696 

2744 

48 

897 

2792 

2841 

2889 

2938 

2986 

3034 

3083 

3131 

3180 

3228 

48 

898 

3276 

3325 

3373 

3421 

3470 

3518 

3566 

3615 

3663 

3711 

48 

899 

3760 

3808 

3856 

3905 

3953 

4001 

4049 

4098 

4146 

4194 

48 
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A  TABLE  OP  LOGARITflMS  FEOM  1  TO  10,000. 


N. 

0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

D. 

900 

954243 

4291 

4339 

4387 

4435 

4484 

4532 

4580 

4628 

4677 

48 

901 

4725 

4773 

4821 

4869 

4918 

4966 

5014 

5062 

6110 

5158 

48 

902 

5207 

6255 

5303 

5351 

5399 

5447 

5495 

5543 

5592 

5640 

48 

903 

5688 

5736 

5784 

5832 

6880 

6928 

5976 

6024 

6072 

6120 

48 

904 

6168 

6216 

6265 

6313 

6361 

6409 

6457 

6505 

6553 

6601 

48 

905 

6649 

6697 

6745 

6793 

6840 

6888 

6936 

6984 

7032 

7080 

48 

906 

7128 

7176 

7224 

7272 

7320 

7368 

7416 

7464 

7512 

7559 

48 

907 

7607 

7655 

7703 

7751 

7799 

7847 

7894 

7942 

7990 

8038 

48 

908 

8086 

8134 

8181 

8229 

8277 

8325 

8373 

8421 

8468 

8516 

48 

909 

8564 

8612 

8659 

8707 

8755 

8803 

8850 

8898 

8946 

8994 

48 

910 

959041 

9089 

9137 

9185 

9232 

9280 

9328 

9375 

9423 

9471 

48 

911 

9518 

9566 

9614 

9661 

9709 

9757 

9804 

9852 

9900 

9947 

48  * 

912 

9995 

••42 

••90 

•138 

•185 

•233 

•280 

•328 

•376 

•423 

48 

913 

960471 

0518 

0566 

0613 

0661 

0709 

0756 

0804 

0851 

0899 

48 

914 

0946 

0994 

1041 

1089 

1136 

1184 

1231 

1279 

1326 

1374 

47 

915 

1421 

1469 

1516 

1563 

1611 

1658 

1706 

1753 

1801 

1848 

47 

916 

1895 

1943 

1990 

2038 

2085 

2132 

2180 

2227 

2275 

2322 

47 

917 

2369 

2417 

2464 

2511 

2559 

2606 

2653 

2701 

2748 

2795 

47 

918 

2843 

2890 

2937 

2985 

3032 

3079 

3126 

3174 

3221 

3268 

47 

919 

3316 

3363 

3410 

3457 

3504 

3552 

3599 

3646 

3693 

3741 

47 

920 

963788 

3835 

3882 

3929 

3977 

4024 

4071 

4118 

4165 

4212 

47 

921 

4260 

4307 

4354 

4401 

4448 

4495 

4542 

4590 

4637 

4684 

47 

922 

4731 

4778 

4825 

4872 

4919 

4966 

5013 

5061 

5108 

5155 

47 

923 

5202 

5249 

5296 

5343 

5390 

6437 

5484 

5531 

5578 

5625 

47 

924 

5672 

5719 

5766 

5813 

5860 

6907 

6954 

6001 

6048 

6095 

47 

925 

6142 

6189 

6236 

6283 

6329 

6376 

6423 

6470 

6517 

6564 

47 

926 

6611 

6658 

6705 

6752 

6799 

6845 

6892 

6939 

6986 

7033 

47 

927 

7080 

7127 

7173 

7220 

7267 

7314 

7361 

7408 

7454 

7501 

47  . 

928 

7548 

7595 

7642 

7688 

7735 

7782 

7829 

7875 

7922 

7969 

47 

929 

8016 

8062 

8109 

8156 

8203 

8249 

8296 

8343 

8390 

8436 

47 

930 

968483 

8530 

8576 

862^ 

8670 

8716 

8763 

8810 

8856 

8903 

47 

931 

8950 

8996 

9043 

9090 

9136 

9183 

9229 

9276 

9323 

9369 

47 

932 

9416 

9463 

9509 

9556 

9602 

9649 

9695 

9742 

9789 

9835 

47 

933 

9882 

9928 

9975 

••21 

'••68 

•114 

•161 

•207 

•254 

•300 

47 

934 

970347 

0393 

0440 

0486 

0533 

0579 

0626 

0672 

0719 

0765 

46 

935 

0812 

0858 

0904 

0951 

0997 

1044 

1090 

1137 

1183 

1229 

46 

936 

1276 

1322 

1369 

1415 

1461 

1508 

1654 

1601 

1647 

1693 

46 

937 

1740 

1786 

1832 

1879 

1925 

1971 

2018 

2064 

2110 

2157 

46 

938 

2203 

2249 

2295 

2342 

2388 

2434 

2481 

2527 

2573 

2619 

46 

939 

2666 

2712 

2758 

2804 

2851 

2897 

2943 

2989 

3035 

3082 

46 

940 

973128 

3174 

3220 

3266 

3313 

3359 

3405 

3451 

3497 

3543 

46 

941 

3590 

3636 

3682 

3728 

3774 

3820 

3866 

3913 

3959 

4005 

46 

942 

4051 

4097 

4143 

4189 

4235 

4281 

4327 

4374 

4420 

4466 

46 

943 

4512 

4558 

4604 

4650 

4696 

4742 

4788 

4834 

4880 

4926 

46 

944 

4972 

5018 

5064 

5110 

6156 

5i.02 

5248 

5294 

6340 

6386 

46 

945 

5432 

5478 

6524 

6570 

5616 

5662 

5707 

5753 

5799 

6846 

46 

916 

5891 

5937 

6983 

6029 

6075 

6121 

6107 

6212 

6258 

6304 

46 

947 

6350 

0396 

6442 

6488 

6633 

6579 

6625 

6671 

6717 

6763 

46 

948 

6808 

6854 

6900 

6946 

6992 

7037 

7083 

7129 

7175 

7220 

46 

949 

7266 

7312 

7358 

7403 

7449 

7495 

7541 

7586 

7632 

7678 

46 

N. 

0 

1 

2 

3 

4 

6 

6 

7 

8 

• 

9 

D. 

A  TABLE  OF  LOGAEITHMS  FROM  1  TO  10,000.  xxiu 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

950 

977724 

7769 

7815 

7861 

7906 

7952 

7998 

8043 

8089 

8135 

46 

951 

8181 

8226 

8272 

8317 

8363 

84(j9 

8454 

8500 

8546 

8591 

46 

952 

8637 

8683 

8728 

8774 

8819 

8865 

8911 

8956 

9002 

9047 

46 

953 

9093 

9138 

9184 

9230 

9275 

9321 

9366 

9412 

9457 

9503 

46 

954 

9548 

9594 

9639 

9685 

9730 

9776 

9821 

9867 

9912 

9958 

46 

955 

980003 

0049 

0094 

0140 

0185 

0231 

0276 

0322 

0367 

0412 

45 

^56 

0458 

0503 

0549 

0594 

0640 

0685 

0730 

0776 

0821 

0867 

45 

957 

0912 

0957 

1003 

1048 

1093 

1139 

1184 

1229 

1275 

1320 

45 

958 

1366 

1411 

14o6 

1501 

1547 

1592 

1637 

1683 

1728 

1773 

45 

959 

1819 

1864 

1909 

1954 

2000 

2045 

2090 

2136 

2181 

2226 

46 

960 

982271 

2316 

2362 

2407 

2452 

2497 

2543 

2588 

2633 

2678 

45 

961 

2723 

2769 

2814 

2859 

2904 

2949 

2994 

3040 

3085 

3130 

45 

962 

3175 

3220 

3265 

3310 

3356 

3101 

3446 

3491 

3536 

3581 

45 

963 

3626 

3671 

3716 

3762 

3807 

3852 

3897 

3942 

3987 

4032 

45 

964 

4077 

4122 

4167 

4212 

4257 

4302 

4347 

4392 

4437 

4482 

46 

965 

4527 

4572 

4617 

4662 

4707 

4752 

4797 

4842 

4887 

4932 

45 

966 

4977 

5022 

5067 

5112 

5157 

5202 

5247 

5292 

5337 

5382 

45 

967 

5426 

5471 

5516 

5561 

5606 

5651 

5696 

5741 

5786. 

5830 

46 

968 

5875 

5920 

5965 

6010 

6055 

6100 

6144 

6189 

6234 

6279 

45 

969 

6324 

6369 

6413 

6458 

6503 

6548 

6593 

6637 

6682 

6727 

45 

970 

986772 

6817 

6861 

6906 

6951 

6996 

7040 

7085 

7130 

7175 

45 

971 

7219 

7264 

7309 

7353 

7398 

7443 

7488 

7532 

7577 

7622 

45 

972 

7666 

7711 

7756 

7800 

7845 

7890 

7934 

7979 

8024 

8068 

46 

973 

8113 

8157 

8202 

8247 

8291 

8336 

8381 

8425 

8470 

8514 

45 

974 

8559 

8604 

8648 

8693 

8737 

8782 

8826 

8871 

8916 

8960 

45 

975 

9005 

9049 

9094 

9138 

9183 

9227 

9272 

9316 

9361 

9405 

45 

976 

9450 

9494 

9539 

9583 

9628 

9672 

9717 

9761 

9806 

9850 

44 

977 

9895 

9939 

9983 

••28 

••72 

•117 

•161 

•206 

•250 

•294 

44 

978 

990339 

0383 

0428 

0472 

0516 

0561 

0605 

0650 

0694 

0738 

44 

979 

0783 

0827 

0871 

0916 

0960 

1004 

1049 

1093 

1137 

1182 

44 

980 

991226 

1270 

1315 

1359 

1403 

1448 

1492 

1536 

1580 

1625 

44 

981 

1669 

1713 

1758 

1802 

1840 

1890 

1935 

1979 

2ii23 

2067 

44 

982 

2111 

2156 

2200 

2244 

2288 

2333 

2377 

2421 

2465 

2509 

44 

983 

2554 

2598 

2642 

2686 

2730 

2774 

2819 

2863 

2907 

2951 

44 

984 

2995 

3039 

3083 

3127 

3172 

3216 

3260 

3304 

3348 

3392 

44 

985 

3436 

3480 

3524 

3568 

3613 

3657 

3701 

3745 

3789 

3833 

44 

986 

3877 

3921 

3965 

4009 

4053 

4097 

4141 

4185 

4229 

4273 

44 

987 

4317 

4361 

4405 

4449 

4493 

4537 

4581 

4625 

4669 

4713 

44 

988 

4757 

4801 

4845 

4889 

4933 

497/ 

5021 

6066 

5108 

5152 

44 

989 

6196 

5240 

5284 

5328 

5372 

5416 

6460 

5504 

5547 

5591 

44 

990 

995635 

5679 

5723 

5767 

5811 

5854 

5898 

5942 

5986 

6030 

44 

991 

6074 

6117 

6161 

6205 

G249 

0293 

6337 

6380 

6424 

6468 

44 

992 

6512 

6555 

6599 

6643 

6687 

0731 

6774 

0818 

6662 

6906 

44 

993 

6949 

6993 

7037 

7080 

7124 

7168 

7212 

7255 

7299 

7343 

44 

994 

7386 

7430 

7474 

7517 

7501 

7605 

7648 

7692 

7736 

7779 

44 

995 

7823 

7867 

7910 

7954 

7998 

8041 

8085 

81.9 

8172 

8216 

44 

996 

8259 

8303 

8347 

8390 

8434 

8477 

8521 

8564 

8608 

8652 

44 

997 

8695 

8739 

8782 

8826 

8869 

8913 

8956 

9000 

9043 

9087 

44 

998 

9131 

9174 

9218 

9261 

9305 

9348 

9392 

9435 

9479 

9522 

44 

999 

9565 

9609 

9652 

9696 

9739 

9783 

9826 

9870 

9913 

9957 

43 
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A  TABLE  OF  LOGARITHMS  FROM  1  TO  10,000. 


N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D. 

100 

000000 

0434 

0868 

1301 

1734 

2166 

2598 

3029 

3461 

3891 

432 

101 

4321 

4751 

5181 

5609 

6038 

6466 

6894 

7321 

7748 

8174 

428 

102 

8600 

9026 

9151 

9876 

•300 

•724 

1147 

1570 

1993 

2415 

424 

103 

012837 

3259 

3680 

4100 

4521 

4940 

5360 

5779 

6197 

6616 

419 

104 

7033 

7451 

7868 

8284 

8700 

9116 

9532 

9947 

•361 

•775 

416 

105 

021189 

1603 

2016 

2428 

2841 

3252 

3664 

4075 

4486 

4896 

412 

106 

5306 

5715 

0125 

6533 

6942 

7350 

7757 

8104 

8571 

8978 

408 

107 

9384 

9789 

•195 

•600 

1004 

1408 

1812 

2216 

2619 

3021 

404 

108 

033424 

3826 

4227 

4628 

5029 

5430 

5830 

6230 

6629 

7028 

400 

109 

7426 

7825 

8223 

8620 

9017 

9414 

9811 

•207 

•602 

•998 

396 

110 

041393 

1787 

2182 

2576 

2969 

3362 

3755 

4148 

4540 

4932 

393 

111 

5323 

5714 

6105 

6495 

0885 

7275 

7664 

8053 

8442 

8830 

389 

112 

9218 

9606 

9993 

•380 

•766 

1153 

1538 

1924 

2309 

2694 

386 

113 

053078 

3463 

3846 

4230 

4613 

4996 

5378 

5760 

6142 

6524 

382 

114 

6905 

7286 

7666 

8046 

8426 

8805 

9185 

9563 

9942 

•320 

379 

115 

060698 

1075 

1452 

1829 

2206 

2582 

2958 

3333 

3709 

4083 

376 

116 

4458 

4832 

5206 

5580 

5953 

6326 

6699 

7071 

7443 

7815 

372 

117 

8186 

8557 

8928 

9298 

9668 

••38 

•407 

•776 

1145 

1514 

369 

118 

071882 

2250 

2617 

2985 

3352 

3718 

4085 

4451 

4816 

5182 

366 

119 

5547 

5912 

6276 

6640 

7004 

7368 

7731 

8094 

8457 

8819 

363 

120 

079181 

9543 

9904 

•266 

•626 

•987 

1347 

1707 

2067 

2426 

360 

121 

082785 

3144 

3503 

3861 

4219 

4576 

4934 

5291 

5647 

6004 

357 

122 

6360 

6716 

7071 

7426 

7781 

8136 

8490 

8845 

9198 

9552 

355 

123 

9905 

•258 

•611 

•963 

1315 

1667 

2018 

2370 

2721 

3071 

351 

124 

093422 

3772 

4122 

4471 

4820 

5169 

5518 

5866 

6215 

6562 

349 

125 

6910 

7257 

7604 

7951 

8298 

8644 

8990 

9335 

9681 

••26 

346 

126 

100371 

0715 

1059 

1403 

1747 

2091 

2434 

2777 

3119 

3462 

343 

127 

3804 

4146 

4487 

4828 

5169 

5510 

5851 

6191 

6531 

6871 

340 

128 

7210 

7549 

7888 

8227 

8565 

8903 

9241 

9579 

9916 

•253 

338 

129 

110590 

0926 

1263 

1599 

1934 

2270 

2605 

2940 

3275 

3609 

335 

130 

113943 

4277 

4611 

4944 

5278 

5611 

5943 

6276 

6608 

6940 

333 

131 

7271 

7603 

7934 

8265 

8595 

8926 

9256 

9586 

9915 

•245 

330 

132 

120574 

0903 

1231 

1560 

1888 

2216 

2544 

2871 

3198 

3525 

328 

133 

3852 

4178 

4504 

4830 

5156 

5481 

5806 

6131 

6456 

6781 

325 

134 

7105 

7429 

7753 

8076 

8399 

8722 

9045 

9368 

9690 

••12 

323 

135 

130334 

0655 

0977 

1298 

1619 

1939 

2260 

2580 

2900 

3219 

321 

136 

3539 

3858 

4177 

4496 

4814 

5133 

5451 

5769 

6086 

6403 

318 

137 

6721 

7037 

7354 

7671 

7987 

8303 

8618 

8934 

9249 

9564 

315 

138 

9879 

•194 

•508 

•822 

1136 

1450 

1763 

2076 

2389 

2702 

314 

139 

143015 

3327 

3639 

3951 

4263 

4574 

4885 

5196 

5507 

5818 

311 

140 

146128 

6438 

6748 

7058 

7367 

7676 

7985 

8294 

8603 

8911 

309 

141 

9219 

9527 

9835 

•142 

•449 

•756 

1063 

1370 

1676 

1982 

307 

142 

152288 

2594 

2900 

3205 

3510 

3815 

4120 

4424 

4728 

5032 

305 

143 

6336 

5640 

5943 

6246 

6549 

6852 

7154 

7457 

7759 

8061 

303 

144 

8362 

8664 

8965 

9266 

9567 

9868 

•168 

•469 

•769 

1068 

301 

145 

161368 

1667 

1967 

2266 

2564 

2863 

3161 

3460 

3758 

4055 

299 

146 

4353 

4650 

4947 

5244 

5541 

5838 

6134 

6430 

6726 

7022 

297 

147 

7317 

7613 

7908 

8203 

8497 

8792 

9086 

9380 

9674 

9968 

295 

US 

170262 

0555 

0848 

1141 

1434 

1726 

2019 

2311 

2603 

2895 

•293 

149 

3186 

3478 

3769 

4060 

4351 

4641 

4932 

5222 

5512 

5802 

291 
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N. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D, 

150 

176091 

6381 

6670 

0959 

7248 

7536 

7825 

8113 

8401 

8689 

289 

151 

8977 

9264 

9552 

9839 

•126 

•413 

•699 

•985 

1272 

1558 

287 

152 

181844 

2129 

2415 

2700 

2985 

3270 

3555 

3839 

412J 

4407 

285 

153 

4691 

4975 

5259 

5542 

5825 

6108 

6391 

6674 

6956 

7239 

283 

154 

7521 

7803 

8084 

8366 

8647 

8928 

9209 

9490 

9771 

••51 

281 

155 

190332 

0612 

0892 

1171 

1451 

1730 

2010 

2289 

2567 

2846 

279 

156 

3125 

3403 

3681 

3959 

4237 

4514 

4792 

5069 

5346 

5623 

278 

157 

5900 

6176 

6453 

6729 

7005 

7281 

7556 

7832 

8107 

8382 

276 

158 

8657 

8932 

9206 

9481 

9755 

••29 

•303 

•577 

•850 

1124 

274 

159 

201397 

1670 

1943 

2216 

2488 

2761 

3033 

3305 

3577 

3848 

272 

160 

204120 

4391 

4663 

4934 

5204 

5475 

5746 

6016 

6286 

6556 

271 

161 

6826 

7096 

7365 

7634 

7904 

8173 

8441 

8710 

8979 

9247 

269 

162 

9515 

9783 

••51 

•319 

•586 

•853 

1121 

1388 

1654 

1921 

267 

163 

212188 

2454 

2720 

2986 

3252 

3518 

3783 

4049 

4314 

4579 

266 

164 

4844 

5109 

5373 

5638 

5902 

6166 

6430 

6604 

6957 

7221 

264 

165 

7484 

7747 

8010 

8273 

8536 

8798 

9060 

9323 

9585 

9846 

262 

166 

220108 
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